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PREFACE 

This is an in.troductory book on the subject of structural stability. Its aim is 
to provide a detailed treatment of the buckling characteristics of various 
structural elements and to present the different analytical methods used in 
the solution of stability problems. 

The first chapter deals with the buckling of columns. It begins with the 
Iinear elastic theory and goes on to treat initial imperfections, large defor­
mations, and inelastic behavior. The chapter concludes by relating theoretical 
results to actual engineering materials. In Chapter 2 various approximate 
methods used to solve buckling problems are considered. Numerical tech­
niques that can be used in conjunction with high speed electronic computers, 
as well as traditional methods, are included. The remaining chapters deal 
with the buckling of beams, frames, plates, and shells. These chapters serve 
a dual purpose. They present the buckling characteristics of various struc­
turaI elements in a manner similar to the treatment of columns in Chapter l. 
They also demonstrate how the various approximate methods introduced in 
Chapter 2 can be applied to different structural systems. Although the book 
is primarily concerned with analysis, an attempt is made to relate theoretical 
conclusions to current design practices. 

An effort has been made to limit the book to fundamentals and to treat 
these in considerable detail. Therefore, it is felt that the text can easily be 
followed by persons not already familiar with the subject of structural 

xi 
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stability, including both upper level undergraduate or graduate students and 
practicing structural engineers. If the book is used as a textbook, it will be 
evident that most chapters contain more examples of applications of the 
theory than can be covered in class. It may be desirable to assign some of 
these examples, in addition to the problems at the ends of the chapters, as 
home assignments by the students. 

The basis of the book is a course on the buckling of structures, taught 
by Dr. George Winter at Cornell University, which the author was privileged 
to take when he studied under Dr. Winter. The author wishes to express his 
appreciation and gratitude to Dr. Winter for inspiring him to write the book 
and for the help given by Dr. Winter in preparing the book. 

Acknowledgment is made also to Dr. Robert Archer and other colleagues 
and students at the University of Massachusetts for their help and useful 
suggestions and to Dr. Merit P. White for providing the kind of atmosphere 
conducive to scholarly work. 

Finally, the author thanks Mrs. Michaline Ilnicky for the fine job she 
did in typing the manuscript. 

ALEXANDER CHAJES 

Amherst, Massachusetts 
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1.1 INTRODUCTION 

l 
BUCKLING OF 

COLUMNS 

Siender columns are subject to a type of behavior known as buckling. As long 
as the load on such a member is relatively small, increases in the load result 
only in an axial shortening of the member. However, once a certain criticai 
load is reached, the member suddenly bows out sideways. This bending gives 
rise to large deformations, which in turn cause the member to collapse. The 
load at which buckling occurs is thus a design criterion for compression 
members. 

Tension members as well as short stocky columns fail when the stress in 
the member reaches a certain limiting strength of the materia!. Once this 
limiting strength of the material is known, it is a relatively simple matter to 
determine the load-carrying capacity of the member. Buckling, however, does 
not occur as a result of the applied stress reaching a certain predictable 
strength of the materia!. Instead, the stress at which buckIing occurs depends 
on a variety of facto l'S, including the dimensions of the member, the way in 
which the member is supported, and the properties of the materia l out of 
which the member is made. The determination of the buckling stress is thus a 
relatively complex problem. It is the solution of this problem that will be our 
mai n concern in this book. 

If buckling does not take pIace because a certain strength of the material 
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2 Buckling of Columns Ch. 1 

is exceeded, then why, one may ask, does a compression member suddenly 
buckle? Although it is not possible to answer this question direct1y, one can 
make certain observations about the buckling phenomenon and thus explain 
at least partially what is taking piace. One such observation, which elucidates 
in an excellent manner the phenomenon of buckling, is given in the following 
paragraph quoted from 5truclure in Architecture by Salvadori and Reller 
(Ref. 1.1): "A slender column shortens when compressed by a weight applied 
to its top, and, in so doing, lowers the weight's position. The tendency of ali 
weights to lower their position is a basic law of nature. It is another basic law 
of nature that, whenever there is a choice between different paths, a physical 
phenomenon will follow the easiest path. Confronted with the choice of 
bending out or shortening, the column finds it easier to shorten for relatively 
smallloads and to bend out for relatively large loads. In other words, when 
the load reaches its buckling value the column finds it easier to lower the load 
by bending than by shortening." 

The buckling load thus appears to be the limiting load under which axial 
compression in an unbent configuration is possible. It will be assumed here 
and proved later that the transition from the straight to the bent configuration 
at the buckling load occurs because the straight configuration ceases to be 
stable. In Article 1.2 the idea that the buckling load marks the limit of stability 
of the unbent configuration will be developed into a procedure for evaluating 
the buckling load. 

1.2 METHOD OF NEUTRAL EQUILIBRIUM 

The concept of stability is frequently explained by considering the equilibrium 
of a rigid ball in various positions, as depicted in Fig. I-l (Refs. 1.2 and 1.3). 

Fig. 1-1 Stability of equilibrium 
(a) (b) (c) (Adapted from Ref. 1.2). 

Although the ball is in equilibrium in each position shown, a close examina­
tion reveals the existence of important differences among the three situations. 
If the ball in part (a) is displaced slight1y from its originai position of equilib­
rium, it will return to that position subsequent to the removal of the disturb­
ing force. A body that behaves in this manner is said to be in a state of stable 
equilibrium. By comparison, the ball in part (b), if it is displaced slightly from 
its position of rest, does not return, but instead continues to move farther 
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away from the originai equilibrium position. The equilibrium of the ball in 
part (b) is a very precarious one. It is called unstable equilibrium. Part (c) 
depicts yet another possible type of equilibrium. Rere the ball, after being 
displaced slightly, neither returns to its originai position nor continues to 
move farther away. Instead, it remains at the position to which the small 
disturbance has moved it. This behavior is referred to as neutra! equilibrium. 

The ball in Fig. 1-2 is in equilibrium at any point along line ABC. In the 

C 

A 

Fig. 1-2 Stability surface. 

region between A and B the equilibrium is stable, and in the region between B 
and C it is unstable. At point B, the transition between the two regions, the 
ball is in a state of neutral equilibrium. In Article 1.1 it was pointed out that a 
column buckles at a certain load because the straight configuration becomes 
unstable at that load. The behavior of the column is thus very similar to that 
of the ball in Fig. 1-2. The straight configuration of the column is stable at 
smallloads, but it is unstable at large loads. If it is assumed that a state of 
neutral equilibrium exists at the transition from stable to unstable equilibrium 
in the column, similar to that present for the ball in Fig. 1-2, then the load at 
which the straight configuration of the column ceases to be stable is the load 
at which neutral equilibrium is possible. This load is usually referred to as the 
critica! !oad. 

To determine the criticalload of a column, one must find the load under 
which the member can be in equilibrium both in the straight and in a slightly 
bent configuration. The technique that uses this criterion for evaluating 
criticalloads is called the method 01 neutra! equilibrium. 

1.3 CRITICAL LOAD OF THE EULER COLUMN 

Even as simple a structural element as an axially loaded member behaves in a 
fairly complex manner. It is therefore desirable to begin the study of columns 
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with a very idealized case, the Euler column.* The axial1y loaded member 
shown in Fig. 1-3a is assumed to have a constant cross-sectional area and to 
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tp tp 
(a) (b) 

Fig. 1-3 Euler column. 

be made of a homogeneous materia!. In addition, four assumptions are 
made: 

l. The ends of the member are simply supported. The lower end is at­
tached to an immovable hinge, and the upper end is supported so that 
it can rotate freely and move verticalIy but not horizontalIy. 

2. The member is perfectly straight, and the load is applied along its 
centroidal axis. 

3. The material obeys Hooke's law. 
4. The deformations of the member are smaII enough so that the term 

(y')2 is negligible compared to unity in the expression for the curvature 
y"/[I + (y'2)]312. Hence the curvature can be approximated by y".t 

In accordance with the criterion of neutral equilibrium estabIished in 
ArticIe 1.2, the criticaI load is that load for which equilibrium in the slightly 

*The Euler column takes its name from the man who, in the year 1744, presented the 
first accurate stability analysis of a column. Although it is customary today to refer to a 
simply supported column as an Euler column, Euler in fact analyzed a member fixed at one 
end and free at the other in his famous treatise, which can be found in Ref. 1.4. 

tThe attention of the reader is drawn to the fact that the symbols y" and y' are used to 
denote the second and first derivati ves of y with respect to x. 
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ben t configuration shown in Fig. 1-3b is possible. If the coordinate axes are 
taken as shown in the figure, the internai resisting moment at any section, a 
distance x from the origin, is 

Equating this expression to the externalIy applied bending moment, Py, gives 

Ely" + Py = O (1.1) 

Equation (1.1) is a linear differential equation with constant coefficients. 
As such, its solution is readily obtained. However, before considering this 
solution, let us digress somewhat and see what form Eq. (1.1) takes if the 
foregoing simplifying assumptions are not made. If the assumptions of eIastic 
behavior and small deflections are not made, the modulus E in Eq. (1.1) 
becomes a variable, and curvature y" is replaced by y" /[1 + (y')2]312. The 
equation then has neither constant coefficients nor is it linear; as a result its 
solution is difficult to obtain. If the assumptions of concentric loading and 
hinged supports are not made, there are additional terms on the right-hand 
side ofthe equation. This makes the equation nonhomogeneous, but does not 
make the task of obtaining a solution difficult. 

The solution of Eq. (1.1) wiII now be obtained. Introducing the notation 

Eq. (1.1) becomes 

P k 2 =_ , El 

y" + k2y = O 

(1.2) 

(1.3) 

The solution or homogeneous linear differential equations with constant co­
efficients is always of the form y = e"'X. Substitution of this expression into 
Eq. (1.3) leads to m = ±ilc Hence the generai solution of Eq. (1.3) is 

Making use of the relation 

e±lkx = cos kx ± i sin kx 

and the fact that both the real and imaginary parts of a complex function that 
satisfies Eq. (1.3) must also satisfy the equation, the generai solution can be 
rewritten in the form 

y = A sin kx + B cos kx (l.4) 
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To evaluate the arbitrary constants A and B, we make use of the boundary 
conditions 

y = O at x = O 

Y = O at x = I 

The first of these conditions when substituted into Eq. (lA) leads to 

B=O 

Consequently, 

y = A sin kx 

From the second condition one obtains 

A sin k! = O 

This relation can be satisfied in one of two ways; either 

or 

A=O 

sin Id = O 

(1.5) 

(1.6) 

If A = O, k and consequently P can have any value. This result is known as 
the trivial solution, because it confirms what is already known, that a column 
is in equilibrium under any axialload P as long as the member remains per­
fectly straight. If sin kl = O, then 

kl = n7r 

where 11 = 1,2,3 .... Substitution ofthis expression into Eqs. (1.2) and (1.6) 
leads to 

and A . n7rX y = sm-
Z
-

(1.7) 

(1.8) 

At the loads given by Eq. (1.7) the column can be in equilibrium in a slightly 
bent formo The shape of the deformation is given by Eq. (1.8). Rowever, its 
amplitude is indeterminate, since A can have any value when sin Id = O. 

The value of P, obtained by setting 11 equal to 1, is 

(1.9) 
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This load is known as the Euler load. It is the smallest load at which a state of 
neutral equilibriull) is possible. Rence it is also the smallest load at which the 
column ceases to be in stable equilibrium. 

The behavior of the Euler column, represented graphically in Fig. 1-4, 

p 

Fig. 1-4 Behavior of Euler column. L------~A 

can be summed up as follows. Up to the Euler load the column must remai n 
straight. At the Euler load there exists a bifurcation of equilibrium; that is, 
the column can remai n straight or it can assume a deformed shape of indeter­
minate amplitude. This behavior signifies that a state of neutral equilibrium 
exists at the Euler load and that the Euler load, therefore, marks the transition 
from stable to unstable equilibrium. 

Equation (1.7) indicates that for values of 11 greater than l, there exist other 
loads larger than the Euler load at which neutra l equilibrium is possible. 
Without going into any detail at this point in the book, these larger loads wiU 
be assumed to be valid mathematical solutions to Eq. (1.l), but devoid of 
significance as far as the physical phenomenon of stability is concerned. 

The Euler load obtained in the foregoing analysis is sometimes referred to 
as the criticalload and sometimes as the buckling load. Regarding these two 
terms, it has been suggested by Roff (Ref. 1.5) that they not be used inter­
changeably. Re advocates that the load under which an actual imperfect 
column suddenly bows out laterally be referred to as the buckling load and 
that the term criticalload be reserved for the load at which neutral equilib­
rium is possible for a perfect member according to a linear analysis. In other 
words, buckling is something that can be observed when areai column is 
loaded during a test, whereas the term criticalload refers to the solution of an 
idealized theoretical analysis. The Euler lo ad obtained in this article should 
thus be referred to as the criticalload of the column. 

1.4 L1NEAR COLUMN THEORY­
AN EIGENVALUE PROBLEM 

The small-deflection column theory presented in Article 1.3 is based on a 
linear differenti al equation and is, therefore, known as the linear column 
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theQry. By comparison, the large-deflection thçory of columns to be studied 
later is based on a nonIinear differential equation and is referred to as a 
nonlinear column theory. Although the small-d\:!flection column theory can 
be considered linear when contrasted with large-deflection theories, it is not 
linear in the same sense of the word as simple h\:!am bending theory. In the 
latter, equilibrium is based on undeformed geo/lletry and deflections are 
proportional to the applied 10ads, which is certainly not true for the Euler 
column. 

Thus linear column theory is evidently different from both simple­
flexure and large-deformation column theory. As a matter of fact, it does 
belong to an entirely different class of problems known as eigenvalue prob­
lems. These problems are characterized by the fact that nonzero solutions 
for the dependent variable exist only for certain discrete values of some 
parameter. The values of the parameter, for which nonzero solutions exist, 
are known as eigenvalues, and the solutions as eigenvectors. Only the shape 
and not the amplitude of the eigenvector can be determined in an eigenvalue 
problem. In a stability problem such as the axiaIly loaded column, the loads 
n2 rc 2 Eli f2 at which nonzero deflections are possible are the eigenvalues, and 
the deflected shapes that can exist at these loads are the eigenvectors. The 
smallest eigenvalue is the criticaI load and the corresponding eigenvector is 
the buckling mode shape. 

1.5 BOUNDARY CONDITIONS 

The first step toward generalizing the results obtained in Article 1.3 is to con­
sider boundary conditions other than hinged-hinged supports. 

Case J. Both endsjixed 

lf a column is built in at both extremities, it can neither translate lateraI1y 
nor rotate at these points. As a result, bending moments, Mo, are induced at 
each end of the member, as shown in Fig. 1-5a, when the column is deflected 
slightly. Equating the external moment to the internai moment, at a section a 
distance x from the origin (Fig. 1-5b), one obtains 

or 

where k 2 = PIEI. 

Ely// + Py = Mo 

y//+k2y=Mo 
El 

(1.10) 

The solution to Eq. (1.10) consists of a complementary and a particular 
part. The former is the solution of the homogeneous eq uation. It is given by 
Eq. (1.4). The particular solution is any solution to the entire equation, such 
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(a) (b) 

lp 
~Mo 

" -t !p L/4 

t ~ Eqo;"lool L/2 

1 
euler column 

t 

t
p 

L/4 
_t 

~Mo 

tp 

(c) 

Fig. 1-5 Fixed-fixed column. 
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as y = Mo/Elk2. Thus the enti re solution is 

y = A sin kx + B cos kx + ~o (1.11) 

where A and Bare arbitrary constants to be evaluated using the boundary 
conditions 

y'=O, y = O at x = O 

Y = O at x = 1 

The first two conditions are satisfied if 

Hence 

A = O and B = _ Mo 
P 

y = ~o(1 - cos kx) 

The Iast condition Ieads to the transcendental equation 

cos kl = 1.0 

The smallest nonzero root to this equation is 

from which 

and 

kl= 2n 

p _ 4n 2El 
cr - f2 (1.12) 

(1.13) 

Equation (1.12) indicates that the criticaI Ioad of a coIumn with fixed ends is 
four times as large as the criticaI Ioad of a hinged-hinged coIumn. 

Using Eq. (1.13), it can be shown that inflection points, that is, points of 
zero moment, exist at x = 1/4 and x = 3//4. The centraI portion of the 
member, between the quarter points, is thus equivalent to a hinged-hinged 
coIumn of Iength 1/2 (Fig. l-Se), whose criticalload is 

(1.14) 

The criticaI Ioad of the pseudo hinged-hinged coIumn that exists between 
the inflection points ofthe fixed-fixed column is thus equal to the criticalload 
ofthe fixed-fixed column. It will be demonstrated in the succeeding pages that 
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the criticaI load of any column can be obtained from an equivalent Euler 
coIumn. The length of this equivalent EuIer coIumn is called the effective 
length of the member. 

Case 2. One endfixed and one end free 

The column shown in Fig. 1-6a is built in at the base and free to translate 
and rotate at its upper end. A smallIateral deflection gives rise to a displace­
ment o at the upper end of the member and a moment Po at the base. 
Equating the internai moment to the external moment, at a section a distance 
x from the base (Fig. 1-6b), Ieads to 

L 

(o) 

or 

-r 
L 

_l 
\ 
\ 
\ 
\ 

(b) 

Fig. 1-6 Fixed-free column. 

Ely" + Py = PO 

y" + k2y = /(20 

P~ 

\ 
\ 
\ 

\ 

pt 
(c) 

where k 2 = P/El. The solution to Eq. (1.15) is 

y = A sin kx + B cos kx + o 

The boundary conditions at the base of the member are 

y = O and y' = O at x = O 

They are satisfied if 

2L Equivolent euler 
column 

( 1.15) 

( 1.16) 
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B= -O, A=O 

Hence y = 0(1 - cos kx) 

The boundary condition at the upper end of the member 

y = o at x = I 

is satisfied if 

cos kl = O 

The smallest nontriviai root of this equation is 

which Ieads to 

and 

n 
kl ="2 

Ch. 1 

(1.17) 

(1.18) 

Equation (1.17) indicates that the criticaI Ioad of a column fixed at one 
end and free at the other is one fourth the Euler Ioad. 

From Eq. (1.18) it can be shown that the deflection curve ofthe fixed-free 
column consists of one quarter of a sinewave or one half the deflection curve 
of a hinged-hinged column (Fig. 1-6c). The effective Iength of the equivalent 
EuIer column is therefore equai to 21, and the criticaI load of a fixed-free 
column can be expressed in the form 

(1.19) 

Case 3. One endfixed and one end hinged 

The column shown in Fig. 1-7 is hinged at the base and built in at its upper 
end to a support that is constrained to move aiong the axis of the member. A 
smalliaterai deflection gives rise to a moment Mo at the fixed end, and shear 
forces of magnitude Mo/I at each end of the member. Equating the internaI 
and externai moment, at a section a distance x from the base, Ieads to 

or 

Ely" + Py = MFx 
y" + k2y = Mo ~ 

El l 
(1.20) 

Art. 1.5 Boundary Conditions 
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Fig.1-7 Fixed-hinged column. 

where k 2 = P/El. The solution to Eq. (1.20) is 

y = A sin kx + B cos kx + ~o ~ 
The boundary conditions 

and 

are satisfied if 

y = O at x = O 

y' = O at x =! 

B = O and A = - ~o k! c~s k! 

Hence Mo( x sin kx ) 
y = P T - kl cos kl 

The boundary condition 

y = O at x = I 

Ieads to the transcendentai equation 

tan Id = k! 

13 

(1.21) 
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The smallest nonzero root of this equation is 

kl = 4.49 

which leads to 

p _ 20.2EI 
cr - f2 (1.22) 

and (1.23) 

Equation (1.22) gives the criticalload of a column hinged at one end and 
fixed at the other. The corresponding deftection curve has an inftection point 
at x = 0.71. Hence the effective length is 0.71, and the criticalload can be given 
in the form 

(1.24) 

Case 4. Elastically l'estl'ained end 

In most actual structures the ends of columns are neither hinged nor fixed. 
Instead the columns are usually rigidly connected to other members, which 
permits a limited amount of rotation to occur at the ends of the columns. 
Supports of this type are referred to as elastic l'estraints. They are so named 
because the restraint that exists at the end of the column depends on the 
elastic properties of the members into which the column frames. 

Let us consider a column that is hinged at the base and elastically 
restrained by a beam at its upper end, as shown in Fig. 1-8a. The beam is 
assumed to be fixed to a rigid support at its far end. For simplicity, the length 
and stiffness of the beam are taken as equal to the length and stiffness respec­
tively of the column. 

In order to linearize the problem, it is assumed that there is no bending in 
the horizontal member prior to buckling. However, when the criticalload is 
reached, the bending deformation of the column will induce bending in the 
beam. Due to its stiffness, the beam resists being bent by the column and 
exerts a restraining moment M, as shown in Fig. 1-8b, on the column. In 
calculating the criticalload the forces produced by the bending deformations 
as well as the deformations themselves are assumed to be infinitesimal. The 
shear forces Q acting on the beam are therefore negligible compared to P, 
and it is reasonable to assume that the axial force in the column remains 
equal to P during buckling. 

Taking the coordinate axes as shown in the figure, moment equilibrium 
for a segment of the column gives 
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Fig. 1-8 Elastically restrained column. 

_Eld2y _ P + Mx - O 
dX2 Y 1-

or d 2y 2 M X 
dx2 + k Y = El T 

where k 2 = P/El. The solution of Eq. (1.25) is 

y = A sin kx + B cos kx + Af, ~ 

The boundary condition at the lower end of the member 

y = O at x = O 

is satisfied if 

B=O 

and the condition at the upper end 

y = O at x = I 

requires that 

M l A - ----
- P sin kl 

Hence M(X sin kx) 
y = P T - sink/ 

(1.25) 

(1.26) 



16 Buckling of Columns Ch. 1 

Since the column is rigidly connected to the beam, the rotation of the column 
at its upper end must be equal to the rotation of the left-hand end of the 
beam. For the column, the slope at x = I is 

dy = M(-l_ k cos kl) 
dx p I sin kl 

or (1.27) 

The rotation () of the left-hand end of the beam is obtained from the slope­
deflection equation. Thus 

M = 2fl (2() 

from which 

(1.28) 

Equating the expressions in (1.27) and (1.28) gives 

or (1.29) 

The negative sign in front of the right-hand side of the equation is needed 
because the slope as given by (1.27) is negative, whereas () is positive. 

Equation (1.29) is the stability condition for the column being studied. It 
is convenient to rewrite the equation in the form 

t Il 4kl 
an f( = (kl)2 + 4 

The smallest root satisfying this expression is Id = 3.83 from which 

p _ 14.7EI 
er - f2 (1.30) 

If the upper end of the column were hinged, the criticaI lo ad wouId be rc 2 EI/ f2, 
and ifthe upper end were fixed, it wouId be 20.2EI/P. It is not surprising that 
the criticaI Ioad for the eIastically restrained end, given by Eq. (1.30), shouId 
fall between the two limiting cases of hinged and compIetely fixed ends. 

Completely rigid, hinged or free and conditions are rareIy found in actual 
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engineering structures. However, as demonstrated, the soIutions correspond­
ing to these ideaIized end conditions are useful because they provide upper 
and lower bounds between which the criticaI loads of most actual columns 
fallo 

1.6 EFFECTIVE-LENGTH CONCEPT 
AND DESIGN CURVE 

Figure 1-9 depicts the deflection curve and the effective Iength for several of 
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Fig. 1-9 Effective Iength of for variolls bOllndary conditions. 

the boundary conditions considered in ArticIe 1.5. For each case, it is shown 
that the Euler formula can be used to obtain the criticalload of the member, 
provided the correct effective length is used. The effective-length concept is 
equalIy valid for any other set of boundary conditions not incIuded in the 
figure. Thus 

(1.31) 

gives the criticalload for any column, regardless of the boundary conditions, 
provided A. is the effective length of the member, that is, the length of the 
equivalent Euler column. 

For design purposes, it is convenient to have a graphical representation of 
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Eq. (1.31). Making use of the relation 

1= Ar 2 

in which A is the cross-sectional area and r the radius of gyration, Eq. (1.31) 
can be rewritten in the form 

(1.32) 

For the elastic range of a given materiaI, that is, a fixed value of E, Eq. 
(1.32) can be used to obtain a curve of criticaI stress versus sienderness ratio, 
)..jr. This has been done for steel (E = 30 X 106 psi), and the resulting curve 
is shown plotted in Fig. 1-10. The curve in Fig. l-IO is known as a column 
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Fig. 1-10 Column curve for structural steel. 

design curve. One of the great advantages derived from the effective-length 
concept is that one can obtain the criticaI Ioad of any column, of a given 
material, regardless of the boundary conditions, from a single design curve. 

1.7 HIGHER-ORDER DIFFERENTIAL EQUATION 
FOR COLUMNS 

In Artic1e 1.5 buckling Ioads were obtained for columns with various 
boundary conditions. In each case, a second-order differenti al equation, valid 
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only for the member being analyzed, was used. However, as shown by 
Timoshenko and Gere (Ref. "1.2), a single fourth-order equation applicable to 
any column regardless ofthe boundary conditions can aiso be employed. This 
equation will be introduced now, and its solution obtained for two specific 
sets of end restraints. 

For the generaI case of a column with unspecified boundary conditions, 
there exists a moment and a shear at each end of the member (Fig. l-Ila). By 

L 

(a) 

Fig. 1-11 Column with l1nspecified bOl1ndary conditions. 

choosing appropriate values for these moments and shears, any desired set of 
boundary conditions can be satisfied. Equating the externai moment to the 
internaI moment, at a section a distance x from the ori gin (Fig. 1-11 b) leads to 

Ely" + Py = Qx + MA (1.33) 

Differentiating twice with respect to x, one obtains 

Ely'V + Py" = O (1.34) 

and introducing the notation 

P k 2 =_ 
El 
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the equation becomes 

(1.35) 

This fourth-order differential equation is applicable to any set of boundary 
conditions. Its generaI solution is 

( 1.36) 

The arbitrary constants in the solution are determined from the boundary 
conditions of the specific case under investigation. 

Case 1. Hinged-hinged 

F or the hinged-hinged column (Fig. 1-12) the deftection and bending 
moment are zero at both ends of the member. Hence 

L 

Fig. 1-12 Hinged-hinged column. 

y=O, 

Y = 0, 

y" = ° 
y" = ° 

at x = ° 
at x = I 

Substitution of the two conditions at x = ° into Eq. (1.36) leads to 

Hence 

From the remaining two conditions one obtains 

(1.37) 

Art. 1.7 Higher-Order Differential Equation for Columns 21 

Since k 2 is not identically equa I to zero, these relations are satisfied either 
if CI = C3 = ° or if sin Id = C3 = O. The first alternative leads to the 
trivial solution of equilibrium at all loads, provided the member remains 
straight. From the second conditions, one obtains 

Id = 117r, 11 = 1,2,3 ... 

which for n = l leads to the criticaI lo ad 

(1.38) 

Case 2. Fixed-free 

For the fixed-free column (Fig. 1-13), the deftection and slope are zero at 

L 

Fig. 1-13 Fixed-free column. 

the base. At the free end, the moment v~nishes and the shear is equal to the 
component Py' of the applied load. Thus 

y=O, y' = 0, at x = ° 
y" = 0, y"' + k 2 y' = 0, at x = l 

The conditions at the fixed end lead to 

and from the conditions at the free end one obtains 

Cl sin Id + C2 cos Id = 0, 
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Combining these results gives 

C2 cos kl = O 

As in the previous ex ampIe, there are two solutions, the trivial one, obtained 
by letting C2 = O, and the nontrivial solution, cos Id = O. The latter leads to 

1[- (2n - l)n 
f( - 2 ' n = 1,2,3, ... 

from which, for 11 = 1, 

(1.39) 

For both of these cases, the results obtained using the fourth-order equa­
tion are the same as those obtained previously by means of the second-order 
equations. The disadvantage of using second-order equations is that each 
different set of boundary conditions considered requires the setting up of a 
new equation. This is obviously not necessary when using the fourth-order 
equation, since the latter is equally applicable to all boundary conditions. 
However, there are instances, such as the case of the fixed-fixed column, 
where the evaluation of the four arbitrary constants needed in the fourth­
order equation solution is considerably more involved than the determination 
of the two constants required in the second-order equation solution. 

1.8 LARGE-DEFORMATION THEORY 
FOR COLUMNS 

In the preceding articles the behavior of columns was studied using a linear 
differential equation. The linear equation was obtained by employing an 
approximate expression, d2yjdx2, for the curvature of the member. Since this 
approximation is valid only when the deformations are small, the results 
obtained from the linear equation are limited to small deflections. In this 
article the limitation of small deflections will be removed by using an exact 
expression for the curvature. 

Consider the simply supported column shown in Fig. 1-14. Aside from the 
assumption of small deflections, which is no longer bl'!ing made, all the other 
idealizations made for the Euler column are still valido The member is initially 
assumed to be perfectly straight and loaded along its centroidal axis, and the 
material is assumed to obey Hooke's law. 

Ifthe x-y coordinate axes are taken as shown in the figure and the column 
is in equilibrium in a bent configuration, then the external moment, Py, at 
any section, is equal to the internaI resisting moment - Elj R. Thus 
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Fig. 1-14 Large deflections of a 
column (Adapted from Ref. 1.6). 

in which ljR is the curvature. 
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tp 

(1.40) 

The solution of the equation is facilitated if the curvature is expressed as 
the rate o.f change of the slope. Letting the slope at any point be given by () 
and t.he dlstance along the curve from the origin to the point by s, the curva­
ture IS 

1 d() 
][=ds 

Substitution of this expression in Eq. (1.40) leads to 

d() 
El ds + Py = O (1.41) 

Equation (1.41) can be used to study the behavior of columns at large as well 
~s at s~all defor~ations .. Bec~use d()jds is used in pIace of d2yjdx2, Eq. (1.41) 
IS nonlmear, and ltS solutlOn IS a good deal more difficult to obtain than that 
of Eq. (l.1), the linear equation of the small-deformation theory. The analysis 
presented here folIows the generai outline of the solution given by Wang in 
Ref. 1.6. 

Introducing the notation k 2 = PjEI, Eq. (1.41) takes the form 

d() 
ds + k 2 y = O (1.42) 
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If the equation is differentiated with respect to S, and dyjds is replaced by sin 
O, one obtains 

d20 - + k2 sin O = O 
ds 2 

(1.43) 

Multiplying the first term by 2(dOjds) ds and the second term by the equivalent 
expression 2dO and integrating both terms gives 

Since 

and 

I (~:~)2~~ ds + I 2k2 sin O dO = O 
2 (dO) (d

20) ds = d(dO)2 
ds ds2 ds 

sin O dO = -d(cos O) 

Eq. (1.44) can be written in the form 

I d(~~r - 2k2 I d(cos O) = O 
Carrying out the integration leads to 

(~~r - 2k 2 COS O = C 

(1.44) 

(1.45) 

(1.46) 

The constant of integration, C, is evaluated from the condition that O = rt 
and dO/ds = O at the origino Hence 

c = -2k2 COS rt 

and Eq. (1.46) becomes 

(~~r = 2k2(COS O - cos rt) 

Taking the square root of both terms gives 

~~ = ±ftk,.Jcos 0- COS rt 

or ds = _ dO 
,.j2 k ,.J cos O - COS rt 

(1.47) 

The negative sign denotes that O decreases as s increases. 
If ds is integrated from O to L, one obtains the totallength of the column. 
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Thus 

L- ds-IL I~ dO 
- o - _~ ftk,.Jcos 0- COS rt (1.48) 

The minus sign in front of the equation has been eliminated by reversing the 
limits of integration. 

Making use of the identities 

cos O = l - 2 sin2 
( ~ ), COS rt = l - 2 sin 2 

( ~ ) 

in Eq. (1.48) leads to 

l I~ dO L-
- 2k _~ ,.jsin2 (rt/2) - sin2 (0/2) 

To simplify this integraI, let 

. rt 
P=slll2 

and introduce a new variable rp defined by 

• A. • O 
pSlll'l'=Slll2 

(1.49) 

(1.50) 

(1.51) 

(1.52) 

The integraI in Eq. (1.50) can be expressed in terms of rp if one obtains dO as 
a function of rp and determines the limits on rp corresponding to the given 
limits on O. Taking the differential of both sides of Eq. (1.52), gives 

and using the identity 

one obtains 

dO _ 2p cos rp drp 
- cos (0/2) 

O Jl . 2 O cos 2 = - Slll 2 

dO = 2p cos rp drp 
,.j 1 - p2 sin2 rp 

Rewriting Eq. (1.52) in the form 

.rt.A. .0 
Slll2 Slll 'l' = slll2 

(1.53) 
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it is evident that as O varies from -a to a, sin cf> varies from -1 to 1, and cf> 
varies from -(n/2) to n/2. In view of Eq. (1.53), and noting that 

J sin 2 ~ - sin 2 ~ = p cos cf> (1.54) 

Eq. (1.50) can be rewritten in the form 

L =.2. J~/2 dcf> 
k o ,.)1 - p2 sin2 cf> 

(1.55) 

or L_ 2K 
-y ( 1.56) 

in which 

K= 'l' J
~/2 dA.. 

o ,.)1 - p2 sin2 cf> 
(1.57) 

This integrai is known as the complete elliptic integrai of the first kind. Its 
value can be obtained from a table of integrals, which tabulates K for various 
values of p. 

Equation (1.56) can also be written in the form 

or 

in which Pcr = n 2EI/V. 

L=~ 
")P/EI 

P 4K2 
Pcr = Ji2 (1.58) 

If the deflection of the member is very small, a and consequently p are 
very smalt, and the term p2 sin 2 cf>, in the denominator of K, is negligible. The 
value of K then approaches n/2, and from Eq. (1.58) 

n2EI 
P=Pcr=~ 

The nonlinear theory thus leads to the same criticalload as the linear theory. 
This is to be expected, since both theories are accurate for small deformations. 

It is now desirable to determine how the load varies as the deflection of 
the member becomes large. Using Eq. (1.56), a curve of load versus a can be 
plotted, or the more commonly employed relation between load and mi d­
height deflection, O, can be obtained as follows. 

N oting that dy = sin O ds and making use of Eq. (l.4 7) gives 

dy = _ sin O dO 
fik,.)cos 0- cos a 
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The midheight deflection O is obtained by integrating dy from O to O. Hence 

<;: - JOd J~ sinOdO u - y-
- o - o fi k ,.) cos O - cos a 

The limits for the integrai on the right-hand si de of the equation were 
obtained by noting that O varies from a to O as y varies from O to O. Using the 
relations in (1.49) gives 

O = ~J~ sinO dO 
2k o ,.)sin2 (a/2) - sin 2 (0/2) 

Except for the term sin O, this integrai is similar to the one in Eq. (l.50). As 
before, a change in variable from O to cf> is therefore made, and in view ofEqs. 
(1.51), (1.52), (1.53), and (1.54), one obtains 

O = ~ J~/2 sin 0(2p cos cf> dcf» 
2k o ,.)1 - p2 sin 2 cf>(p cos cf» 

It can also be shown that 

sin 0= 2p sin cf>,.)1 - p2 sin2 cf> 

Substitution of this relation in Eq. (1.59) leads to 

2 J"/2 2 
O =: o sin cf> dcf> = : 

from which 

O 2p 
L = n,.) P/Per 

(l.59) 

(1.60) 

Using Eqs. (1.58) and (1.60), it is possible to compute for various values of a 
the corresponding values of P/Pcr and o/L. The results of such calculations 
are summarized in Table l-I and plotted graphically in Fig. 1-15. 

As indicated previously, large-deflection theory leads to the same criticai 
lo.ad a~ linear t~eory. In addition, large-deformation theory predicts a very 
shgh~ mcrease m load with increasing deflection during the ear1y stages of 
bendmg and a more pronounced increase in load after considerable deforma­
t~on has occur~ed. When the lateral deflection is one tenth the span, a very 
slzeable deflectlOn, the load is only 1% greater than Pcn and at o/L = 0.2, 
P/Pcr = 1.06. It is evident from these results that the prediction of bending 
at constant load made by the linear theory is valid for a considerable range of 
deformations. 
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0.3 0.4 Fig. 1-15 Column load-deflection 

curve for large deflections. 

Table l-l Load-deflection data for large-deflection column theory 
(Adapted from Ref. 1.6) 

0° 20° 40° 60° 

K 11/2 1.583 1.620 1.686 

p o 0.174 0.342 0.500 

P/Pcr 1.015 1.063 1.152 

o/L o 0.110 0.211 0.296 

For most actual columns, as bending increases, the combined axial and 
bending stress will exceed the proportionallimit of the materiallong before 
the deviation of the linear from the nonlinear theory becomes significant. 
Consequently, within the range of elastic behavior, the resu1ts obtained from 
the large-deformation analysis in no way invalidate any of the results obtained 
from the linear analysis. 

1.9 BEHAVIOR OF IMPERFECT COLUMNS 

In the derivation of the Euler 10ad, the member is assumed to be perfectly 
straight and the loading is assumed to be concentric at every cross section. 
These idealizations are made to simplify the problem. However, perfect 
members do not exist in actual engineering structures. Both minor imperfec­
tions of shape and small eccentricities of 10ading are present in all real 
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columns. It is therefore desirable to investigate the behavior of an imperfect 
column and compare it with the behavior predicted by the Euler theory. 

1.10 INITIALLY BENT COLUMNS 

In this article the behavior of an imperfect column is studied by considering a 
member whose centroidal axis is initially bent. It is assumed that the material 
obeys Hooke's law and that the deformations are small. Hence, of the ideal­
izations made in the Euler theory, only the one that assumes the member to 
be initially straight has been omitted. 

Consider the hinged column in Fig. 1-16, whose centroidal axis is initially 

Originai shape 

~ Deflected shape 

y I~o +; I p 

-I lJI: ~EIY' 
x I 

_t_ / 

L 

----+-. y 

Fig. 1-16 InitiaIly bent column. tp 

bent. Let the initial deformation of the member be given by Yo and the 
additional deformation due to bending by y. The solution of the problem can 
be simplified, without impairing the generality of the results, if the initial 
deformation is assumed to be of the form 

. nx 
Yo = a S111 T (1.61) 

Since bending strains are caused by the change in curvature, y", and not by 
the total curvature, y~ + y", the internaI resisting moment at any section is 

Mx = -Ely" 
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Equating this moment to the extermally applied bending moment, P(y + yo), 
gives 

Ely" + P(Yo + y) = O (1.62) 

By substituting Eq. (1.61) for Yo and making use of the notation k 2 = P/El, 
one obtains 

(1.63) 

The solution of Eq. (1.63) consists of a compiementary function and a 
particular function. Thus 

The compiementary function is the generaI solution of the homogeneous 
equation obtained by setting the Ieft-hand side of Eq. (1.63) equai to zero. It 
has aiready been shown that this is 

y c = A sin kx + B cos kx (1.64) 

The particular function is any solution of the enti re nonhomogeneous equa­
tion. When the right-hand si de of the equation consists of a sine or cosine 
term, the particular function is of the form 

• 1tX 1tX 
YP = C Slll T + D cos T (1.65) 

Substituting Eq. (1.65) into Eq. (1.63) and combining terms gives 

[ ( 
1t2) ] 1tX [( 1t

2
)] 1tX C Jç2 - yz + Jç2a sin T + D k 2 

- yz cos T = O 

This equation can be satisfied for aH values of x only if both the coefficients 
of the sine and cosine terms are made to vanish. Hence 

and either D = O or k 2 = n2/P. 
If one lets k 2 = n2/P, the solution for y becomes Iimited to P = n2EI/P. 

This is not the case to be investigated, and D must therefore vanish. Hence 
D=O. 

Introducing the notation 

P a=­PE 

1.10 Initial/y Bent Columns 31 

where PE = n 2EI/P, the expression for C can be rewritten in the form 

C- a _~ 
- (l/a) - 1 - 1 - a 

Consequently, 

aa . nx 
YP = 1 - a Slll T (1.66) 

and Y = A sin kx + B cos kx + 1 ~ a a sin nt (1.67) 

The arbitrary constants in (1.67) are evaluated from the boundary conditions. 
The condition 

y = O at x = O 

leads to 

B=O 
and from the condition 

y = O at x = l 

one obtains 

O = A sin Id 

Thus either A or sin kl must vanish. Letting sin Id = O again Iimits the 
solution for y to P = PE • As before, this is undesirabIe, and consequently 

A=O 

Substitution of A = O and B = O into Eq. (1.67) Ieads to the bending 
deflection 

a . nx 
y= l_a aslll T (1.68) 

The totaI deflection from the verticaI is obtained by adding this expression to 
the initiaI deflection. Thus 

Yr = Yo + y = (1 + 1 ~ a)a sin 1tt 

or a . 1tX 
Yr = 1 _ a slllT (1.69) 

The totai deflection at midheight is 

o __ a__ a 
- 1 - a-l - (P/PE ) 

(1.70) 
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Figure 1-17 gives a graphical representation of Eq. (1.70). The variation 
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6.0 Fig. 1-17 Load-deflection curves of 
initially ben! columns. 

of the midheight deftection with the load ratio P/P E is shown plotted for two 
different values of initial imperfection. Based on these curves, the behavior of 
the imperfect column can be summed up as follows. Unlike the perfect 
column, which remains straight up to the Euler load, the initially deformed 
member begins to bend as soon as the load is applied. The deftection increases 
slowly at first and then more and more rapidly as the ratio of the applied load 
to the Euler load increases. The larger the initial imperfection, the larger 
the total deftection at any load. However, as the applied load approaches the 
Euler load, the deftection increases without bound regardless of the magnitude 
of the initial imperfection. The carrying capacity of an imperfect column is 
thus always smaller than the Euler load, regardless of how small the initial 
imperfection is. If the initial distortion is sizeable, the column experiences 
fair1y large deformations at loads considerably below the Euler load. A 
carefully constructed column that is fair1y straight to begin with does how­
ever not deftect appreciably until the applied load is quite dose to the Euler 
load. Although the failure mechanism of columns has not yet been discussed, 
one can surmise that large deftections produce inelastic strains, which in turn 
lead to collapse. Members with large initial imperfections can thus be 
expected to fail at loads considerably below the Euler load, while relatively 
straight columns will support axialloads only slightly less than p E' 

1.11 ECCENTRICALLY LOADED COLUMNS 

In Artide 1.10 an initially bent member was used to investigate the behavior 
of an imperfect column. The effects of imperfections on column behavior can 
also be studied by considering the straight but eccentrically loaded member 
shown in Fig. 1-18. It is assumed that the member is initially straight, that the 
material obeys Hooke's law, and that deformations remain small. Equating 
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Fig. 1-18 Eccentrically loaded col­
umn. 
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the i.nternal resisting moment - Ely", at any section, to the corresponding 
apphed moment P(e + y) gives 

Ely" + P(e + y) = O 

Letting k 2 = P/El, one obtains 

y" + k2y = -k2e 

The generai solution of this equation is 

y = A sin kx + B cos kx - e 

(1.71) 

(1. 72) 

(I. 73) 

The arbitrary constants are evaluated from the boundary conditions. Thus 
the condition 

leads to 

and from the condition 

one obtains 

y = O at x = O 

B=e 

y = O at x = l 

A = e l - cos kl 
sin kl 
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Substitution of these results in Eq. (1.73) gives 

( 
1 - cos kl . ) 

y = e cos kx + sin kl SIn kx - 1 (1.74) 

An expression for the midheight deflection y = O is obtained by letting 

x = 1/2. Thus 

j1 ( kl 1 - cos kl . kl 1) 
u = e cos 2 + sin Id SIn 2 - (1.75) 

Introducing the identities 

cos kl = 1 - 2 sin2 I~ 

and . kl 2' kl kl SIn = SIn 2 COS 2 

Eq. (1.75) can be reduced to 

O = e( sec ~ - 1) 
or (1. 76) 

where PE = n 2Eljf2. 
Figure 1-19 gives a graphical representation of Eq. (1.76). The variation 
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of O with Pj P E is shown plotted for two values of the eccentricity e. Compari­
son of these curves with those of initially curved columns, given in Fig. 1-17, 
indicates that the behavior of an eccentrically loaded column is essentially the 
same as that of an initially bent column. In both cases, bending begins as soon 
as the load is applied. The deflection increases slowly at first and then more 
and more rapidly as P approaches P E' At p = P E the deflection increases 
without bound. Columns with large eccentrici ti es deflect considerably at 
loads well below the Euler load, whereas columns with very small eccentric-
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ities of loading do not bend appreciably unti! the load is fairly close to the 
Euler load. It williater be shown that excessive bending causes a column to 
collapse. A column with relatively small eccentricities of loading can therefore 
be expected to suppor t loads only slight1y less than the Euler load. On the 
other hand, a member with large eccentricities will collapse at loads con­
siderably below P E' 

1.12 SUMMARY OF IMPERFECT COLUMN 
BEHAVIOR 

It has been shown that a slightly imperfect column begins to bend as soon as 
the load is applied, that the bending remains relatively insignificant unti! the 
load approaches the Euler Load, and that the bending then increases very 
rapidly. Several important conclusions can be reached from these observa­
tions. First and foremost, the Euler theory, which is based on the fictitious 
concept of a perfect member, provides a satisfactory design criterion for real 
imperfect columns, provided the imperfections are relatively minor. The Euler 
load is thus a good approximation ofthe maximum load that a real imperfect 
column can support without bending excessively. Second, the foregoing results 
form the basis of a useful method of stability analysis. Up to now, the criticai 
lo ad has been determined exclusively by finding the load at which a perfect 
system can be in equilibrium in a slightly bent configuration, that is, the load 
at which neutral equilibrium is possible. Now, a second criterion for finding 
the criticalload can be stated as follows: 

The criticai load is the load at which the deformations of a slight1y 
imperfect system increase without bound. To apply this criterion, one gives 
the structural member or system to be investigated a small initial deformation 
and then determines the load at which this deformation becomes unbounded. 

A third conclusion drawn from the foregoing analyses is that the behavior 
of an imperfect system can be simulated either by giving the system some 
initial crookedness or by applying the load eccentrically. The essential dif­
ference between a perfect and an imperfect compression member is that the 
former must be disturbed to produce bending, whereas bending stresses are 
present in the latter as a direct consequence of the applied load. It is therefore 
not surprising that either eccentricity of loading or initial crookedness, both 
of which cause bending, can be used with equal success to simulate the 
behavior of an imperfect system. 

1.13 INELASTIC BUCKLlNG OF COLUMNS 

In each of the investigations presented heretofore, the assumption has been 
made that the material behaves according to Hooke's law. For this assump­
tion to be valid, the stresses in the member must remain below the propor-
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tionallimit ofthe material. Figure 1-20 shows the Euler curve and ahorizontal 
line representing the proportionallimit of the materia!. It is evident from the 
figure that, for slender columns, the applied load reaches the Euler load before 
the axial stress exceeds the proportional limito The linear elastic analysis is 
therefore valid for slender columns, and the Euler load represents the correct 
buckling load of such members. One the other hand, the axial stress in a 
short column will exceed the proportional limit of the material before the 
applied load reaches the Euler load. Consequently, the results of the elastic 
analysis are not val id for short columns, and the buckling load of short 
columns must be determined by taking inelastic behavior into account. 

Before considering the theory of inelastic column behavior, let us briefly 
review its historical development. The Euler formula was first derived by 
Leonhard Euler in 1744 (Ref. 1.4). It was, at the time, mistakenly assumed 
that the formula applied to short as well as slender columns. When test 
results during the nineteenth century indicated that the formula was uncon­
servative for short columns, Euler's work was believed to be completely 
erroneous and was discarded for a lengthy period of time. Finally, in 1889 two 
men, Considère (Ref. 1.7) and Engesser (Ref. 1.8), reached the conclusion 
that the Euler load as presented by Euler was valid, but only for slender 
columns. They also realized that Euler's formula could be applied to short 
columns if the constant modulus E is replaced by an effective modulus that 
depends on the magnitude of stress at buckling. Engesser believed the tangent 
modulus to be the correct effective modulus for inelastic column buckling. 
Considère did not reach any specific conclusions regarding the value of the 
effective modulus. He did, however, suggest that as a column begins to bend 
at the criticaI load there is a possibility that stresses on the concave side 
increase in accordance with the tangent modulus and that stresses on the 
convex side decrease in accordance with Y oung's modulus. This line of 
reasoning is the basis of the double modulus theory, according to which the 
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effective modulus is a function of both the tangent modulus and the elastic 
modulus. As soon as Engesser became aware of Considère's theory, he 
acknowledged its validity and went on to derive the first correct value of the 
effective modulus based on the double modulus theory (Ref. 1.9). However, 
it was not until von Karman in 1910 (Ref. 1.10) independentIy rederived the 
double modulus theory that it gained widespread acceptance. 

For roughly the next 30 years, the double modulus theory, or reduced 
modulus theory as it is sometimes called, was accepted as the correct theory 
for inelastic buckling. Then, in 1947, Shanley reexamined the mechanism of 
inelastic column behavior and concluded that the tangent modulus and not 
the double modulus is after alI the correct effective modulus (Ref. 1.11). The 
double modulus theory is based on the assumption that the axialload remains 
constant as the column passes from a straight to a slightIy bent configuration 
at the criticalload. Only if this assumption is made does bending necessarily 
cause a decrease in strain on the convex side of the member while strains on 
the concave side are increasing. Shanley points out that it is possible for the 
axialload to increase instead of remaining constant as the column begins to 
bend, and that no stra in reversal need therefore take pIace at any point in the 
cross section. lf there is no strain reversal, the tangent modulus governs the 
behavior of alI fibers in the member at buckling. 

The tangent modulus theory leads to a lower buckling load than the 
double modulus theory and agre es better with test results than the latteI'. It 
has therefore been accepted by most engineers as the correct theory of 
inelastic buckling. Nevertheless, discussions regarding the merit of each of the 
theories continue. 

The succeeding articles are devoted to a detailed study of inelastic buck­
ling. First, the criticaI load of an initially perfect member is determined, 
using infinitesimal deformation theory. Then, initial imperfections and finite 
deformations are introduced in order to determine whether or not the 
maximum carrying capacity of an inelastic column coincides with the criticaI 
load, as is the case for elastic columns. Finally, the theoretical findings are 
used to develop design criteria for real engineering materials. 

1.14 DOUBLE MODULUS THEORY 

In this article the criticaI load of a column whose axial stress exceeds the 
proportional limit prior to buckling is obtained by means of the double 
modulus theory. The analysis involves the folIowing assumptions: 

I. The column is initially perfectIy straight and concentrically loaded. 
2. Both ends of the member are hinged. 
3. The deformations are small enough for the curvature to be approxi­

mated by y". 
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4. The same reiation exists between bending stresses and bending strains 
as exists between stress and strain in simpie tension and compression. 

5. PIane sections before bending remain pIane after bending; hence 
Iongitudinai strains vary Iinearly as their distance from the neutra l 
surface. 

The criticaI Ioad is obtained by means of the concept of neutrai equiIib­
rium. AccordingIy, the criticaI Ioad is defined as the axiai Ioad at which 
equilibrium is possibie both in the originaI undeformed position and in an 
adjacent sIightIy bent configuration. This definition implies that the axiai 
Ioad remains constant as the member moves from the straight to the deformed 
position. 

Consider the coIumn shown in Fig. 1-21a. The finai deformed configura­
tion of the member is reached by appIying an axiai force to the initially 
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straight coIumn, Ietting the force increase untii it reaches the criticaI Ioad, 
and then Ietting the member bend slight1y while the axiai force remains con­
stant. In other words, the behavior of the coIumn follows curve 0-1-2 in Fig. 
1-21 b. The axiai stress, (J'cr = Pcr/ A, that is present when bending begins is 
assumed to be above the proportionai limit of the materiai (Fig. 1-21c). 
During bending, there occurs a small increase in the stress on the concave 
side of the coIumn and a sIight decrease in the stress on the convex side of the 
member. The final stress distribution on a typicai cross section of the bent 
coIumn is shown in Fig. 1-21d. At any point in the cross section, the totai 
stress consists of a uniform axiai stress, (J'w and a variable bending stress. 
The deformation corresponding to this bending stress distribution is shown in 
Fig. 1-21e. 

The e1astic modulus E aIways governs the reiation of stress to strain when 
a fiber unIoads. Hence the decrease in stress, (J' l, on the convex side of the 
coIumn, which occurs as the member bends, is reiated to the corresponding 
decrease in strain, E l, by the reiation 

(1.77) 

On the concave side, bending causes an increase in the totai stress, and the 
instantaneous reiation of the bending stress (J'2 to the corresponding strain 
E2 is therefore governed by the tangent modulus. Since deformations beyond 
the criticaI Ioad are assumed to be infinitesimally small, bending stresses are 
very small compared to (J'w and the tangent modulus Et corresponding to 
(J'cr can be assumed to appIy over the enti re part of the cross section where 
the stress is increasing. Hence 

(l. 78) 

where Et is the siope of the stress-strain curve at (J' = (J'cr' Noting that the 
curvature is given by dif>/ds (Fig. 1-2Ie), the bending strains El and E210cated 
at distances Zl and Z2 from the neutra l axis are 

(l. 79) 

(1.80) 

Stresses and strains are positive when compressive and Z is positive when 
measured to the right of the neutrai axis. Approximating the curvature by 
-y", Eqs. (1.79) and (1.80) become 

El = ZIY" 

E2 = Z2Y" 

(1.81) 

(1.82) 
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Equilibrium between the externalload and the stresses on any section will 
now be considered. It has been assumed that the axialload remains constant 
during bending. The resultant of the tensile and compressive stresses due to 
bending must therefore vanish. Thus 

f
CI fC' 
o 0'1 dA + o 0'2 dA = O (1.83) 

In view of Eqs. (1.77), (1.78), (1.81), and (1.82), Eq. (1.83) becomes 

f
CI fC' 

Ey" OZI dA + Et y" o Z 2 dA = O (1.84) 

Introducing the notation 

(1.85) 

for the moments of the area on either side of the neutral axis about this axis, 
Eq. (1.84) can be written in the form 

(1.86) 

Equation (1.86) is used to determine the location of the neutral axis. Since 
Et =F E, Ql + Q2 =F O, and the neutral axis does not coincide with the 
centroidal axis for inelastic bending. 

A second condition of equilibrium is that the bending stresses balance 
the externally applied moment Py. Thus 

(1.87) 

Making use of Eqs. (1.77), (1.78), (1.81), and (1.82), one obtains 

y/I( E f:' zr dA + Et f:' z~ dA) + Py = O (1.88) 

The two integrals inside the parentheses are equal to the moments of inertia 
of the areas on either side of the neutral axis about this axis. Representing 
these quantities by 

f
CI 

Il = o zr dA f
C' 

and 12 = o d dA (1.89) 

Eq. (1.88) takes the form 

(1.90) 
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Finally, by introducing the notation 

(1.91) 

one obtains 

E,Iy" + Py = O (1.92) 

Equation (1.92) is the differential equation for the bending of a column 
stressed into the inelastic range of the materia!. Comparison of this equation 
with Eq. (1.1) for the elastic column indicates that the two are identical except 
that E has been replaced by E" the reduced modulus. It is evident from Eq. 
(1.91) that the value of E, depends on the stress-stra in characteristics of the 
material and on the shape of the cross section, and that E, is always smaller 
than E. 

Along a given column, Er is constant; that is, it is not a function of the 
independent variable x. Equation (1.92) is therefore a Iinear equation with 
constant coefficients, and its solution is identical to that of Eq. (1.1) for the 
elastic column, except that the elastlc modulus E is replaced by the reduced 
modulus E,. The criticaI load of an initially straight column whose axial 
stress exceeds the proportionalIimit prior to buckIing is therefore equal to 

p = n2E,I 
, [2 (1.93) 

The load given by Eq. (1.93) is commonly referred to as the reduced modulus 
load. Since E, < E, the reduced modulus load, P" is always smaller than the 
Euler load. 

For design purposes, Eq. (1.93) is usually rewritten in the form 

(1.94) 

where (O',)cr is the criticaI stress corresponding to the reduced modulus load. 
To obtain the criticaI stress for a given member, it is necessary to evaluate 
Er' This is accomplished as follows. For a rectangular section, Eq. (1.86) 
reduces to 

Ed = Etd 

where Cl and c2 are the distances from the neutral axis to the extreme fibers in 
tension and compression, respectively. Noting that 11, the total depth of the 
cross section, is given by 

one obtains 
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Ct = JE + ,.JE;' C2 = JE + ,,JE, 

Using these relations, the expression for the reduced modulus given by Eq. 
(1. 91) can be sim plified to 

E _ 4EEt 
r - (JE + ,.JE;)2 (1.95) 

In a similar manner, the reduced modulus of an ideaIized I section, that is, 
two fianges of equal area connected by a web of negIigibIe thickness, is found 
to be 

E = 2EEt 
r E+Et 

(1.96) 

Since Er depends on the tangent modulus at the criticaI stress, Eq. (1.94) 
connot be used directly to solve for (arL. Instead, the variation of Et with 
(ar)cr is obtained from the stress-strain curve of the material and a column 
design curve, similar to the curve in Fig. l-10, is constructed. The criticaI 
stress corresponding to any value of l/r can then be obtained directly from the 
design curve. 

1.15 TANGENT MODULUS THEORY 

The tangent modulus theory of inelastic column buckling will now be con­
sidered. In determining the criticalload by this theory, the five assumptions 
made in the double modulus theory, listed on page 37, are retained. However, 
one assumption made previously, that the axialload remains constant as the 
coIumn passes from the straight to a slightly bent position of equilibrium, no 
longer applies. Instead, the tangent modulus theory assumes that the axial 
load increases during the transition from the straight to the slightly bent 
position. It also assumes that the increase in the average axial stress is greater 
than the decrease in stress due to bending at the extreme fiber on the convex 
side of the member. Hence no strain reversal takes pIace on the convex side. 
The compressive stress increases at aH points, and the tangent modulus gov­
erns the relation of stress to strain for the entire cross section. 

The difference between the tangent modulus theory and double modulus 
theory can be summarized as folIows: The double modulus theory assumes 
that the axialload remains constant as the column moves from the straight 
to- a slightly bent position, at the criticalload. Hence the compressive stress 
increases according to Et on the concave side of the member and decreases 
according to E on the convex side. In the tangent modulus theory, the axial 
load is assumed to increase during the transition to the bent formo There is no 
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strain reversal anywhere in the member, and the increase in stress is governed 
by Et at alI points in the cross section. 

In the problems considered heretofore, the criticalload was defined as the 
Ioad at which equilibrium in the straight configuration ceases to be stable. 
However, in the present case the axial load is assumed to increase as the 
member bends subsequent to reaching the criticalload. Hence the member is 
now stabIe at loads above the criticaI load, and the old definition of the 
criticaI Ioad is no Ionger valido A definition of the criticalload, more suitable 
to the problem at hand, is the Iowest Ioad at which a bifurcation of equili­
brium can take pIace, that is, the smallest Ioad at which the deformation 
pattern of the member suddenly changes. The criticaI Ioad satisfying this 
definition will now be determined. 

Consider a column that is initialIy straight and remains straight until the 
axialload P equaIs the criticaI Ioad. The column then moves from the straight 
position to a slightly bent configuration, and the axialload increases from P 
to P + !1P (Fig. 1-22). It is assumed that!1P is Iarge enough, relative to the 
bending moment at any section, so that the stress at alI points in the member 
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increases as bending takes pIace. Since deformations beyond the criticalload 
are assumed to be infinitesimalIy smalI, the increase in stress 11(1 that occurs 
during bending is very small compared to the criticaI stress (1cn and Et 
corresponding to (1cr can be assumed to govern the increase in stress at all 
points in the member. 

Since the same modulus governs bending deformations at alI points in the 
member, the neutral axis coincides with the centroidal axis, and bending 
stresses vary linearly across the section as in elastic behavior. The only dif­
ference between this case and elastic bending is that increases in stress are 
related to increases in strain by Et instead of E. For the bent form shown in 
Fig. 1-22, the internaI bending moment at any section is 

M int = - E,Iy" 

Taking into account that I1P is negligible compared to P, the external moment 
is Py. Hence moment equilibrium at any section leads to 

E,Iy" + Py = O (1.97) 

Equation (1.97) is identical to Eq. (1.1), the differenti al equation of elastic 
buckling, except that E is replaced by Et. The criticalload obtained from the 
solution of Eq. (1.97) is therefore 

(1.98) 

This expression is generalIy referred to as the tangent modulus load. Com­
parison between Eq. (1.98) and Eqs. (1.91) and (1.93) indicates that the 
tangent modulus load is always smaller than the reduced modulus load and 
that the former, unlike the latter, is independent of the cross-sectional shape. 

1.16 SHANLEY'S THEORY OF INELASTIC 
COLUMN BEHAVIOR 

The analysis presented in this article concerns itself with the behavior of 
inelastic columns beyond the criticalload. To carry out such an investigation, 
it is necessary to consider finite deformations. As long as an analysis of 
ine1astic columns is limited to infinitesimally small bending deformations, 
the tangent modulus can be assumed to be constant over the entire part of the 
member where the compressive stress is increasing. This idealization was made 
in both the reduced modulus and the tangent modulus theory presented 
previously. However, for finite bending deformations, the actual complex 
variation of the tangent modulus in the pIane of any cross section as well as 
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along any longitud!nal fiber must be considered. Since it is impossible to 
express this variation analytically, the differential equation of inelastic column 
buckling for finite deformations can only be solved by numerical procedures. 

By using a simple column model, Shanley (Ref. 1.11) has shown that the 
numerical complexities that arise from considering the variation ofthe tangent 
modulus can be avoided and an approximate closed-form solution is obtain­
able. As shown in Fig. 1-23, the mode1 consists of two infinitely rigid legs 
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Fig.1-23 Shanley model (Adapted from Ref. 1.11). 

connected to each other at the center of the column by a deformable celI. The 
cell is made up of two axial elements a distance h apart. Each element has an 
area A/2 and a length h and behaves according to the bilinear stress-strain 
curve in Fig. 1-23. Concentration of all the deformable material, in two ele­
ments, at the center of the model obviates the need for considering the com­
plex variation of material properties both along the length and throughout 
the cross section exhibited by a real column. 
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The model is assumed to remai n straight until the criticalload is reached. 
It is then deflected laterally a finite distance d. The resulting axial strains of 
the celi elements are e l and e2 • These strains are due to bending and any 
change that occurs in the axialload during bending. They do not include the 
axial strain present before bending begins. If the lateral deflection d remains 
fairly small, it is related to the slope of the legs, a, by 

Since 

d 
_ al 
- 2 

N _ el + e2 
w- 2 

Eq. (1.99) can be rewritten in the form 

(1.99) 

(1.100) 

Since the model is in equilibrium in the deflected configuration, the 
external moment at midheight is equal to the internai moment at that point. 
The externai moment is 

(1.101) 

Corresponding to the strains e l and e2 , there are axialloads P l and P2 in the 
cell elements. Like the strains, these loads are not the total loads. They 
represent only the change in load that takes pIace in each element as the 
column passes from the straight to the bent formo If the effective modulii in 
the two elements are designated by El and E 2 , then 

(1.102) 

and the internai moment at the celi is equal to 

(1.103) 

Equating externai and internaI moment gives 

from which 

p = hA Elel + E2e2 
l el + e2 

(1.104) 
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It is assumed that the loads, P l and P2 , are taken as positive ifin the direction 
indicated in Fig. 1-23. 

At this point, it is useful to obtain an expression for the tangent modulus 
load of the mode!. The tangent modulus theory assumes that there is no 
strain reversal at any point in the cross section at the instant that bending 
begins. Hence El = E 2 = E" and Eq. (1.104) leads to 

p _ E,Ah 
,- l (1.105) 

To study the behavior of the model at finite deformations, a relation 
between the applied load and the lateral deflection will now be obtained. It is 
assumed that the applied load P increases as the column bends subsequent to 
reaching the criticalload. Hence 

(1.106) 

and E2 is either equal to E or E, depending on whether or not strain reversal 
takes piace on the convex side of the model after bending has started. Using 
the notation 

(1.107) 

and substituting Eqs. (1.106) and (1.107) into Eq. (1.104), one obtains 

(1.108) 

From Eq. (1.100) 

and 

,Substitution of these relationships into Eq. (1.108) leads to 

p = AhE'[1 + ~(7: l)e2] 
l 4d 

or p = p{ l + JaC7: - l)e2] (1.109) 

To express e2 in terms of d, and thus put Eq. (1.109) into a more useful 
form, a second expression for P will now be obtained. It has already been 
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assumed that the applied load P increases as the column bends. If it is now 
also assumed that bending starts at the tangent modulus load Pt , then 

p = Pt + I1P ( 1.110) 

The increase in load I1P that occurs during bending is given by 

I1P = P
j 

- P2 = elEIA _ e2 E2A (1.111) 
2 2 

Employing Eqs. (1.106), (1.107), and (1.100), it can be shown that 

AEt[4d ] I1P = 2: T - ("C + 1 )e2 (1.112) 

Hence AEt[4d ] p = Pt + 2: T - ("C + 1)e2 

or [ 
2d l ] p = Pt 1 + h - 2h(l + "C)e2 (1.113) 

Equating the expressions for P given by Eqs. (I. I 09) and (1.113) leads to 

4d l 
e 2 = l( "C - l) !!. + "C + l 

2d "C - l 

(1.114) 

Finally, substitution of this expression into Eq. (1.109) gives the desired 
load-deflection relation: 

(1.115) 

Using this relation between the applied load P and the lateral deflection d, the 
postbuckling behavior of the model can be studied. 

As assumed, the model begins to bend at the tangent modulus load; that 
is, p = Pt when d = O. As d increases, the variation of P with d depends on 
the value of "C = E2/ Et. This ratio is either equal to unity or E/Et, depending 
on whether or not strain reversal takes pIace on the convex side of the mode!. 
If there is no strain reversal, "C = l, and P remains constant at P, as the model 
bends. However, bending at constant load produces strain reversa!. The 
assumption ofno strain reversal thus leads to inconsistent results and must be 
discarded. Assuming that strain reversal does take pIace, "C = E/E" and Eq. 
(1.115) indicates that P increases with increa~ing defiection. 

It will now be shown that P increases and approaches P" the reduced 
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modulus load, as the deflection d becomes large compared to h. The reduced 
modulus theory assumes that bending takes pIace at constant load. Hence 
P1 = P2, and El~1 = E2e2, from which 

In view of Eq. (1.100) 

4d 1 
e2 = T 1 + "C 

Substitution of this relation into Eq. (1.1 09) leads to 

P = AhE, (1 + "C - 1) 
r l "C + 1 

(1.116) 

the reduced modulus load. The load supported by the model [Eq. (1.115)] 
thus approaches the reduced modulus load [Eq. (1.116)] as the deflection 
becomes very large. 

The behavior of the model obtained from Eq. (1.115) is summarized by the 
solid curve in Fig. 1-24. Bending begins at the tangent modulus load and 

Fig. 1-24 Load-deflection curve of 
Shanley mode!. 
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progresses with increasing axial load. As the lateral deflection becomes 
large, the axialload approaches the reduced modulus load. 

The most important difference between an actual column and the model 
is that Et decreases with increasing compressive stra in in an actual column, 
whereas it was assumed toremain constant in the mode!. A better approxima­
tion of the postbuckling curve than that given by the solid line in Fig. 1-24 is 
obtained if the decrease in E, is taken into account. As shown by the dashed 
curve in the figure, the model then has a maximum load whose value lies 
somewhere between P, and Pro 



50 Buckling 01 Columns Ch. 1 

Although the model represents an extreme simplification of the actual 
column, it does lead to the following valid conclusions regarding inelastic 
column buckling. 

1. An initially straight column will begin to bend as soon as the tangent 
modulus load is exceeded. 

2. Subsequent to the onset of bending, the axial load increases and 
reaches a maximum value that !ies somewhere between the tangent 
modulus load and the reduced modulus load. 

3. Although there is no strain reversal at the instant that bending begins, 
strain reversal does occur as soon as the bending deformations are 
finite. 

Of these three findings, probably the most significant is that the maximum 
load ofthe column lies somewhere between the tangent modulus load and the 
reduced modulus load. 

A more precise study than that conducted by Shanley involving real 
columns made of real materials indicates that P m.x is usually closer to P, than 
to Pr and that the ratio PJPm.x ~ 1.02 to l.l0 (Ref. 1.13). It can thus be 
concluded that the tangent modulus load is very close to the maximum load 
that an inelastic column can support. 

1.17 ECCENTRICALLY LOADED 
INELASTIC COLUMNS 

In this article the behavior of an eccentrically loaded column, stressed beyond 
the proportional limi t, will be considered. As pointed out previously, the 
relation of stress to strain in a column being bent inelastically varies in a 
complex manner from point to point in the member. It is therefore not 
possible to obtain an exact closed-form solution to the problem of inelastic 
bending of an eccentrically loaded column. Instead, the problem must be 
solved by means of a numerical procedure. Such a method has been devised 
by von Karman (Ref. 1.12). However, it involves laborious calculations, and 
its use is therefore justified only if a very accurate solution is required. In 
most instances, an approximate solution suffices, and this can be obtained 
without unduly lengthy calculations if one or more simplifying assumptions 
are made. An approximate analysis of this type is presented here. * It is based 
on two assumptions: 

1. The column axis deflects in a half-sinewave. 

*This method of analyzing an eccentrically loaded inelastic column was suggested to the 
author by Warner Lansing of the Grumman Aircraft Engineering Corporation. 
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2. The stress varies linearly across the section. The actual stress-strain 
curve of the material is used to obtain the extreme fiber stresses, and a 
linear variation is then assumed to exist between these stresses. For an 
idealized I section con,sisting of two flanges connected by a web of 
negligible area, the linear approximation coincides with the exact 
stress distribution. 

In addition to these two approximations, the usual assumptions, of pIane 
sections remaining piane during bending and of deformations being small so 
that the curvature can be approximated by the second derivative, are made. 

Consider a column that is loaded eccentrically, as shown in Fig. 1-25a. 
The stresses at any section consist of an aver age axial stress, 0'0 = P/A, and 
a bending stress, O' b' As indicated in Fig. 1-25b, the extreme fiber stresses are 
designated by O' l and 0'2' Between these stresses a linear stress distribution, 
indicated by the solid line in the figure, is assumed in piace of the actual 
stress variation, shown by a dashed line. The deformations of a typical 
element are shown in Fig. 1-25c. Using similar triangles, it is easily demon­
strated that the curvature l/r is given by 

in which E l and E 2 are the extreme fiber strains corresponding to the stresses 
O' l and 0'2 and h is the depth of the cross section. If the curvature is replaced 
by y", one obtains 

(1.117) 

It is convenient to designate the slope of the straight line joining the 
extreme fiber stresses on the stress-strain curve as the chO/'dal modulus, ECH 

(see Fig. 1-25d). Hence 

(1.118) 

Substitution of this relation into Eq. (l.l17) leads to 

(1.119) 

Making use of the expressions 

P Mh 
0'1 = A - li 

P Mh 
0'2 = A + li 

(1.120) 
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Fig. 1-25 Eccentrically loaded inelastic column. 

Ch. 1 Art. 1.17 Eccentrical/y Loaded Inelastic Columns 53 

Eq. (1.119) can be rewritten in the form 

y" =-~ ECHI 
(1.121) 

in which the bending moment M, at any section, is equal to P(e + y). 
Equation (1.121) is the inelastic bending equation that results from 

assuming a linear stress variation between the extreme fiber stresses of the 
member. It is similar to the elastic moment-curvature relation except that the 
constant modulus, E, in the latter has been replaced by a variable chordal 
modulus, ECH ' 

Assuming that the deformed shape of the column is given by 

y = o sin nx 
l 

in which o is the deflection at midheight, Eq. (1.121) becomes 

on 2 • nx M 
!"'2 Slll T = ECH I 

Substitution of x = 1/2 and M = P(e + o) into Eq. (l.l23) gives 

and because l = Ar2, 

(1.122) 

(1.123) 

(1.124) 

Equation (1.124) gives the midheight deflection o as a function of the 
average compression stress O'D' However, a solution for o can be obtained 
only if ECH corresponding to a given value of O'D is known. 

The maximum stress at midheight is given by 

p + P(e + o)h 
0'2 = A 21 

or O' 2 = O' D [1 + ~;2 (1 + ~) ] (1.125) 

Substitution for o/e from Eq. (1.124) into this expression leads to 

(1.126) 
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Equation (1.126) allows one to obtain ECH corresponding to a given value of 
O' o, and thus makes possible the evaluation of o in Eq. (1.124). Due to the 
presence of 0'2, it is not possible to solve Eq. (1.126) directly. Instead, the 
equation must be solved by iteration. One assumes a value for EcH, solves for 
0'2 in Eq. (1.l26), and then using this result one obtains a new estimate of 
ECH from Eq. (1.118). It is assumed that the cross section of the member is 
doubly symmetric and that the minimum stress O'l> in Eq. (1.118), is given by 

(1.127) 

The use ofEqs. (1.124) and (1.126) in combination with Eq. (1.118) makes 
it possible to obtain the 10ad-deflection curve of an eccentrically loaded 
column. The complex nature of inelastic bending becomes apparent when 
one considers the amount of numerical work required to obtain a solution, in 
spite of the fact that two very sweeping assumptions have been made. 

Using the above procedure, the behavior of eccentrically loaded columns 
will now be examined. Consider a column whose cross section consists oftwo 
flanges connected by a web of negligible area (Fig. 1-26a). Each flange has an 
area A = 20 in. 2 and the flanges are lO in. apart. The slenderness ratio of the 
column is 30.4 and the member is constructed of an aluminum alloy having 
the stress-strain characteristics depicted in Fig. 1-26b. Load-deflection curves 
will be obtained for eccentricities of LO, 0.5, and 0.1 in. To illustrate the 
procedure used to construct the curve s, a set of sample calculations is given. 

Let it be required to obtain the deflection, O, corresponding to 0'0 = 38 
ksi and e = 1.0 in. The first step in the calculations is the determination of a 
set ofvalues for 0'2 and ECH that satisfies Eq. (1.126). Substitution of 0'0 = 38, 
ec/r2 = 0.2, and l//' = 30.4 into Eq. (1.126) reduces it to the form 

1 
0'2 = 38 + 7.6 1 _ (3560/E

cH
) 

As a first approximation, assume 0'2 = 48 ksi and 0'1 = 28 ksi. 
From Fig. 1-26b, E2 = 0.00473 and El = 0.00267. 
Using Eq. (1.118) gives ECH = 9.7 X 103 ksi. 
From Eq. (1.128) one obtains 0'2 = 50.0 ksi. 

(1.128) 

As a second approximation, assume 0'2 = 50.0 ksi and O' l = 26.0 ksi. 
From Fig. 1-26b, E2 = 0.00500 and El = 0.00247. 
Using Eq. (1.118) gives ECH = 9.5 X 103 ksi. 
From Eq. (1.128) one obtains 0'2 = 50.2 ksi. 

As a third approximation, assume 0'2 = 50.2 ksi and O' l = 25.8 ksi. 
From Fig. 1-26b, E2 = 0.00502 and El = 0.00245. 
Using Eq. (1.118) gives ECH = 9.45 X 103 ksi. 
From Eq. (1.128) one obtains 0'2 = 50.2 ksi. 
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Fig. 1-26 EccentricaIly loaded column-example. 

Thus 0'2 = 50.2 ksi and ECH = 9.45 X 103 ksi satisfy Eq. (1.128), and the 
correct value of ECH corresponding to 0'0 = 38 ksi is 9.45 X 103 ksi. 

Having obtained EcH , it is now possible to solve for the deflection o using 
Eq. (1.124). Thus 

o = 9.45
1 

= 0.61 in. 
3.56 - 1 

In carrying out these calculations, it soon becomes apparent that there 
exist two solutions corresponding to every value of 0'0' Thus for 0'0 = 38 ksi 
there is another set ofvalues for 0'2 and EcH , aside from those just determined, 
that satisfies Eq. (1.128). By a trial-and-error procedure, similar to the one 
used in the preceding paragraph, it is found that 0'2 = 59.7 ksi and ECH = 
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5.5 X 103 ksi is the second solution to Eq. (1.128). The defiection corre­
sponding to ECH = 5.5 X 103 ksi is 

J = 5.5 1 = 1.85 in. 

3.56 - 1 

Proceeding in a simi!ar manner, sufficient data have been obtained to plot 
the load-defiection curves presented in Fig. 1-27. Curves giving the relation-

e"", 0.1 in 

~ 
(/) 

e== 1.0 in 
~ 30r+~~~~~~~~~~~~~~~ 
in 

o 2 

Deflection 8 (in) 

3 

Fig. 1-27 Failure of eccentrically loaded columns. 

4 

ship between the average stress (J o and the midheight defiection J are given 
for three different eccentricities of loading. The data used to plot these curves 
are listed in Table 1-2. 

For each curve shown in the figure, the load increases with increasing 
defiection unti! a maximum 10ad is reached. Beyond that, the load drops as 
the defiection continues to grow. Configurations on the ascending branch of 
the curve are stable, because an increase in load is required to produce an 
increase in defiection. By comparison, the descending branch of the curve 
represents unstable configurations, since increases in defiection involve 
decreases in load. The maximum point on the curve thus represents a 
transition from stable to unstable equi!ibrium. When the load corresponding 
to this point is reached, the column collapses. 
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Table 1-2 Load-defiection data for eccentrically loaded 
columns-inelastic theory 

e = 1.0 in. e = 0.5 in. e = 0.1 in. 

ao (ksi) (j (in.) ao (j ao o 

20 0.21 20 0.11 20 0.02 
25 0.28 25 0.14 30 0.03 
30 0.35 30 0.18 40 0.06 
32 0.38 35 0.25 45 0.09 
34 0.44 40 0.29 48 0.16 
36 0.49 42 0.36 50 0.26 
38 0.57 44 0.42 50 0.32 
40 0.72 45 0.55 48 0.77 
40 1.22 45 0.64 45 1.08 
38 1.71 44 1.01 
36 2.20 42 1.41 

The load-defiection curves in Fig. 1-27 are for a column whose slenderness 
ratio is 30.4. The tangent modulus load of this column is 52.5 ksi (Fig. 1-29). 
It is evident from Fig. 1-27 that the maximum load which the column can 
support approaches the tangent modulus load as the eccentricity approaches 
zero. This result substantiates the conclusion reached in Article 1.16; that is, 
the tangent modulus load is very close to the maximum load that a short 
concentrically loaded column can safely supporto The curves in Fig. 1-27 also 
indicate that the maximum load drops sharply with increasing values of the 
eccentricity. The load-carrying capacity of short columns is thus seen to be 
very sensitive to eccentricities of loading. 

The collapse mechanism illustrated by the curves in Fig. 1-27 is typical of 
what occurs in ali column, regardless of whether they are long and buckle 
elastically or if they are short and buckle inelastically. The mai n difference 
between the behavior of long and short columns is that the onset of buckling 
and collapse occur almost simultaneously in short columns, whereas there 
exists a considerable delay between the start of buckling and collapse in very 
long columns. However, in both cases the final collapse of the member is 
brought about by inelastic behavior of the materia\. 

Equilibrium of a bent column is achieved by maintaining a balance 
between the externally applied moment and the internaI resisting moment at 
any section. Both moments are functions of the lateral deformation of the 
member. As soon as the stresses exceed the proportionallimit, the stiffness of 
the material decreases, and the increase that occurs in the internaI resisting 
moment for a given increase in deformation begins to grow smaller and 
smaller. At first, a corresponding decrease in the rate ofincrease ofthe applied 
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Ioad far a given increase in defiection is sufficient to maintain balance between 
the internaI and external moments. EventuaIly, however, the increase in the 
internaI moment, with growing defiections, becomes so small that equilibrium 
between it and the externaI moment can be maintained onIy by a decrease 
in the appIied Ioad. As a consequence, the Ioad drops and the member col­
Iapses. 

1.18 BUCKLlNG LOAD OF SHORT COLUMNS 

In the preceding articles, various studies of inelastic buckIing have been 
presented. It is now necessary to evaIuate the resuIts of these investigations 
and to decide upon a suitable design criterion far short coIumns. In other 
word s, it is necessary to answer the question, "What is the ineIastic buckling 
Ioad that corresponds to the EuIer Ioad in the eIastic range?" 

The classical theory of stability defines the criticaI load as the load at 
which a perfect column can be in equilibrium both in the straight position 
and in an adjacent slightly bent formo For sIender columns that buckle at 
stresses beIow the proportional limit, the classical theory leads to the Euler 
load. The analysis of an imperfect column also indicates that the Euler load 
is the buckling load of a slender column with small initial imperfections. If 
a slender column is carefuIly made and reasonable care is exercised in obtain­
ing concentric loading in the testing machine, the column remains fairIy 
straight unti! the Euler load is reached and then buckles lateraIly at constant 
load. Hence the classical concept of neutral equilibrium, an analysis of a 
slightly imperfect member, and test results alllead to the same conclusion­
the Euler load is the buckling Ioad of a sIender coIumn. 

As indicated by Hoff (Ref. 1.5), the situation is unfortunately not as simple 
and straightforward when short columns, whose buckling stress is above the 
proportional Iimit, are considered. The classical concept of neutral equilib­
rium leads to the reduced modulus Ioad. If the criticalload is redefined as the 
lowest load at which a bifurcation of equiIibrium is possibIe, regardIess of 
what happens to the axialload during the transition to the bent form, then 
the tangent modulus load is the criticaI load. The tangent modulus load is 
also very close to the analyticaIly obtained maximum Ioad that an initially 
imperfect column can support, as the initial imperfection approaches zero. 
The results of carefully conducted tests indicate that the maximum Ioad Iies 
between the tangent modulus load and the reduced modulus Ioad, usuaIly 
very close to the former. It is thus apparent that the seIection of a design 
criterion for inelastic buckling is not quite as clear cut as it was for eIastic 
buckIing. On the one hand, a choice must be made between the reduced 
modulus and tangent modulus theory, and on the other hand it must be 
recognized that what is usuaIly simply referred to as inelastic buckling 
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actuaIly consists of two distinct phenomena. There is the Ioad at which 
bending defiections suddenIy begin to develop in what was previousIy a 
straight member, and there is the maximum Ioad that the member can sup­
porto FortunateIy, the difference between the failure Ioad and the load at 
which bending begins is very small far ineIastic columns. It is therefore 
unnecessary to differenti ate between the two, at least as far as design con­
siderations are concerned. Regarding the choice between the reduced modulus 
Ioad and the tangent modulus Ioad, a resolution of the problem is best 
arrived at by considering the merits of each individuaIly. 

l. The reduced modulus load has the dubious advantage of satisfying the 
classical criterion of stability. However, it has the disadvantage of 
being larger than the maximum load that an inelastic column can 
supporto 

2. The tangent modulus Ioad agrees weIl with test results and is somewhat 
conservative. It is independent of the cross-sectional shape and is 
therefore easier to compute than the reduced modulus load. It does 
not satisfy the classical criterion of stability. It does, however, have the 
theoretical justification of being the lowest axialload at which a column 
can begin to bendo Based on these considerations, the tangent modulus 
Ioad is usuaIly preferred to the reduced modulus load. 

In conclusion, it can be stated that, for design purposes, the tangent 
modulus Ioad is the proper inelastic generalization of the Euler load. 

1.19 BUCKLlNG STRENGTH OF 
ALUMINUM COLUMNS 

The tangent modulus theory can be used to design a column only if its 
physical properties are constant throughout the member. This is usuaIly the 
case for an aluminum-aIloy column, and its buckling load is accordingly 
given by 

where 2 is the effective length of the member. Substitution of I = Ar2 and 
division by A gives the more useful buckling strength relation 

(1.129) 

Since Et is the slope of the stress-strain curve at the criticai stress, Eq. 
(1.129) cannot be solved directly far the criticaI stress. However, the criticai 
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stress of a given member can be obtained directly from a graphical representa­
tion of Eq. (1.129). A curve of this type, which gives (Jer as a function of À/r 
and is known as a column strength curve, will now be obtained for a typical 
aluminum alloy. The stress-strain curve of the material is given in Fig. 1-28. 
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Fig. 1-28 Stress-strain curve for 
aluminum alloy. 

Equation (1.129) can be rewritten in the form 

À 1ft - -re 
r (Jer 

(1.130) 

To plot the variation of (Jer with À/r given by Eq. (1.130), it is necessary to 
have corresponding values of Et and (Jer' These have been obtained from the 
stress-strain curve and are listed in Table 1-3. The values of À/r obtained by 

Table 1-3 Data for column strength curve for aluminum alloy 

U er (ksi) Et (ksi) }../l' 

42 10.5 X 103 49.6 
44 9.57 46.3 
46 8.09 41.6 
48 7.22 38.5 
50 6.00 34.4 
52 4.72 29.9 
54 4.22 27.7 
56 2.86 22.4 
58 1.64 16.7 
60 0.74 11.0 

solving Eq. (1.130) are also listed in the table. Using these data, the column 
strength curve in Fig. 1-29 has been plotted. This is a design curve that can be 
used to determine the inelastic criticaI stress of any column made of the given 
material. 
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The simple and straightforward procedure used to obtain the column strength 
curve for an aluminum alloy in article 1.19, unfortunately, cannot be applied 
to structural steel. In an aluminum column all fibers exhibit the same stress­
strain characteristics. This is, however, not the case for structural-steel 
columns. Residual stresses, stemming from the manufacturing process of the 
member, cause the stress-strain characteristics to vary from fiber to fiber, and 
a direct application of the tangent modulus theory is not possible. 

If a compression test is run using a coupon of material taken parallel to 
the axis of a structural-steel member, a stress-strain curve similar to that 
shown in Fig. 1-30a is obtained. The material behaves in a linear manner up 
to the yield stress and then deforms a considerable amount at constant stress. 
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Fig. 1-30 Structural-steel behavior (Adapted from Ref. 4.8). 
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Using the stress-strain curve in Fig. 1-30a, the tangent modulus theory leads 
to the column strength curve shown in Fig. 1-30b. According to this curve, a 
member will fail as a result of elastic buckling if À/r> n,y' E/ay and by 
yie1ding if À/r < n,y' E/ay • However, a 1arge number of tests have shown that 
columns ofintermediate slenderness ratio tend to buckle at loads significantly 
be10w those given by the curve in Fig. 1-30b. At one time, this discrepancy 
was attributed entirely to unavoidable eccentricities of loading and initial 
inperfections in the member. However, during the 1950s, a series of extensive 
investigations at Lehigh University demonstrated conclusively that residual 
stresses account for a large portion ofthe discrepancy between the theoretical 
curve and the test results in Fig. 1-30b. An excellent summary of these findings 
is given in a paper by Beedle and TalI (Ref. 1.14). 

Residual Stresses in Hot-Rolled Steel Members 

Hot-rolled structural-steel members develop residual stresses as a result of 
uneven cooling during the manufacturing processo In wide-flange shapes, the 
tips of the flanges cool more rapidly than the area at the intersection of the 
web and the flange, where a relative1y large mass of material is situated. 
While the flange tips cool and contract, the flange center is still warm and 
soft. Hence it can follow the deformation of the tips without causing stresses 
to be induced in the member. Later, however, when the flange center cools 
and tries to shrink, the deformation is resisted by the already cold and rigid 
flange tips. As a result, equilibrium is finally achieved with the flange center 
in tension and the flange tips in compression (Fig. 1-31). The centrai part of 

Fig. 1-31 Uneven cooling of hot­
rolled wide-flange shape. 

the web also cools more rapidly than the web-flange junction, and compres­
sive residual stresses consequently also develop in the web. Because of their 
proximity to the neutral axis, these residual stresses are, however, much less 
important than those in the flanges. 

The presence of residual stresses in structural-steel columns has been 
confirmed experimentally both by the method of sectioning and by obtaining 
average stress-strain curves from stub column tests, that is, compression 
tests of very short columns. In the method of sectioning, the member is cut 
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into a large number of longitudinal strips, which relieves the residual stresses 
present prior to cutting. If the length of each strip is measured before and 
after cutting, the changes in length are indicative of the residual stresses 
present in the originai member. Based on a large number of investigations 
(Ref. 1.14), it has been concluded that the average value of the maximum 
compressive residual stress in hot-rooled wide-flange shapes of moderate­
strength steels at the tip of the flange is approximately equal to 0.3 of the 
yield strength. A simple idealization of the residual stress pattern in a flange 
is shown in Fig. 1-32. It assumes a linear stress variation from a maximum 
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Fig. 1-33 Stub column stress-strain 
curve (Adapted from Ref. 1.14). 

compressive stress of 0.3ay at the flange tip to a maximum tensile stress of 
0.3ay at the flange-web juncture. 

The presence of residual stresses in a hot-rolled member can also be 
detected by means of a stub-column test. If a short length of the member is 
compressed in a testing machine and the strain is plotted against the average 
stress, P/A, an average stress-strain curve for the entire cross section, as 
shown in Fig. 1-33, is obtained. Thé dashed curve, which gives the stress­
strain relationship of a coupon, is included for comparison. Since the coupon 
is free of residual stresses, ali its fibers remai n elastic until the applied stress 
reaches the yield sfrength of the materia\. Subsequently, each deforms freely 
at constant stress. By comparison, residual stresses are present in the stub 
column, causing those fibers with an initial compressive stress to yield before 
the applied stress reaches the yield strength of the materia!. Yielding then 
spreads progressively, as the lo ad is increased, from the fibers initially in 
compression to those with no initial stress, and finally to those with an initial 
tensile stress. The stub-column stress-strain relation thus exhibits a graduaI 
yielding curve between the proportionallimit and the yie1d strength, due to 
the presence of residual stresses. 
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By depicting the internai stress distribution at various load levels, Beedle 
and Tali (Ref. 1.14) demonstrate precisely how residual stresses affect the 
behavior of a compression member. In their illustration they make use of an 
I section with a linear residua! stress distribution, as shown in Fig. 1-34a. 
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Fig. 1-34 Influence of residua l stress on stub column stress-strain curve 
(Adapted from Ref. 1.14). 

Prior to the application of an external load, only the residual stresses are 
present (Fig. 1-34b). With an externalload acting, the stresses consist of the 
sum of the originaI residual stresses and the additional stress required to 
balance the applied load (Fig. 1-34c). Yielding commences, at the flange tips, 
when the average applied stress P/A plus the residual stress (J, at these points 
is equal to the yield strength (Jy of the material (Fig. 1-34d). Thus (J p' the 
proportional limit of the stub-column stress-strain curve, is 

For the case being considered, (Jp = O.7(Jy. As the applied stress, P/A, 
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increases beyond O.7(Jy, yielding spreads inward from the flange tips toward 
the flange center (Fig. 1-34e). At P/ A = (J y' the entire cross section has started 
to yield (Fig. 1-34f). The decrease in stiffness exhibited by the stub column 
above the proportionallimit is thus due to a graduaI reduction ofthe effective 
load-resisting area. By comparison, an aluminum stub column exhibits a 
gradually yielding stress-strain relation because each of its fibers has a 
gradually yielding stress-strain curve. 

Column Strength Curves for Hot-Rolled 
Structural-Steel Members 

The presence of residual stresses in structural-steel co!umns makes it 
impossible to determine the criticai load directly from the tangent modulus 
theory. However, the basic concept underlying Shan!ey's theory of inelastic 
column buckling does apply. According to this concept, axial load and 
bending increase simuItaneously after the criticalload has been reached, and 
no strain reversal occurs as the member begins to buckle. For a steel column, 
the absence of strain reversal at buckIing means that on!y the e1astic part of 
the cross section contributes to the internai resisting moment of the deformed 
member. This important observation was first made by Yang, Beedle, and 
Johnston (Ref. l.l5). Based on it, one can conclude that the criticalload in 
the inelastic range is given by the Euler load with the moment of inertia of 
the entire cross section, I, replaced by le> the moment of inertia of the e1astic 
part of the cross section. Thus 

p _ n2Ele 
cr- "p 

or (1.131) 

Equation (1.131) indicates that the criticaI stress of a steel column is equal to 
the Euler stress multiplied by the reduction factor le/I. 

The ratio Ie/I depends on the residual stress distribution, on the shape of 
the member, and on the axis about which the column bends. Consider the 
idealized I section shown in Fig. 1-35. In addition to neglecting the bending 
resistance of the web, it is justified to neglect the moment of inertia of the 
flanges about their own centroidal axis for such sections. If the flanges are 
partially yielded (shaded area), and the section bends about its strong axis, 
the x-x axis, Ie/Iis given by 

(l.l32) 

in which band A are the width and area of the flange, and be and Ae the 



a 

66 Buckling of Columns Ch.1 

;PZa ~l 
I h 

X .. - Y"Id,d L ·1- x 

~ /: ~ 
/ 

Elostie port 

Fig. 1-35 Partia\ly yie!ded section. 

elastic parts of these quantities. If, on the other hand, bending takes piace 
about the weak axis, the y-y axis, I./ I is given by 

(1.133) 

Letting 7: = AeIA, Eq. (1.131) can be written in the form 

(1.134) 

for strong-axis bending, and 

(1.135) 

for weak-axis bending. Comparison of Eqs. (1.134) and (1.135) indicates that 
the reduction factor is much larger for weak-axis bending than for strong­
axis bending and that each case will therefore have a different column­
strength curve. 

To plot the column curves corresponding to Eqs. (1.134) and (1.135), it is 
necessary to know how 7: varies with the average axial stress, P/A. This rela­
tion can be determined either experimentally, by obtaining a stub-column 
stress-strain curve, or analytically, if the residual stress distribution is known. 
The stub-column stress-strain curve is a plot of strain versus average stress. 
Its slope is given by 

E _ daA _ dPIA _ EAe 
t - dE - dP/Ae E - A 

(1.136) 
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from which 

(1.137) 

The factor r is thus equal to the ratioof the tangent modulus of the stub­
column stress-strain curve to the elastic modulus. 

Alternatively, r can be determined analytically using the idealized I 
section and the linear residual stress distribution shown in Fig. 1-36a. When 

l------b~1 
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Fig. 1-36 Residua! stress in idealized I section. 

the average applied stress a A = P/A is above the proportional limit of the 
stub column, the cross section is partially plastic and partially elastic, as 
shown in Fig. 1-36b. The dashed lines represent the initial residual stresses. 
The totalload P acting on the member is given by 

(1.138) 

in which a o is the stress at the center of the flange. From the geometry of the 
figure, it can be shown that 

or 

Substitution of this relation into Eq. (1.138) leads to 

A 2 
P = 2a A - 2a ~ 

y r A 
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Dividing through by the cross-sectional area, 2A, gives 

O' rl = O'y - O'r(~.y 

and replacing AelA with 'C one obtains 

(1.139) 

Equation (1.139) gives the desired varÌation of'C with the average axial 
stress O' A' Using this relation in Eqs. (1.134) and (1.135), two column-strength 
curves, one for strong-axis bending and one for weak-axis bending, have been 
obtained. The curves are shown in Fig. 1-37 as solid lines. The upper curve is 
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Fig. 1-37 Co!umn cUI'ves for wide-flange shapes with residua! stresses 
(Adapted from Ref. 4.8). 

for strong-axis bending and the lower curve for weak-axis bending. These 
curves are for an idealized I section with the linear residual stress distribution 
depicted in Fig. l-36a. A simi!ar set of curves can be developed for any other 
cross-sectional shape and residual stress distribution. An extensive investiga­
tion of residua l stress patterns in wide-flange shapes (Ref. l.l4) has indicated 
that the actual stress distribution falls somewhere between the linear one 
assumed here and a parabolic one with the same maximum residual com­
pression stress; that is, O'r(max) = 0.30'y. The curves in Fig. 1-37 therefore give 
a reasonable estimate of the strength of hot-rolled wide-flange structural­
steel shapes. 
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The dashed line in the figure, which provides a compromise between 
strong- and weak-axis bending, was recommended by the Column Research 
Counci! in the second edition of its guide (Ref. 1.16). It is a parabola of the 
form 

and was first proposed by Bleich (RH. 1.12). The constants A and Bare 
evaluated from the conditions that O'er == O'y at À/I' = O and that the parabola 
intersect the Euler curve at the propottlonallimit O'y - O'r' These conditions 
le ad to 

O' = O' _ O'r@y - O'r)(~)2 
er y ft2E ,. 

Although the maximum compressive residual stress in the flange of structural­
steel members is approximately O.3O'y; a curve better suited to both weak­
and strong-axis bending is obtained by letting O'r = 0.50'yo Thus 

(1.140) 

Equation (1.140) corresponds to the dnshed curve in Fig. 1-37. 

1.21 DESIGN OF STEEL COLUMNS 

The Euler equation accurately predÌèts the strength of steel columns that 
buckle elastically. It is therefore customary to base the design of slender steel 
columns on the Euler load. For example, in the 1969 AISC design specifica­
tions, the allowable stress in compression for elastic buckling is given by 

(1.141) 

where A is the effective length of the member (Ref. 1.17). In this formula the 
allowable stress is taken equal to the Euler stress divided by a safety factor of 
23/12. The safety factor accounts for reductions in strength resulting from 
initial eccentricities and other deviations from the ideaI conditions assumed 
in the Euler theory. 

Theoretically, the inelastic buckling load of a steel column should be given 
by the tangent modulus load. However, due to the presence of residua! stresses 
in most steel members, a straightforward application of the tangent modulus 
theory does not give a satisfactory estimate of the strength of short columns. 
During the first half of the twentieth century the significance of residual 
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stresses, although suspected, was not sufficient1y appreciated. As a con se­
quence, no rational theory for inelastic buckling was developed. Instead, 
design formulas were simply obtained by fitting a curve to experimentally 
obtained buckling loads. Two of the most commonly used relationships were 
the straight-line formula 

and the Johnson parabola 

A - BU/I') 
O'.lI = S.F. 

_ A - BU/I'? 
O'.lI - S.F. 

In both of these expressions A and Bare empirically determined constants 
and S.F. is a safety factor. An example of the latter formula can be found in 
the 1949 AISC design specifications (Ref. 1.18), where the allowable stress 
for ine1astic buckling is given by 

0'.11 = 17,000 - 0.485( +. r (1.142) 

The first theoretically based formula for short steel columns was not 
developed unti! afte l' an extensive investigation at Lehigh University in the 
1950s proved conc1usively that residual stresses are responsible for the dif­
ference in strength between the results of the tangent modulus theory and 
actual test observations. This study, which is summarized in Artic1e 1.20, led 
to the CRC column-strength curve given by Eq. (1.140). Short1y thereafter 
the AISC adopted the CRC curve as its design criterion, and the allowable 
stress in the 1969 specifications (Ref. 1.17) is accordingly given by 

(1.143) 

To account for the fact that the sensitivity of a column to eccentricities and 
variations in the support conditions increases with À/r, the safety factor in 
Eq. (1.143) is a function of À/r. 

The early research on the strength of short steel columns was largely 
confined to hot-rolled wide-flange shapes with a yield stress of 33 or 36 ksi. 
However, since that time numerous additional investigations have been 
conducted involving a variety of different shapes, steel grades, and fabrica­
tion procedures (Refs. 1.19 and 1.20). It is now evident from the results of 
these studies that the strengths of different types of stee1 columns vary con­
siderably and that more than a single design curve may therefore be desirable. 

To this end, the Column Research Council in the third edition ofits guide 
is recommending the use of three column-strength curves in piace of the for-

Ch. 1 References 71 

mer one, each of these curves being representative of the strength of a related 
category of columns. Inc1uded in the three groups of columns covered by 
these curves are hot-rolled and cold-straightened members, wide-flange and 
box shapes, and round bars and members composed of we1ded plates. 

In addi~ion to revealing the need for multiple column-strength curves, 
recent studles have also demonstrated the desirability of inc1uding the effect 
ofinitial imperfections in the theory instead of in the safety factor (Ref. 1.21). 
Thus the new column curves give the maximum strengths of initially bent 
columns, whereas Eq. (1.140) gives the criticalload of an initially straight 
column. An initial out of straightness of 1/1000 is used in the multiple column­
strength curves. 
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Problems 

1.1 Determine the magnitude of the criticaI load for the axially loaded column 
shown in Fig. Pl-1. The column is hinged at both ends and prevented from 
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Fig. Pl-1 

moving in the x direction at its midpoint. The column is, however, fr~e to move 
in the y direction at midspan. Assume that the column buckles elastIcally. 

1.2 Write the second-order differential equation for the bending of the column 
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1.3 

1.4 

shown in Fig. Pl-2 and use it to determine the criticalload of the column. 
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At its lower end the column is completely fixed. At the upper end the column is 
prevented from rotating, but free to translate laterally. (Per = n 2EI/LZ) 

Find the criticalload of the one-degree-of-freedom model of a column shown 
in Fig. Pl-3. The model consists of two rigid bars pin connected to each other 
and to the supports. A linear rotational spring of stiffness C = M/(J, where 
M is the moment at the spring and (J is the angle between the two bars, also 
connects the two bars to each other. (Per = 2CjL) 

Using the model in Fig. PI-3, obtain and plot relationships for load versus 
lateral deflection when 
(a) the lateral deflections are large, 
(b) the load is applied eccentrically, 
(c) the model has an initiallateral deflection do. 
Which fundamental characteristics of an actual column are demonstrated by 
these models? 

1.5 Determine the criticalload of the column on three supports shown in Fig. P 1-4. 

Fig. Pl-4 

(Hint: Write separate equations for each span and make use of the conditions 
of continuity at the center support.) 

1.6 Using the tabulated stainless-steel stress-stra in data, construct a column design 
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curve, that is, a curve of tangent-modulus stress versus slenderness ratio. 

(J (ksi) f (in.fin.) (J (ksi) f (in.fin.) 

10.0 0.00004 32.5 0.00018 
20.0 0.00008 35.0 0.00026 
25.0 0.00010 37.5 0.00050 
27.5 0.000115 38.0 0.00080 
30.0 0.00014 

1.7 Using the procedure outlined in Artide 1.17 and the stress-strain data of 
Problem 1.6, determine the maximum lo ad that the eccentrically loaded 
column with the idealized I section shown in Fig. PI-5 can support. (Assume 
the same stress-strain properties for tension and compression.) 
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2.1 INTRODUCTION 

2 
APPROXI MA TE 

METHODS 
OF ANALYSIS 

In Chapter I, the behavior ofaxially loaded bars was investigated by formu­
lating the governing differential equation and obtaining the exact solution. 
However, in many instances exact solutions are either difficult or impossible 
to obtain, and approximate methods of analysis must be employed. The 

. approximate methods presented in this chapter include the energy method, 
the method of finite differences, and the stiffness matrix method. The latter 
two involve a considerable amount of numerical work and are therefore 
especially suitable for use when a high-speed electronic computer is avail­
able. 

In one way or another, each of the methods considered in this chapter 
replaces the actual continuous system with a finite-degree-of-freedom system. 
The behavior of a continuous system with an infinite number of degrees of 
freedom is described by one or more differential equations. On the other hand, 
the behavior of a finite-degree-of-freedom system is described by one or more 
algebraic equations. In essence, the approximate method thus substitutes 
algebraic equations, which are usually relatively easy to solve, for differential 
equations, whose solution may be very difficult to obtain. 

75 
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2.2 CONSERVATION OF ENERGY PRINCIPLE 

By means of the concept of neutrai equilibrium, the problem of determining 
the criticaI Ioad is reduced to establishing equilibrium in a sIight1y bent formo 
In Chapter 1, equilibrium of a column was established by requiring the sum 
ofthe moments acting on the column to vanish. In this article equilibrium will 
be established by satisfying the Iaw of conservation of energy. This principle 
can be stated in the following form: 

A conservative system is in equilibrium if the strain energy 
stored is equai to the work performed by the externai Ioads. 

A conservative system is one in which the work performed by both internaI 
and externai forces is independent of the path traveled by these forces and 
depends only on the initiai and finai positions. The presence of internaI 
friction due to inelastic behavior or external friction would thus result in a 
nonconservative system. 

It will now be shown how the principle of conservation of energy can be 
used to solve for the criticaI load of a column.* For an axially loaded bar 
(Fig. 2-la), as long as it remains perfectly straight, the externai work is given 
by 

p 

Axiol 
shorlening 

(a) 

p 

(b) 

Fig. 2-1 Column shortening due to 
axial eompression and bending. 

where !l.a is the axiai shortening of the bar. The strain energy stored in the 
member is 

*A solution of this sort was given by Timoshenko in 1910 (Ref. 2.1). 
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Substituting 
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Pl 
!l.a = AE 

in the expression for the externai work, W, and equating the resulting relation 
to the strain energy, U, Ieads to the identity 

P21 _ P21 
2AE = 2AE 

The unbent form is thus shown to be an equilibrium configuration for al! 
values of the Ioad P. 

If the axial!y compressed bar is given a small Iaterai displacement (Fig. 
2-1 b), the strain energy will be increased an amount!l. U due to the bending of 
the member, and the externai work will increase an amount !l. W due to the 
downward motion !l.b of the applied load P. At the criticalload the member is 
in equilibrium not only in the straight configuration but also in the slightly 
bent formo Hence the change in external work !l.W and the increase in the 
strain energy !l.U that occur during the transition from the straight to the 
bent position must be equal to one another at the criticaI load. The energy 
criterion for determining the criticalload is therefore given by 

!l.W = !l.U (2.1) 

where !l. W and !l. U refer to changes in work and energy that occur during 
bending at constant axial load. 

To evaluate the quantity !l. W, it is necessary to obtain an expression for 
.1b, the distance by which the ends of the member approach one another as a 
result of transverse bending. From Fig. 2-2, !l.b is seen to be equal to the 
difference between the arc length Sand its chord L. 

Fig. 2-2 Differenee in length be­
tween are and ehord. 
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From the Pythagorean theorem, the length of a differenti al element of arc, 

ds, is 

Integrating the left side of the equation from O to Sand the right side from O 
to L, one obtains 

This integrai can be evaluated if the integrand is expanded by means of the 
binomial theorem. The theorem states that 

If deformations are assumed to be small, the higher powers of (dyjdx) 2 can be 
neglected, and the expression for the arc length reduces to 

from which 

IL 1 (dy)2 
S - L = 02' dx dx 

Since Ab = S - L, the axial shortening due to bending is given by 

Ab=- ~ dx 1 IL (d )2 
2 o dx 

(2.2) 

Using Eq. (2.2),. one is able to calculate the change in external work, 
which is 

(2.3) 

No factor of! is present in AW because P remains constant during the 
displacement Ab' Substitution of Eq. (2.2) into Eq. (2.3) yields 

P IL (d )2 AW=2' o d~ dx (2.4) 

The increase in stra in energy due to bending, which corresponds to the above 
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increment of external work, is 

AU = El IL (d2y) 2 d 
'2 d 2 X o X 

(2.5) 

~o evaluate .the integrals in Eqs. (2.4) and (2.5), it is necessary to assume 
a smtable functlOn for the deflection, y. Letting 

one obtains 

and 

Since 

y = A sin nx 
l 

AU - A2EIn4 IL . 2 nx d ---w- SIn T X 
o 

I: sin2 ~'( dx = ~ 

I>os2 nz dx = ~ 
Eqs. (2.6) and (2.7) become 

AU = A2EIn4 

4V 

AW = A2Pn2 

4L 

(2.6) 

(2.7) 

The principle of conservation of energy requires that AU = A W. Hence 

from which 

In this .case, the exact value ofthe criticalload was obtained because the exact 
deflectlO~ curve was used in the energy expressions. However, the energy 
me~ho~ lS usually eu:ployed when the solution to the differenti al equation, 
Wh1Ch lS the de~ectlOn curve, is not known. In that case, a reasonably 
accu~ate shape lS assumed and an approximation of the criticai load is 
obtamed. 
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From a mathematical point of view, assuming a deflection curve reduces 
the number of degrees of freedom in the system. Degrees of freedom are 
defined as the number of coordinates required to fix the position of the system. 
A continuous member, such as the column considered here, requires an 
infinite number of coordinates to fix the position of its deflected shape 
completely. However, if the deflected shape is assumed to be a sine curve, 
then a single coordinate, such as the amplitude at the center, suffices to locate 
the entire deflection curve. The assumption of a sine curve for the deflection, 
y, in the preceding problem thus reduced the system from one with an infinite 
number of degrees of freedom to one with a single degree of freedom, and the 
criticalload was obtained by solving a single algebraic equation instead of a 

differential equation. 

2.3 CALCULATION OF THE CRITICAL 
LOAD USING AN APPROXIMATE 
DEFLECTION CURVE 

The energy method leads to good approximations of the criticaI load, 
provided the assumed shape is reasonably close to the actual deflection curve. 
Two characteristics of the deflection curve require special attention, if decent 
results are to be obtained. First, it is important that the assumed shape satisfy 
as many of the boundary conditions of the system as possible. If it is not 
possible to satisfy both the geometric boundary conditions (deflection and 
shape) and the natural boundary conditions (shear and bending moment), 
then at least the geometric boundary conditions should be satisfied. Second, 
it is necessary to choose a shape that is at least reasonably accurate. For exam­
pie, almost any single half-wave can be used to approximate the deflected 
shape of a hinged-hinged column with reasonable accuracy. However, 
any two-wave curve would lead to a completely erroneous solution. In simple 
problems such as the buckling of a column, the generai shape ofthe deflection 
is fair1y obvious, and there is consequent1y little likelihood of assuming a 
completely unsatisfactory function. However, in more complicated problems, 
such as the buckling of plates and shells, there exists a great deal of uncer­
tainty about the shape of the buckling mode, and a great deal of discretion 
must therefore be excercised in choosing a deflection function. 

In generaI, trigonometric functions and polynomials, because they are 
easy to integrate, are the most convenient functions for approximating deflec­

tion curves. 
As an illustration, the criticai lo ad ofthe hinged-hinged column, obtained 

in Article 2.2 by using the exact deflection curve, will now be obtained using 
an approximate deflection curve. The deflection curve is assumed to be given 

by the polynomial 

y = a + bx + cx2 
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The first and second derivati ves of this function are 

y' = b + 2cx 

and y" = 2c 

The boundary condition y = O at x = O is satisfied if 

a=O 

and the condition y = O at x = lleads to 

b =-cl 

Hence y = c(x2 - xl) (2.8) 

Equation (2.8) satisfies the conditions of slope and deflection at each end of 
the member. However, it assumes a constant curvature and therefore does 
not satisfy the conditions of zero moment at each support. Substitution of 
Eq. (2.8) into the expressions for external work and strain energy given by 
Eqs. (2.4) and (2.5) leads to 

and 

Pc2tJ 
ilW= -6-

ilU = 2Elc 21 

Equating these expressions, one obtains 

p = 12EI 
cr !2 

(2.9) 

(2.10) 

Comparison ofthe exactanswer, 9.87EljP, with this solution indicates that 
the latter is in errar by about 21 %. 

The foregoing solution was obtained using the expression 

ilU = 1: ~I (y")2 dx (2.11) 

Alternatively, it is possible to express the change in strain energy by 

ilU = Jl M2 dx = Jl (Py)2 dx 
o 2EI o 2EI 

(2.12) 

Substitution of the assumed deflection given by Eq. (2.8) into Eq. (2.12) leads 
to 
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Equating this expression for the strain energy to the external work given by 
Eq. (2.9), one obtains 

p = lOEI 
cr f2 

In this case, the approximate solution is in error by only 1.3 %. 
The different results obtained using Eqs. (2.11) and (2.12) have led 

Timoshenko and Gere (Ref. 1.2) to reach the following conclusion. If the 
true deflection curve is used, both Eqs. (2.11) and (2.12) lead to the same 
answer, because both y and y" are exact. Rowever, if an approximate expres­
sion is used for the deflection curve, the error in y" is considerab1y larger 
than the error in y. The expression for /).U based on y therefore gives more 
accurate results than the expression based on y". 

As a rule, the energy method leads to values of the criticai lo ad that are 
higher than the exact solution. For the hinged-hinged column to be in 
equilibrium in a bent position without any external restraints except the axial 
loads, the deformed shape must be a sine curve. Equilibrium in any other 
configuration compatible with the boundary conditions can be maintained 
only by the addition of restraints to the member. These restraints will cause 
the system to be stiffer than the originaI one, and they will consequently cause 
it to have a higher buckling load than the actual system. 

2.4 PRINCIPLE OF STATIONARY 
POTENTIAL ENERGY 

In Articles 2.2 and 2.3 the principle of conservation of energy \.vas used to 
obtain the criticalload of a column. In this article, a somewhat different and 
more powerful energy criterion known as the principle of stationary potential 
energy will be considered. The development of the stationary energy theorem 
presented here follows the generaI outline of the derivation given by Roff 
(Ref. 1.3). Since only the barest essentials of the derivation are presented 
here, the reader may wish to consult Ref. 1.3 for a more in-depth treatment of 
the subject. 

Principle of Virtual Displacements 

Consider a small particle, of mass Q, acted on by a set of n forces F;, as 
shown in Fig. 2-3. Then imagine that the particle undergoes a small arbitrary 

displacement ~r. The displacement has nothing whatsoever to do with any 
actual motion that may occur as a result of the forces acting on the particle. 
It is a fictitious displacement that is only imagined to take pIace. It is also 
assumed that neither the direction nor the magnitude of the forces acting on 
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2-3 Virtual displacement of 
particle. 

particle will change during the displacement. This type of displacement is 
a virtual displacement. 

During the virtual displacement, each of the forces acting on the particle 
do an amount of work equal to the product of the displacement and the 

of the force in the direction of the displacement. This work is 
virtual work. Letting the component of any force F in the direction of 

virtual displacement be given by F,." the total virtua! ~ork, ~ W, due to ali 
forces acting on the particle is equa! to 

~W = FI ~r + Fz ~r + ... + F ~r r r IIr 

~W = (tI Flr) ~r (2.13) 

particle is in equilibrium, the resultant of ali the forces acting on the 
must vanish. The quantity L: F;r' which is the component of the 
in the direction of ~r, must therefore be equal to zero. This leads to 

conclusion. that the virtual work must be equal to zero for a particle in 
SlI1ce a particle not in equilibrium can have a zero resuItant in 

d~rection but not in every direction, equilibrium is rigorously established 
lf ~ W = O for any and every virtual displacement. The principle of 

dlsplacements embodied in the foregoing conclusions can be stated in 
form: 

A particle of mass is in equilibrium if the total virtual work 
done by alI the forces acting on the particle is equal to zero for 
any arbitrary virtual displacement. 

estabIished the principle of virtual displacements for a single mass 
we shall now consider the extension of the principle to an elastic 

of finite dimensions. As shown by Roff (Ref. 1.3), one can do this by 
a model to represent the elastic body. The model shown in Fig. 2-4a 

of several mass particles connected to one another by a series of 
U>U~~~''''M springs. Ifthis system is in equilibrium under a set of external forces 

particle is also in equilibrium under its own set of forces. The force~ 
on each particle may include forces that are external to the enti re 
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t 

Model Parfide forces 

(a) (b) 
Fig. 2-4 Spring-mass model of 
elastic body (Adapted from Ref. 1.5). 

system and spring forces, which are internai forces when the body as a whole 
is considered (Fig. 2-4b). 

The principle of virtual displacements for a mass particle can be applied 
to any one of these particles. Since the particle is in equilibrium, the virtual 
work due to the forces acting on the particle must vanish for any virtual 
displacement applied to the whole system. Thus the virtual work due to all 
the forces acting on all the particles is also equal to zero. It is desirable to 
consider this total virtual work to consist oftwo parts, one due to the external 
forces applied to the body as a whole, and the other due to the internai spring 
forces that act on the individuai particles. 

The principi e of virtual displacements may now be restated, for elastic 
bodies of finite dimensions, as follows: 

An elastic body of finite size is in equilibrium if the virtual 
work done by the external forces plus the virtual work done by 
the internai forces is equal to zero for any arbitrary virtual 
displacement. 

This can be expressed analytically by 

OWi + OWe = O (2.14) 

in which oW/ and oWe are the increments of internai and external virtual 
work that result from a virtual displacement. 

Principle of Stationary Potential Energy 

We are now ready to develop the principle of stationary potenti al energy. 
For a structure subjected to a set of 11 loads, p/, and a virtual displacement, 
or, the external virtual work, O W., is given by 

oWe = t p/r Or (2.15) 
1=1 
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in which p/r is the component of any force P. in the direction of the virtual 
d.is~lacement: Th.e !nternal virtual work could be determined by means of a 
sImllar equatlOn lf lt were possible to isolate ali the internai forces. However, 
for most structures this cannot be readily done, and one must therefore find 
an alternative way of calculating the internai work. 

Let us apply to the spring-mass system in Fig. 2-5 a virtual displacement 

Fig. 2-5 Virtual displacement of / 
particle in spring-mass mode!. P2 

~on.sisting of a verti~al motion Or of the uppermost of the four particles, as 
~ndICated. Th~ only mternal force that moves as a result of this displacement 
IS the one actmg on the uppermost particle. Hence the internai virtual work 
for the system is equal to that force multipli ed by its displacement. That is, 

(2.16) 

The internaI virtual work is negative, because the direction of p is opposite 
to that of the displacement' or' 1 

As a result of the virtual displacement, the stra in energy in the spring 
attached to the uppermost particle changes by an amount O U, equal to 

(2.17) 

Comparison of this expression with the one in Eq. (2.16) indicates that 

(2.18) 

In other words, the internai virtual work oW/ is equal in magnitude and 
opposite in sign to the change in the strain energy O U. The total virtual work 
for an elastic body can thus be obtained by combining the external virtual 
work w~th the negative of the change in the strain energy, and Eq. (2.14) can 
be rewntten as 

oWe + oWi = 2: p/r Or - oU = O 
I 

(2.19) 
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It is customary in theoretical mechanics to refer to the increment of 
external work oWe due to a virtual displacement as a change in potential 
energy and to let -o V represent this quantity. Thus 

oV = - L: P., or 
i I 

Accordingly, Eq. (2.19) can be written in the form 

or 

oV + oV= O 

o(V + V) = O 

(2.20) 

(2.21 ) 

The quantity V + V consisting of the strain energy and the potential energy 
of the externalloads is referred to as the total potential energy of the system, 
and the symbol O denotes the change in this quantity caused by a virtual 
displacement. 

The principle expressed by Eq. (2.21) is known as the theorem of stationary 
potential energy. It can be stated in the following terms: 

An elastic structure is in equilibrium if no change occurs in 
the total potential energy of the system when its displacement 
is changed by a small arbitrary amount. 

If the system has an infinite number of degrees of freedom, equilibrium is 
definitely established only when it has been shown that the total potential 
energy does not change for any of the infinitely many possible changes in the 
displacement ofthe system. As will be shown later, to do this requires the use 
of the calculus of variations. However, if the system has only a single degree 
of freedom, equilibrium is established simply by requiring that no change 
occur in one displacement parameter, and this can be accomplished using 
ordinary differential calculus. The significance of the principI e of stationary 
potential energy is thus easiest to grasp if one considers a one-degree-of­
freedom system. For such a system, if the single degree of freedom is repre­
sented by the coordinate x, the total potential energy will be a function of x, 
and its variation will be given by 

o(V + V) = d(V + V) Ox 
dx 

Since ox is arbitrary, the variation of the total potential energy can be made 
equal to zero only if 

d(V + V) = O 
dx 

(2.22) 

Art. 2.4 Princip/e o, Stationary Potentia/ Energy 87 

Equation (2.22) signifies that a curve of V + V plotted against x will have a 
horizontal tangent at the value of x that corresponds to equilibrium. In other 
words, equilibrium corresponds to either a minimum or a maximum of the 
total potential energy of the system. Since an equilibrium position is stable 
if energy must be added to the system to deform it, and unstable if energy is 
re1eased when it deforms, stable equilibrium corresponds to a minimum of the 
total potential energy and unstable equilibrium to a maximum. The character 
of the equilibrium state can be determined analytically from the sign of the 
second variation of the total potential energy. A positive sign indicates stable 
equilibrium, whereas a negative sign indicates unstable equilibrium. 

A graphical illustration of these concepts can be obtained by considering 
the surface in Fig. 1-2. Assuming that the surface represents the total potential 
energy of a one-degree-of-freedom system, the deflection configurations 
corresponding to line ABC, along which the surface has horizontal tangents, 
are equilibrium configurations. Of these, those between A and B, where the 
stationary points are minimum points, are stable, and those between Band 
C, where the stationary points are maximum points, are unstable. 

To illustrate the preceding principles somewhat further, let us consider 
the one-degree-of-freedom spring-mass system shown in Fig. 2-6a. If the 
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Fig. 2-6 Potential energy of one-degree-of-freedom system. 

6 

weight of the mass is 200 lb and if the stiffness of the spring is 50 lb/in., the 
system will come to rest with the spring stretched 4 in. Letting the elongation 
of the spring be given by x, the strain energy stored in the spring is 

V = 25x2 

and the potential energy of the externalloads, as defined by Eq. (2.20), is 

V= -200x 
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Hence the total potential energy of the system is 

U + V = 25x2 - 200x 

A plot of U + V versus x, shown in Fig. 2-6b, indicates that the total potential 
energy has a horizontal tangent when x = 4. At the equilibrium configura­
tion x = 4, the total potential energy of the system is thus shown to have a 
stationary value. In this instance the stationary value corresponds to a mini­
mum point, signifying that the equilibrium configuration x = 4 is a stable 
one. 

Evaluation of the Criticai Load 

In the preceding pages we have formed two conclusions: equilibrium is 
established if the first variation of the total potential energy vanishes, and the 
sign of the second variation determines whether the equilibrium is stable or 
not. It is possible to calculate the criticalload of a system using either of these 
two results. Since the criticalload is the load at which a system in equilibrium 
passes from stable to unstable equilibrium, the criticalload can be determined 
by finding the load at which the second variation of the total potential energy 
of the system changes from positive to negative, that is, the load for which 
02(U + V) = O. A second approach for finding the criticalload is to deter­
mine the load at which neutral equilibrium is possible, that is, the load at 
which equilibrium in a deformed configuration is possible. In this case one 
need not check the stability of the system. Instead, one has only to establish 
the equilibrium of a deformed configuration, and this can be accomplished by 
requiring that o(U + V) = O for the deformed configuration. Since the latter 
approach replaces the somewhat complicated problem of investigating the 
stability of a system with the simpler problem of establishing equilibrium, it 
will be used in this book whenever we are looking for a criticaI load. The 
former approach must, however, be followed whenever it is necessary to 
establish the stability of a deformed configuration. 

2.5 CALCULUS OF VARIATIONS 

The calculus of variations is a generalization of the maximum or minimum 
problem of ordinary calculus. It seeks to determine a function y = y(x) that 
extremizes (i.e., maximizes or minimizes) a definite integraI 

fX' 
l = F(x, y, y', . .. ,y'n) dx 

Xi 

(2.23) 

whose integrant contains y and its derivatives. In structural mechanics this 
amounts to finding the deformed shape of a system that will cause the total 
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potenti al energy of the system to have a stationary value. The deformation 
that satisfies this criterio n corresponds to the equilibrium state of the system. 

Although the calculus of variations is similar to the maximum-minimum 
problem of ordinary calculus, it does differ from the latter in one important 
aspect. In ordinary calculus one obtains the actual value of a variable for 
which a given function has an extremum point. However, in the calculus of 
variations one does not obtain the function that extremizes a given integral. 
Instead, one only obtains the differenti al equation that the function must 
satisfy. Thus the calculus of variations is not a computational tool for solving 
a problem. It is only a device for obtaining the governing equations of the 
problem. 

As an illustration of the use of the calculus of variations, let us determine 
the conditions that must be satisfied by a perfect column if it is to be in 
equilibrium in a sIightly deformed position. Consider the hinged-hinged col­
umn shown in Fig. 2-7. The strain energy of bending for the member is 

Fig.2-7 Hinged-hinged column. p 

U = JI El (y")2 dx 
o 2 

(2.24) 

According to Eq. (2.20), the potential energy of the externalloads consists of 
the negative product of the axialload and the vertical distance that the load 
moves as the member bends. Hence 

J
I P 

V = - _(y')2 dx 
o 2 (2.25) 

Combining U and V, one obtains for the total potential energy of the system 

(2.26) 

. 
It is now assumed that a deformed shape y = y(x) exists for which the 



-, 
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total potenti al energy of the system has a stationary value, that is, a function 
y for which o(U + V) = O. This function y(x) must be continuous, and it 
must satisfy the boundary conditions y(O) = y(l) = O. To determine y(x), it 
is necessary to form a family of nearby functions ji(x) with which y(x) can be 
compared. This family of curves is obtained by choosing an arbitrary function 
Yf = Yf(x) and adding Yf(x) multiplied by a small parameter f to y(x). Thus 

ji(x) = y(x) + fYf(X) (2.27) 

For any given function Yf(x), each different value of f represents a single 
member of the family of curves given by Eq. (2.27). In order that each of the 
comparison curves satisfies the boundary conditions, ji(O) = ji(l) = O, the 
function Yf(x) must vanish at the supports. Thus 

Yf(O) = Yf(l) = O (2.28) 

A graphical representation of ji(x) is given in Fig. 2-8. 

:.,....-------~:----- X 

y 

I 

--------~~ y (x) = y(x)+ E'7](x) 

y(X) Fig. 2-8 Comparison of y(x) with 
nearby function ji(x). 

It is now desirable to express the potential energy ofthe system in terms of 
the generalized displacement ji(x). Replacing y(x) with ji(x) in Eq. (2.26) Ieads 
to 

(2.29) 

For a given Yf(x), the potential energy is a function of the parameter f. 

Furthermore, for f = O, ji(x) becomes y(x), which is the member of the family 
of curves that extremizes U + V. Accordingly, the potential energy has an 
extremum value with respect to f, when f = O. That is, 

I
d(U+V)1 =0 

df .~o 
(2.30) 

A probIem of variational caIculus has thus been reduced to an ordinary 
minimum problem of differential caIculus. 
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Differentiation of Eq. (2.29) under the integraI sign Ieads to 

d(U + V) = JI [EI(y" + fYf")Yf" - P(y' + fYf')Yf'] dx 
df o 

This expression must vanish for f = O. Hence 

s: (Ely"Yf" - Py'Yf') dx = O (2.31) 

Before continuing, it is worthwhile to consider a derivation of Eq. (2.31) 
introduced by Hoff (Ref. 1.3), which differs somewhat from the preceding 
anaIysis. Equation (2.26) gives the totai potentiai energy as a function of the 
dispiacement y(x). If y(x) is increased by a small amount ,1y(x), where 

,1y(x) = fYf(X) 

the totai displacement becomes 

y(x) + ,1y(x) = y(x) + fYf(X) 

and the corresponding potentiai energy is 

(U + V) + ,1(U + V) = 1: [~I(y" + fYf")2 - ~ (y' + fYf')2J dx 

(2.32) 

The change in the potentiai energy due to the increase in defìection ,1y can be 
obtained by subtracting the expression given in (2.26) from the energy given 
in (2.32). Thus 

JI [ ( 2 "2) ( 2 '2)J ,1(U + V) = o El fYf"y" + f i - P fYf'y' + f i dx (2.33) 

If the change in y had been a virtuai dispiacement, instead of a reai dispIace­
ment, the terms containing the square of fYf(X) or the square of its derivatives 
wouId not be present in Eq. (2.33). These higher-order terms are caused by 
changes in the forces that accompany an actuai displacement. They are absent 
for a virtuai dispiacement, during which the forces are assumed to remain 
constant. Hence the variation in the potenti al energy corresponding to a 
virtuai dispiacement c5y can be obtained from Eq. (2.33) by dropping the 
higher-order terms; that is, 

o(U + V) = f s: [EI(Yf"y") - P(Yf'y')] dx 
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Finally, the requirement that this expression vanish when the system is in 

equilibrium Ieads to 

fa (Elrt"y" - Ptl'y') dx = O 

which is identicai to Eq. (2.31). 
To simplify Eq. (2.31), the derivatives ofll(X) inside the integraI ~ign must 

be eliminated through integration by parts. The second term on the nght-hand 
side of Eq. (2.31) is considered first. Making the substitutions 

u =y', dv = Il' dx 

and integrating by parts according to 

fa u dv = uv I~ - ( v du 

one obtains 

(y'll' dx = Y'IlI~ - fa IlY" dx (2.34) 

In view of Eq. (2.28), Il vanishes at the supports, and Eq. (2.34) reduces to 

S
I SI "d oy'll' dx = - o IlY x (2.35) 

In a similar manner, the first term on the right-hand si de of Eq. (2.31) can 
be reduced by two integrations by parts. Making the substitution 

ti = y", dv = Il'' dx 

and integrating by parts, one obtains 

I Il SI 
S "" d " , n'y'" dv y Il x = Y Il - '/ -, 

o o o 

This expression is further reduced by making the substitutions 

u = y"', dv = Il' dx 

in the second term on the right-hand side. This leads to 

I Il SI So y"'Il' dx = y"'11 o - o yIYIl dx 
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from which 

s: y"'Il' dx = - S~ yIYIl dx 

Thus (2.36) 

Substitution of the resuIts obtained in Eqs. (2.35) and (2.36) into Eq. (2.31) 
leads to 

s: (ElyIV + Py")11 dx + (ElY"Il')~ = O (2.37) 

Except for the conditions 11(0) = Il(L) = O, the function Il(x) is compieteIy 
arbitrary. It can therefore be shown that Eq. (2.37) is satisfied only if each of 
its two parts is equal to zero; that is, 

s: (ElyIY + Py")11 dx = O 

[ElY"Il']~ = O 

Since Il'(0), Il'(L), and Il(x) are not zero, and since Il'(0) is independent of 
Il'(L), it follows that y(x) must satisfy the relations 

ElyIV + Py" = O 

Ely"lx~o = O 

Ely" Ix~1 = O 

(2.38) 

(2.39) 

(2.40) 

These three relations must be satisfied in order that the potential energy have 
a stationary value and in order that y(x) be the equilibrium configuration of 
the slightly deformed column. Equation (2.38) is of course the Eulerian 
differenti al equation of an axially loaded member, obtained previously by 
considering the moment equilibrium of an element of the deformed member. 

Equations (2.39) and (2.40), which indicate that the bending moment must 
vanish at the ends of the member, are known as natural boundary conditions. 
The other two boundary conditions, y(O) = O and y(L) = O, which were 
stipulated at the outset, are called geometrie boundary conditions. In generaI, 
the conditions of sIope and deflection at the ends of the member are the 
geometrie boundary conditions. These must be specified at the beginning of 
the problem. The conditions of moment and shear at the ends of the member 
are the natural boundary conditions, and these together with the differenti al 
equations are obtained by minimizing the potential energy. 
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The differenti al equation of a continuous system can be obtained either 
by considering the equilibrium of a deformed element of the system or by 
using the principle of stationary potential energy and the calculus of varia­
tions. For an axially loaded member there is no doubt that the equation can 
be established more easily by the former of these two methods. However, 
when considering more complex systems, such as cylindrical and spherical 
shells, it is often simpler to obtain the differential equations by extremizing 
the potential energy rather than by writing equations of equilibrium offorces 

and moments. 

2.6 RAYLEIGH-RITZ METHOD 

The rigorous application of the stationary energy theorem to continuous 
systems requires the use of the calculus of variations. This approach to the 
problem offinding the equilibrium configuration of a structure has two disad­
vantages. First, the variational calculus that must be used is far too complex 
for routine problem solving, and, second, only the differential equation and 
not its solution is obtained. Fortunately, there exists a method by which the 
principle of stationary potential energy can be applied approximately; known 
as the Rayleigh-Ritz method, having neither of the two aforementioned 
disadvantages. In this method, one assumes a suitab1e shape for the deforma­
tion of the system and thus reduces it from an infinite-degree-of-freedom 
system to a finite-degree-of-freedom system. The principI e of stationary 
potential energy then leads directly to the equilibrium configuration, and only 
ordinary differential calculus bas to be used in the processo 

As an examp1e, the criticalload of a column fixed at one end and free at 
the other (Fig. 2-9) will be obtained. According to the concept of neutral 

p 

Fig. 2-9 Fixed-free column. 

equilibrium, the criticalload is the load at which a system can be in equilib­
rium in a slight1y bent position. The problem of finding the criticaI load is 
thus equivalent to finding the deflected shape in which equilibrium is possible, 
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and this latter problem can be solved by requiring the first variation of the 
total potential energy to vanish. 

The deflection curve of the member is assumed to be given by the 
polynomial 

y = a + bx + ex 2 

Two .o~ the constants in this expression can be evaluated from tbe boundary 
condltIons at tbe base of the member. The condition 

y = O at x = O 

is satisfied if a = O, and from the requirement that 

y' = O at x = O 

one obtains b = O. Thus 

y = ex2 

This relation satisfies the geometric boundary conditions of zero deflection 
and zero slope at the fixed end of the member, but not the natural boundary 
condition of zero moment at the free end. 

The strain energy stored in the member due to bending is 

EIJI JI U = 2 o (y")2 dx = ~l o 4C2 dx = 2EIC2[ (2.41) 

According to Eq. (2.20), the potential energy of the externalload consists of 
the negative product of the load and the distance that the load moves as the 
member bends. Thus 

V = -2 (y')2 dx = -.!... 4C2X2 dx = -J..PC2[3 P JI JI 
o 2 o 3 

(2.42) 

It is important to distinguish between the concept of work as used in the 
principle of conservation of energy, and the concept of pote~tial energy used 
here. The former refers to the total work performed during the entire defor­
mation sequence. It is equal to the product of force and distance or one half 
that quantity, depending on whether the load remains constant or increases 
linearly. from zero to ~ts final value during the deformation processo By 
companson, the potentIal energy is the energy of the fullload. It is equal to 
the product of the total force and the distance, regardless of how the force 
varies during the interval in which the deformation takes pIace. The factor 
one ha~f, sometimes present in the work term, therefore never appears in the 
potentlal energy terms. 
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Combining Eqs. (2.41) and (2.42), one obtains for the total potential 
energy 

U + V = 2E/C21 - 2P C2[3 
3 

(2.43) 

The deflected shape of the system will be an equilibrium configuration if 
U + V has a stationary value. For the continuous system considered in the 
previous section the total potential energy, as given by Eq. (2.26), was in terms 
of the function y(x). To find the deflection y(x) that corresponded to a sta­
tionary value of U + V, it was necessary to use variational calculus. As a 
consequence of having assumed a shape for the deflection of the column, in 
this prOblem, the total potential energy, as given by Eq. (2.43), is now a func­
tion of a single parameter C, and differential calculus suffices to find the value 
of C that extremizes U + V. Thus the expression 

can be replaced by 

or simply by 

<5(U + V) = O 

d(U + V) <5C = O 
dC 

d(U + V) = O 
dC 

since <5C, the virtual displacement, is arbitrary. 

(2.44) 

Carrying out the differentiation indicated in Eq. (2.44), one obtains 

4E/CI - 4pC/3 = O 

from which 

(2.45) 

Equation (2.45) gives the trivial solution of equilibrium at any load, provided 
the column remains straight, and the criticaI load 

3E/ 
Pcr = f2 (2.46) 

Comparison of this solution with the exact buckling load '!C 2 Elj4f2 indicates 
that the approximate answer is in error by about 21.6 %. 

The exact buckling load will be obtained if an infinite series is used for the 
assumed deflection. A better solution than that given by Eq. (2.46) should 
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therefore result if the number of parameters in the assumed deflection function 
is increased from one to two. Letting 

y = CX2 + Dx 3 

y' = 2Cx + 3Dx2 

y" = 2C + 6Dx 

the strain energy due to bending is 

U = ~I J: (y")2 dx = ~I J: (4C2 + 24CDx + 36D2X2) dx 

= 2EIl(C2 + 3CD! + 3D2[2) 

and the potential energy of the externalload is 

P JI P JI V = -2 o (y')2 dx = -2 o (4C2X2 + 12CDx3 + 9D2x 4
) dx 

= - p[3 (20C2 + 45CDI + 27 D2[2) 
30 

Adding Eqs. (2.47) and (2.48) gives 

(2.47) 

(2.48) 

U + V = 2EIl(C2 + 3DCI + 3D2[2) - ~~ (20C2 + 45CDI + 27D2[2) 

(2.49) 

The total potential energy given by (2.49) is a function of two variables C and 
D. The variation of U + V therefore takes the form 

Since <5C and <5D are arbitrary, the expression in (2.50) will vanish if 

(2.51 ) 

Carrying out these operations, one obtains 

a(u + V) = 2EIl(2C + 3D!) _ P13(40C + 45DI) = O ac 30 
(2.52) 

and a(U + V) = 2EIl(3CI + 6DP) _ p[3 (45CI + 54D[2) = O aD 30 
(2.53) 

J 
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Intraducìng the natatian 
pf2 

(I. = El 

Ch. 

and rearranging terms, Eqs. (2.52) and (2.53) can be rewritten in the farm 

(24 - 8(1.)C + 1(36 - 9(1.)D = O 

(20 - 5(1.)C + 1(40 - 6(1.)D = O 

Because the right-hand side of each equation is zero, one refers to them 
homogeneous equations. The solutions for C and D can be given as 
quotients of two determinants. Thus 

\

0 1(36 - 9(1.)\ 
O 1(40 - 6(1.) 

C = ~24.--'-----;O;8~(I.~1 (=36~-~9'-(l.") 

20 - 5(1. 1(40 - 6(1.) 

\

24 - 8(1. 0\ 

D = 20 - 5(1. O 

\

24 - 8(1. 1(36 - 9(1.) \ 

20 - 5(1. 1(40 - 6(1.) 

Since each of the numerator determinants is equal to zero, one obvious 
solution to Eq. (2.54) is C = D = O. This is the trivial solution of equilibrium 
at ali loads, provided the member remains straight. A nonzero value is 
possible for C and D only if the denominator determinant is also equal to 
zero. An eigenvalue problem for a finite-degree-of-freedom system, such as 
the buckling problem being considered, will always lead to a set of homo­
geneous equations. The nontrivial solutions of such a problem are therefore 
always obtained by setting the determinant of the governing equations equal 
to zero. For the case being studied, this means that 

1

24 - 8(1. 1(36 - 9(1.) 1 = O 
20 - 5(1. 1(40 - 6(1.) 

Expansion of the determinant leads to 

3(1.2 - 104(1. + 240 = O (2.55) 

This equation is known as the characteristic equation. Hs roots are the 
eigenvalues, that is, the loads at which nonzero defiections are possible. 
The nonzero defiections are called eigenvectors. The smallest eigenvalue is the 
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criticalload, and the corresponding eigenvector is the buckling mode shape. 
The smallest root of Eq. (2.55) is (I. = 2.49, from which 

This solution differs from the exact answer by slightly less than l %. A marked 
increase in accuracy has thus been achieved by increasing the number of terms 
in the assumed defiection function. The rate at which the solution usually 
converges to the exact answer should not be expected to be as rapid as was the 
case here. In generai, the more complicated the defiection shape is the more 
parameters are needed to obtain a very accurate result. 

2.7 BUCKLlNG LOAD OF COLUMN 
WITH VARIABLE CROSS SECTION 

The Rayleigh-Ritz method is especial\y useful when an exact solution of the 
differential equation is lengthy and complicated. A good example of such a 
case is the calculation of the criticalload for a column with a variable cross 
section. The axially loaded member shown in Fig. 2-10 has a moment of 

Fig. 2-10 Column with varying 
moment of inertia. 

.e 

.el4 

,e/2 

-f-----

t 
inertia, lo, along the middle half of its length and a moment of inertia I /4 , o , 
along the end portions. The member is hinged at both ends, and it is therefore 



100 Approximate Methods o, Analysis 

assumed that the buckled shape can be approximated by the relation 

. nx 
y = a slllT 

Ch.2 

This expression satisfies the geometric boundary conditions of zero 
deftection and nonzero slope at the ends of the member, and the natural 
boundary conditions of zero moment, that is, zero curvature, at the ends of 
the member. 

Making use of symmetry, the strain energy of bending is 

U = 2 Elo (y")2 dx + Elo (y")2 dx 
[ f

U4 fU2 J 
8 o 2 U4 

(2.56) 

To evaluate this expression, the foHowing integrals are needed: 

f
l/4 2 4 f l/4 O 045 2 .... 4 

( ")2 d-a n . 2 nx d =' a I. y X - T Slll / x f3 
o o 

f

l/2 a2n4 f 1/2. nx 0.205a2n4 
(y")2 dx = T Slll2 T dx = f3 

U4 U4 

Substitution of these relations in Eq. (2.56) leads to 

(2.57) 

The potential energy of the' applied load is 

(2.58) 

Combining Eqs. (2.57) and (2.58), one obtains for the total potential energy 

El 24 p22 
U + V = 0216 oa n _ ~ 

. f3 4/ 
(2.59) 

For the deftected shape to be an equilibrium configuration, it is necessary 
for the total potential energy to have a stationary value. Since the energy is a 
function of a, it will have a stationary value provided its derivative with 
respect to a vanishes. Thus 

d(U + V) = O 432Eloan4 _ Pan2 = O 
da . f3 2/ 
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from which 

a(0.864E~~n2 - p) = O (2.60) 

Equation (2.60) leads to the trivial solution of equilibrium at aH loads 
provided a = O, and the criticalload 

p = 0.864n2Elo 
Cf /2 

The exact answer, obtained from the solution of the differenti al equation by 
Timoshenko and Gere (Ref. 1.2), is 

P = 0.65n2Elo 
Cf f2 

Comparison of the approximate solution with the exact buckling 10ad indi­
cates that the former is in error by about 33 %. 

The accuracy of the approximate solution can be improved by increasing 
the number of parameters in the assumed deftection function. The half-sine­
wave used as a first approximation is the exact deftection curve for a column 
ofuniform cross section. One would expect the deftection of a column that is 
stiffer at the center than near the supports to be similar to a half-sinewave, 
but somewhat ftatter at the middle. Consequently, the deftection curve will 
be approximated by 

. nx + b . 3nx y = a Slll T Slll -/-

As before, the total potential energy is given by 

U + V = 2 Elo (y")2 dx + Elo (y")2 dx _.!... (y')2 dx [ f
l/4 fl/2 J fl 

8 o 2 1/4 2 o 

The derivatives of y and the squares of these quantities are 

, an nx 3bn 3nx 
y = T cos T + -/- cos -/-

( ')2 _ a2n2 
2 nx + 6abn2 nx 3nx + 9b2n2 2 3nx 

y - T cos T -/2- COS T cos -/- --12- cos -,-

an 2 . nx 9bn2 . 3nx 
y" = -72 Slll T - f2 Slll-,-

( ")2 _ a2n4 . 2 nx + 18abn4 . nx . 3nx + 8lb2n4 . 23nx 
y - T Slll T -/-4- Slll T Slll -,- --/-4- Slll -/-

(2.61) 
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The following definite integrals are needed for evaluating the total potenti al 
energy: 

J
I/4 

o sin 2 'lTt dx = 0.045/ 

[

1/2 

• 1/4 

sin 2 n( dx = 0.2051 

J
I/ 4 3 
o sin2 ~x dx = 0.1521 

J
I/ 2 3 

sin 2 ~x dx = 0.098/ 
114 

J
I/ 4 3 
o sin n( sin ~x dx = 0.0801 

J
I/ 2 3 

sin n( sin ~x dx = -0.0801 
1/4 

JI 2 nx d 1 cos - x =-
o 1 2 

JI 3nx 1 
cos2 -dx =-
0/ 2 

JI nx 3nx O 
o cos T cos -/- dx = 

(2.62) 

Using these expressions, the total potential energy given by Eq. (2.61) can be 
reduced to the form 

U + V = E~~n4 (0.216a 2 - 1.080ab + 11.016b2) - P:z2 (a 2 + 9b2) 

(2.63) 

As before, the deflected shape is an equilibrium configuration if the total 
potential energy has a stationary value. In this case U + V is a function of 
two variables, a and b. The partial derivatives of U + Vwith respect to a and 
b must therefore vanish for the energy to have a stationary value. Thus 

a(Ua~ V) = E~~n4 (0.432a _ 1.080b) _ P~;a = O 

aCUa! V) = E~~n4 (-1.080a + 22.032b) _ 9P~2b = O 

Introducing the notation P o = n2 Elof/2, these equations can be rewritten in 
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the form 

( 0.432 - 0.50 JJ a - 1.080b = O 

-1.080a + (22.032 - 4.50 ~)b = O 
(2.64) 

Equations (2.64) are two linear homogeneous equations. As such, they possess 
a trivial solution 

a=b=O 

and a nontrivial solution, which is obtained by setting their determinant 
equal to zero. Thus 

P 0.432 - 0.501' 
o 

-1.080 

-1.080 
p =0 

22.032 - 4.501' 
o 

Expansion of the determinant leads to the polynomial equation 

(
P)2 P 2.25 P

o 
- 12.96 P

o 
+ 8.35 = O 

The smaller of the two solutions to this equation is 

p 
P

o 
= 0.735 

from which 

Whereas the answer obtained using a single term in the approximate deflec­
tion curve was in error by 33 %, this solution differs from the exact answer by 
only 13 %. 

2.8 GALERKIN'S METHOD 

In the previous two articles, the Rayleigh-Ritz method was used to carry out 
approximate stability analyses. A similar technique for obtaining approximate 
solutions is the Galerkin method. The main difference between the two 
procedures is that the Galerkin method deals direct1y with the differential 
equation, whereas the Ritz method is concerned with the energy ofthe system. 
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The requirement that the total potential energy of a hinged-hinged column 
have a minimum value was shown, in Article 2.5, to lead to the condition 

s: (ElylV + Py")(c5y) dx + [(Ely")(c5y')]~ = O (2.65) 

The first term in this expression consists of the left-hand side of the column 
differential equation multiplied by a small arbitrary change in the displace­
ment function. The second term contains the natural boundary conditions for 
the member. 

It is possible to approximate the deftection of the column by a series 
consisting of n independent functions gj(x) each multiplied by an undeter­
mined coefficient al' Thus 

Yapprox = ajgj(x) + a2g2(x) + ... + a.g,,(x) 
(2.66) 

If each of the functions g;(x) satisfied both the geometric and natural boundary 
conditions, then the second term in Eq. (2.65) vanishes when y in that 
equation is replaced with Yapprox' In order to make also the first term in Eq. 
(2.65) equal to zero, the coefficients aj must be chosen in such a way that 
Yapprox satisfies the differential equation. 

Letting the operator, which produces the left-hand side of the column 
differenti al equation, when applied to Y, be represented by Q, that is, 

(2.67) 

and letting the series used to approximate the column deftection be repre­
sented by if>, that is, 

(2.68) 

the requirement that the first term in Eq. (2.65) vanish for Yapprox can be 
expressed in the form 

5: Q( if» c5if> dx = O (2.69) 

Since if> is a function of n parameters al' its variation is given by 

c5if> = aaif> c5a j + aaif> c5a2 + ... + aaif> c5a" 
al a2 ali 

= gl(x) c5a l + g2(X) c5a 2 + ... + g.(x) c5a" (2.70) 

= :t g;(x) c5a j 
i=l 
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Making use of this relationship, Eq. (2.69) can be rewritten as 

(2.71) 

It has been assumed that the 11 functions g,(x) used to approximate Y are 
independent of each other. The only way that Eq. (2.71) can therefore be 
identically equal to zero is for each of the 11 terms in the equation to vanish 
individual1y. Thus 

f~ Q(if»g;(x) c5a j dx = O for i = 1,2, ... , n 

and in view of the fact that al is arbitrary 

( Q(if»g;(x) dx = O for i = 1,2, ... ,11 (2.72) 

The relationships given by Eq. (2.72) are referred to as Galerkin equations. 
For a given problem any assumed deftection function that satisfies the 
boundary conditions and the Galerkin equations wiIl be an approximate 
solution of the problem. If there are Il terms in the assumed deftection 
function, there will be Il equations of the type given by (2.72). In an equilib­
rium problem these n equations can be solved for the 11 unknown coefficients 
in the assumed deftection function. In a linear buckling problem the 11 

equations will be homogeneous, and the criticalload is obtained by setting 
their determinant equal to zero. 

To illustrate the use of the Galerkin method, the criticaI load of the 
hinged-fixed column, shown in Fig. 2-11, will be obtained. The first step is to 
choose a deftected shape that satisfies the boundary conditions. Such a 
function can usually be obtained by taking a power series and evaluating as 
many arbitrary constants as possible from the boundary conditions. This 

Fig.2-11 Hinged-fixed column. p 
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procedure was used in Article 2.6 to obtain a suitable deftected shape for a 
fixed-free column. However, in this instance an alternative approach will be 
tried. The deftection curve of a transversely loaded beam with boundary 
conditions similar to those of the column will be used. The deftection of a 
uniformly loaded beam hinged at x = O and fixed at x = l is 

(2.73) 

This function satisfies all the boundary conditions of the fixed-hinged column 
and will therefore be used to approximate its deftected shape. 

The second step in the Galerkin method is to establish equilibrium by 
requiring that the assumed deftection function satisfy Eq. (2. n). If cf> is given 
by the expression in (2.73), then Q(cf» is, in accordance with (2.67), equal to 

Q(cf» = A[48EI + P(24x2 - 18lx)] 

Furthermore, in view of (2.68), 

g(x) = xJ3 - 3!x3 2X 4 

Substitution of these two expressions into Eq. (2.n) leads to 

( A[48EI(xJ3 - 3!x3 + 2x4 ) + P(24x3 f3 - n x 5! 
(2.74) 

+ 48x6 - 18l4x 2 + 54f2x4 - 36!x5)] dx = O 

which, after one has carried out the indicated integration, reduces to 

A(36EI!5 _ 12PI') = O 
5 35 

Hence one obtains for the criticalload of the member 

p = 21EI 
cr J2 

For comparison, the exact buckling load of the hinged-fixed column is 
20.2EI/P. 

2.9 METHOD OF FINITE DIFFERENCES 

Introduction 

The finite-difference method is a numerical technique for obtaining 
approximate solutions to differential equations (Ref. 2.2). In the method the 
differential equation is replaced by a set of equivalent algebraic equations 
that are usually easier to solve than the differenti al equation. The basis of the 
finite-difference technique is that a derivative of a function at a point can be 
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approximated by an algebraic expression consisting of the value of the 
function at that point and at several nearby points. In vie w of this fact it is 
possible to r(fplace the derivatives in a differential equation with algebraic 
expressions and thus transform the differenti al equation into an algebraic 
equation. 

As a rule, differential equations describe the behavior of continuous sys­
tems, whereas algebraic equations describe the behavior oflumped-parameter 
systems. The replacement of a continuous function in a differential equation 
with an algebraic expression consisting of the value of that function at several 
discrete points is thus equivalent to replacing a continuous system with one 
consisting of a discrete number of mass points. The finite-difference method 
is therefore similar to the energy method in that both simplify the solution of 
the problem by reducing the number of degrees of freedom. The energy 
method does this by approximating the behavior of the system, that is, 
assuming a deftected shape, while the finite-difference technique simplifies the 
system itself. 

In generaI, if a continuous system is replaced by n discrete mass points, 
the unknown function is replaced by n algebraic variables, and the differential 
equation is replaced by n simultaneous algebraic equations in these variables. 
Since the derivative of the unknown function at a point is approximated by 
an expression consisting of the value of the function at that point and at 
several neighboring points, the closer the points are to one another the 
better is the agreement between the derivative and its algebraic approxima­
tion, and the more accurate will be the solution to the problem. However, as 
the number of points increases so does the number of simultaneous equations 
that must be solved. 

Due to the large amount of numerical work involved, the finite-difference 
method is particular1y suited for use when a high-speed electronic computer 
is avaiIabie. 

The main disadvantage of the method is that it gives numerical values of 
the unknown function at discrete points instead of an analytical expression 
that is valid for the entire system. If an anaIytical expression is needed, it 
must be obtained by fitting a curve to the discrete values obtained in the soIu­
tion. This shortcoming is more pronounced in equilibrium problems than in 
eigenvalue probIems, because generally applicable relationships can usually be 
obtained for criticaI loads, whereas continuous expressions for deftection 
functions are never obtained. In spite of the aforementioned disadvantage, 
the finite-difference procedure, because of its wide range of applicabiIity, is 
an extremely useful method of anaIysis. 

Difference Ratios 

The derivative of a function, at a point, can be expressed approximately 
in terms of the value of the function at that point and its value at one or more 
nearby points. Such an expression is known as a difference ratio. Consid,er 
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f (x) 
((x) 

h h 

L-______ Ì-__ 4-__ -L __________ x 
x=i Fig. 2-12 Difference ratios. 

the function, f(x), plotted in Fig. 2-12, whose value is known at x = i and at 
severa l evenly spaced points to the right and to the left of x = i. The first 
derivative of f(x) at a point x can be approximated by 

df ~ f(x + Ax) - f(x) 
dx= Ax 

At x = i this expression can be rewritten in the form 

(2.75) 

in which fl and fl+h are the values of the function f(x) at x = i, and at 
x = i + h, h is the distance between these two points, and Ah is the approxi­
mation of the derivative df/dx at x = i. It is obvious that the difference 
between the derivative and its approximation Af will decrease as h decreases. 

The approximation ofthe derivative df/dx given by Eq. (2.75) involves the 
functionf at x = i and at the point to the right of x = i. It is therefore known 
as the forward difference. A similar expression invo1ving the function f at 
x = i and at x = i Il is 

A l' _ fl - fl-h 
UJI- Il (2.76) 

This form of the approximation is known as the backward difference. A 
third possible expression involving points on either side of x = i is 

A l'. = h+h - fl-h 
J. 2ft (2.77) 

It is known as the centraI difference. Ofthe three approximations, the centraI 
difference is the most accurate for a given spacing h. The remaining discussion 
dealing with the approximation of higher derivatives will therefore be limited 
to centraI differences. 
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Once the first difference has been defined, the second difference can be 
obtained by taking the difference of the first difference. If A is defined as the 
difference operator that corresponds to the differential operator d/dx, then 

h 

h - h-h 
h 

_ h+h - 2h + h-h 
- h2 

(2.78) 

Expression (2.78) gives the second centraI difference at the point x = i. 
In a similar manner the third and fourth centraI differences can be derived: 

21l 

h - 2h-" + h-2" 
h2 (2.79) 

(2.80) 

The "computational molecules" in Fig. 2-13 give a pictorial representation 

2hL'lfi = 

Fig. 2-13 Computational molecules 
for difference ratios. i - 2h i-h i+h i+2h 
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of Eqs. (2.77), (2.78), (2.79), and (2.80). This very convenient way of repre­
senting difference ratios is due to Bickley (Ref. 2.3). 

2.10 CALCULATION OF THE CRITICAL LOAD 
BY FINITE DIFFERENCES 

In this article the finite-difference method will be used to determine the 
criticalload of the hinged-hinged column shown in Fig. 2- I 4a. The solution 

!p 

-1 
n --

Y1 

1 l X h=l+=r-_1 n 1--

0--
~ 

tp 
Fig. 2-14 Hinged-hinged column 

(o) (b) subdivided into Il equal segments. 

follows the generaI outline of a similar analysis presented by Salvadori (Ref. 
2.4). The differentiai equation and boundary conditions for a hinged-hinged 
column are 

and 

Y" + ~Y = O El 

y(O) = y(l) = O 

(2.81) 

(2.82) 

To obtain the corresponding difference relations, the span of the member is 
divided into n equal segments of length h = l/n and the deflection at the end 
of the ith segment is denoted by Yi (Fig. 2-14b). According to Eq. (2.78), the 
second derivative at point i can be approximated by the difference ratio 

(2.83) 

in which Yi+ l and Yi-1 are the deflections at points on either side of point i. 
If (2.83) is substituted for the second derivative in Eq. (2.81), one obtains 

ph 2 

Yi+il - 2Yi + Yi-II + El Yi = O (2.84) 

the difference equation at point i. 
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The differential equation is an exact expression of the condition of 
equilibrium. By satisfying it, one establishes equilibrium everywhere along 
the member. By comparison, the difference equation expresses the equilibrium 
condition only approximately, and by satisfying it one attempts to establish 
equilibrium only at the point X = i. 

First approximation Il = 2 

Let the member be divided into two equal parts of length h = 1/2, and let 
the ends of these segments be denoted by i = O, I, and 2, as shown in Fig. 
2- 15. In this case, it is necessary to write the difference equation only at the 

Fig.2-15 Approximation with 
11=2. 

-t 
1 
"2 
t -t 
1 
"2 
_t 

i = 2 

i= 1 

i = O 

point i = I. At the two boundary points, both deflection and curvature 
vanish and the equation is satisfied identicalIy. Writing Eq. (2.84) at i = l 
gives 

Pl2 
Y2 - 2Yl + Yo + 4El Y1 = O (2.85) 

From the boundary conditions 

Yo = Y2 = O 

Thus (2.86) 

As is typical in !inear buckling problems, Eq. (2.86) Ieads to the triviai solu­
tion of equilibrium at any load, provided Y l = O, and to the cl'iticalload 

(2.87) 

Comparison ofthis l'esult with the exact solution, 9.87EI/f2, shows the finite­
difference approximation to be in error by about 19 %. To obtain a more 
accurate solution, it is necessary to satisfy the difference equation at more 
than one interiol' point. 

Secol1d approximatiol1 n = 3 

If the member is divided into three equal segments of length h = 1/3, as 
shown in Fig. 2-16, there will be two interi or points, i = l and 2, at which the 
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-t- i =3 
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3" 
_t-i=O 

Fig. 2-16 Approximation with 
1/ = 3. 

difference equation can be written. Writing Eq. (2.84) at i = 1 Icads to 

Y2 - 2YI + Yo + AYI = O (2.88) 

and at i = 2 one obtains 

(2.89) 

in which A = PZZ/9EI. 
Making use of the boundary conditions and rearranging terms, Eqs. 

(2.88) and (2.89) can be rewritten in the form 

(A - 2)YI + Y2 = O 

YI + (A - 2)Y2 = O 

These equations are linear and homogeneous. As such they have a trivial 
solution YI = Y2 = O and a nontrivial solution that is obtained by setting 
their determinant equal to zero. That is, 

IA~2 A~21-0 (2.90) 

Expanding Eq. (2.90) leads to 

..1,2 - 4..1, + 3 = O (2.91) 

a polynomial equation whose smallest root is the criticalload. The roots of 
Eq. (2.91) are 

from which 

9EI 
P j =[2' 

P
2 

= 27EI 
12 
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Hence the criticalload is 

9EI 
Pcr = [2 (2.92) 

This solution differs from the Euler lòad by 9 %. The 19 % error that existed 
when the difference equation was satisfied at only one interior point has thus 
been reduced to 9 % by satisfying the difference equation at two interior 
points. 

Third approximation 11 = 4 

lf the member is divided into four equal parts of length II = 1/4, as shown 
in Fig. 2-17, there will be three interior points at which the difference equation 

Fig.2-17 Approximation with 
Il =4. 
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can be written. However, taking into account the fact that the buckling mode 
of a hinged-hinged column is symmetricaI, that is, YI = Y3' the number of 
equations that must be written is reduced to two. At i = 1, Eq. (2.84) leads to 

PZZ 
Y2 - 2YI + Yo + l6EI YI = O (2.93) 

and at i = 2 one obtains 

(2.94) 

Making use of the boundary conditions and symmetry, these equations can 
be rewritten as 

YI(A - 2) + Y2 = O 

YI(2) + yzCA - 2) = O 
(2.95) 
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where .,1,= PP/16EI. Setting the determinant of Eqs. (2.95) equal to zero 
gives the quadratic equation 

.,1,2 - 4.,1, + 2 = O (2.96) 

whose smallest root is A = 0.59. Hencè 

(2.97) 

This answer differs from the Euler load by 5 %. 
By continuing to increase the degrees of freedom and satisfying the 

difference equation at more and more points, the accuracy of the solution can 
be improved to any desirable degree. However, this process entails the solu­
tion of a large number of simultaneous equations. As indicated by Salvadori 
(Ref. 2.4), a quicker and much simpler way of increasing the accuracy of the 
solution is afforded by Richardson's extrapolation scheme. 

It can be shown that the error, e, of the approximate solution is roughly 
proportional to the square of the mesh size, h. Thus 

e = Ch2 (2.98) 

in which C is a constant. If 111 and 11 2 are the number of sections into which a 
member has been divided, and hl = 1/111 and h2 = 11/12 are the corresponding 
mesh sizes, and if p 1 and p 2 are the approximations of the exact solution, P, 
obtained thus, then the corresponding errors are 

and 

Elimination of C between these relations leads to 

p = nrP 1 - n!P2 
/1r - n! (2.99) 

Equation (2.99) gives the extrapolated value of the solution provided the 
approximations Pl and P2 are approaching the exact solution monotonically. 
H is usually possible to obtain a monotonic convergence by choosing a 
proper sequence of n's. 

To illustrate the effectiveness of Richardson's extrapolation scheme, the 
approximate results obtained for the hinged-hinged column, letting 11 = 3 
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and 4, will be substituted into Eq. (2.99). Thus 

from which 

(2.100) 

This solution differs from the Euler lo ad by only 0.2 %. 
Each of the approximate solutions together with the percentage of error 

between it and the exact answer are given in Table 2-1. These results indicate 
that a simple extrapolation has increased the accuracy of the solution con­
siderably. A similar increase in accuracy could have been obtained without 
the extrap~lation formula only by dividing the member into a very 1arge 
number of mtervals and by solving the resulting large number of simultane­
ous equations. 

Table 2-1 Summary of finite-difference soIutions for hinged-hinged 
column 

Case À = Pcr/
2 

El % Error 

Approx. with 
11=2 8 19 

3 9 9 
4 9.4 5 

Extrapolation 
ofll = 3,4 9.85 0.2 

Exact 
soIution 9.87 O 

2.11 HIGHER-ORDER DERIVATIVES 

Th~ so.lution. by finite differences of an equation involving higher-order 
?enva.tIves wl11 now be considered. The column shown in Fig. 2-18a is built 
In at ltS lower end and simply supported at its upper end. Hs behavior is 
governed by the differenti al equation 

yIV + ..!....y" = O 
El (2.101) 
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1- 1 

0-

Ch.2 

Fig.2-18 Fixed-hinged column sub-
(a) (b) divided into Il equal segments. 

and by the boundary eonditions 

y(O) = y'(O) = y(l) = yl/(l) = O (2.102) 

To obtain the finite-differenee formulation of the problem, the member 
is divided into n equal segments of length h = l/n (Fig. 2-l8b). The differenee 
equation at any point x = i is obtained by substituting the eentral-differenee 
ratios given by Eqs. (2.78) and (2.80) for the derivati ves in Eq. (2.101). Thus 

Ph2 

YI+2h - 4YI+h + 6YI - 4YH + YI-2h + El (Yl+h - 2YI + Y/-h) = O 

(2.103) 

First approximation n = 2 

Let the member be divided into two equal parts of length h = 1/2, as shown 
in Fig. 2-19, and let the ends ofthese segments be denoted by i = O, 1, and 2. 
Two additional segments extending from i = O to i = -1 and from i = 2 to 
i = 3 are formed by prolonging the axis of the member a distane e 1/2 beyond 
eaeh end (see figure). It is neeessary to imagine the member to be extended 
in this manner beeause the fourth differenee ratio of the defieetion at i = 1 
involves the defieetion at points two intervals away from i = 1. 

Writing Eq. (2.103) at i = 1 gives 

(2.104) 

Sinee the defieetions at the end of the member must vanish, 

Yo = Y2 = O (2.105) 
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Fig.2-19 Approximation with 
11 = 2. 
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\1 

i=2 

Y1 

i = 1 

The eondition of zero slope at x = O leads to 

Yl -Y l l = O 

from which 

Y-l =Yl (2.106) 

The ,fourth boundary eondition of zero moment at x = l requires that 

In view of the faet that Y2 = O, this ean be redueed to 

(2.107) 

The ~esults obtained and expressed by Eqs. (2.106) and (2.107) ean be 
summanzed as follows: If the end of a member is fixed the defieetion at a 
distanee h outside the support ean be assumed to be equaÌ to the defieetion at 
a distanee h inside the supporto For a hinged end the defieetion at a distanee 
h outside the support is approximated by the negative of the defieetion at a 
distanee Il inside the support. In other words, the defieetion funetion must be 
symmetric about a normal to the member at the support for a fixed end and 
antisymmetrie about the same normal for a hinged end. 
. S~bs:ituting Eqs. (2.105), (2.106), and (2.107) into Eq. (2.104) and 

slmplIfymg, one obtains 

( P12) 
Yl 6 - 2EI = O (2.108) 
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Equation (2.108) gives the trivia1 solution of equilibrium at any load, provided 
Yl = O, and the criticalload 

p = 12EI 
cr [2 (2.109) 

This solution differs from the exact answer, 20.2EI/P, by 41 %. 

Second approximation n = 3 

Let the member be divided into three equal parts of length h = 1/3, and 
1et the axis of the member be extended beyond each support a distance 1/3, as 
shown in Fig. 2-20. The ends of the segments thus formed are 1abeled from 

-t-
1 
"3 
t -t-
1 
"3 
t -t--
l­
"3 
t -t-
l­
"3 
t -t-

i=4("TO 
\\1 
\ ~Y4 , 1 
,I 

i = 3 

i= 2 

i = 1 

i=O 

1 
"3 

_t_ i =-1 
Fig. 2-20 Approximation with 
Il = 3. 

i = -1 to i = 4, inclusively. Writing Eq. (2.l03) at i = l gives 

(2.l10) 

and at i = 2 one obtains 

(2.111) 

With the aid of the boundary conditions given by Eqs. (2.l05), (2.106), and 
(2.107), these equations reduce to 

Yl(7 - 2À) + Y2(À - 4) = O 

Yl(À - 4) + Y2(5 - 2À) = O 
(2.112) 

To obtain the nontrivial solution of Eqs. (2.112), their determinant is set 
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equal to zero. This leads to the quadratic equation 

3À2 - 16À + 19 = O (2.113) 

whose smallest root is À = l.78. Hence 

p = 16.lEI 
cr 12 (2.114) 

This answer differs from the exact solution of 20.2EI/12 by 20 %. 
To improve the accuracy of the solution further, Richardson's extrapola­

tion formula can now be applied. Substituting the results given by (2.lO9) 
and (2.114) for n = 2 and Il = 3 into Eq. (2.99), one obtains 

and 

p = 4(12)4 -=-9~16.1) = 19.4 

El 
Pcr = 19.4[2 (2.115) 

Compared to the approximate solution for Il = 3, which is in error by 20 %, 
the extrapolated solution differs from the exact answer by only 4 %. 

2.12 UNEVENLY SPACED PIVOTAL POINTS 

In some problems it is convenient to divide the member into segments of 
unequallength. This makes it necessary to have expressions for the deriva­
tives of a function in terms of the value of the function at unevenly spaced 
intervals. For the function f(x), given by the curve in Fig. 2-21, the first 

f (x) 

f(i + ah) 
-----------

Fig. 2-21 Unevenly spaced pivotal 
points. 

centraI difference, at the point x = i, is 

x=i 

t::..j. = fU + ah) - fU - Il) 
I Il(a + 1) 

(2.116) 
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in which f(i + ah) and fU - 11) are the values of f(x) at x = i + ah and 
x = i - h, respectively. The second centrai difference, obtained by taking 
the difference of the first difference, is 

(2.117) 

-!h(a + 1) 

2[fh" - f(l + a) + af-I,] 
= hZa(a + 1) 

To illustrate the use of unevenly spaced pivotal points, the criticalload 
of the stepped column in Fig. 2-22a will be determined. * The column is 

T 5 T 
lo 

1-
1- "6 
2[ LI 4 + t 51 

T 24 
3 t 

1, Io l 
"2 4" 

I 2 4-
51 

T + l lo 
4" LI l 

~ 
"6 

i=O --.L 

P Fig. 2-22 Column with varying 
moment of inertia subdivided into 

(a) (b) segments of unequal length. 

hinged at both ends and has a moment of inertia equal to lo for the centrai 
half of the span and to 10/4 for the remaining parts of the member. Let the 

*The solution of a similar problem can be found in Ref. 2.2. 
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member be subdivided into five parts, as shown in Fig. 2-22b. The ends of 
the segments thus formed, called pivotal points, are denoted by i = O, 1, 2, 3, 
4, and 5. The consequence of subdividing the member in this manner is that 
each pivotal point is at the center of a length of column for \\(hich I is 
constant. 

The differenti al equation and the boundary conditions for a hinged-hinged 
column are 

and 

Y" + ~Y = O El 

y(O) = y(l) = O 

(2.118) 

(2.119) 

Substitution of the difference ratio for the second derivative given by Eq. 
(2.117) into (2.118) leads to 

(2.120) 

the difference equation at the point x = i. 
Due to the symmetric shape ofthe deflection curve, the difference equation 

need be written only at the points i = 1 and i = 2. At i = 1 

and Eq. (2.120) becomes 

At i = 2 

I 
h=6' 

51 
h = 24' 

and the difference equation is 

a = 1.25 

(2.121) 

a = 1.2 

(2.122) 

In view of the boundary conditions, Yo = O, and, as a result of symmetry, 
)'3 = Y2' Hence Eqs. (2.121) and (2.122) can be reduced to the form 

Yl(À - 1.60) + Y2(0.71) = O 

Yl(0.91) + yz(0.39À - 0.91) = O 

in which À = Pf2/9Elo. 

(2.123) 
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To obtain the nontrivial solution to these equations, their determinant 
must be made to vanish. This leads to the quadratic equation 

0.39,1,2 - 1.53,1 + 0.81 = O (2.124) 

whose smallest root is ,1 = 0.63. Hence 

Pcr = 0.57~;O (2.125) 

This solution differs from the exact buckling load, 0.65Elo/P, by 12.3 %. 

2.13 MATRIX STIFFNESS METHOD­
FLEXURAL MEMBERS 

I ntroduction 

The matrix method is a numerical technique that uses matrix algebra to 
analyze structural systems. It idealizes the system as an assembly of discrete 
elements connected to one another at points called nodes. For example, the 
beam in Fig. 2-23 is shown subdivided into two elements, elements ab and be. 
Associated with each element are generalized displacements, 0, used to 
describe its deformation, and the corresponding generalizeJ forces, q. The 
term generalized denotes the fact that q can be a moment as well as a force 
and ° a rotation as well as a deflection. The q's are internai forces as far as 
the overall structure is concerned, but they are external forces when individuai 
elements are considered. Since they refer to the element, the q's are called 
element forees, and the o's are called element displacements. 

The load-deformation characteristics of an element can be given by 
means of the matrix equation 

l

qlllk ll 

kl2 k
l3 kl4llOlJ q2 k 21 k 22 k 23 k 24 02 

q3 - k 31 k 32 k33 k34 03 

q4 k 41 k 42 k43 k44 04 

(2.126) 

in which the stiffness influence coefficient k il is the force q, due to a unit 
displacement 0J when aH other o's are zero. The matrix made up of these 
influence coefficients is called the element stiffness matrix. 

A relation similar to Eq. (2.126), expressing the load-deformation 
characteristics of the overall structure, is 
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1--- ~ ----..·1 
!p 

a~t-----b ____ ~c 
II~'-----L-------~'I 

q4,84 q6,86 

Q2' 82 (L--I --0 (,------I _--------JI) Q8' 88 

tQ1,81 Q3,83t Q7,87t 
1--1-= ~------I 1---1-=~-1 

Elemenl ab Elemenl bc 

Elemenl force and displacemenl nolalion 

W2,62 W4 ,64 W6 ,66 

a(1 (} Qc 
tWt,6 1 tW3,6 3 t W5 , 6 5 

Slruclure force and displacemenl nolalion 

Fig. 2-23 Nodal forces and displacements far a beam. 

Wl KII K 12 KI3 K I4 KIs KI6 .1. 1 

W2 K 21 K 22 K 23 K 24 K 2S K 26 .1.2 

W3 K31 K32 K33 K34 K 3s K36 .1.3 

W4 K 41 K 42 K43 K44 K 4s K46 .1.4 
(2.127) 

Ws K SI K S2 KS3 KS4 Kss KS6 Lls 
W6 K61 K 62 K63 K64 K 6S K66 .1.6 

or in abbreviated form 
[W] [K][Ll] (2.128) 

The displacements Ll} and the loads ~ that make up the displacement 
matrix [.1.] and the load matrix [W] are depicted in Fig. 2-23. They are the 
generalized structure node point displacements and the corresponding 
generalized structure loads that act at these node points. The matrix [K] that 
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relates the structure Ioads [W] to the structure displacements [il] is known as 
the structure stiffness matrix. 

The analysis of a structure by the matrix method consists of two steps. In 
the first, the structure stiffness matrix [K] is synthesized from the stiffness 
matrices of the individuaI elements. This is usually accomplished by applying 
at each node the conditions of equilibrium and deformation compatibility. 
In the second step the structure displacements and the externai reactions are 
obtained from the structure stiffness matrix [K] and the Ioad matrix [W]. To 
illustrate these procedures, Iet us use the matrix method to determine the 
midspan deflection and fixed-end moments for the beam in Fig. 2-23. 

Formation of Element Stiffness Matrices 

To form the structure stiffness matrix, the stiffness matrices of the indi­
viduaI elements must first be constructed. The stiffness matrix for element ab 
will be of the form given by Eq. (2.126). The first column of the matrix is 
obtained by applying a unit translation, 01, to the Ieft end of the element and 
keeping Oz, 03 , and 04 at zero (see Fig. 2-24a). According to the definition of a 

k21 

8,~1[(~) 

(a) (b) 

(c) (d) 

Fig. 2-24 Components of element stiffness matrix. 

stiffness influence coefficient, k Zl and k 41 are the moments induced at the Ieft 
and right ends of the member by the unit translation O l' From the siope­
deflection equation 

The shears, k ll and k3!> that are aiso induced by the unit translation 01 are 
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obtained by considering moment equilibrium of the element. They are equal 
to 

12EI 
k ll = +-'-3-' 12EI 

k 31 = --'3-
In a similar manner, by applying unit displacements 02, 03 , and 04 (Figs. 
2-24b, c and d), the remaining terms in the element stiffness matrix can be 
evaluated. The enti re matrix, for element ab, is 

12EI 6EI I2EI 6EI -'3- -[2 --/-3- -[2 

6EI 4EI 6EI 2EI 

[k].b = 
-[2 -/- [2 -,-

I2EI 6EI 12EI 6EI 
(2.129) 

--[3- [2 -/3- [2 

6EI 2EI 6EI 4EI 
-[2 -/- [2 -/-

Except for different subscripts on the q's and o's, the two beam elements are 
identica!. The stiffness matrix for element be, [k]bc, is therefore identical to 
[k].b· 

Before proceeding with the synthesis of the structure stiffness matrix [K] 
from the stiffness matrices of the individuai elements, it is usefui to combine 
the latter into a single composite element stiffness matrix [le]. Thus 

12 6 12 6 
01 ql p: -T -p: -T 

6 4 6 2 O2 q2 -T T 
12 6 12 6 q3 -[2 T p: T 03 

6 2 6 4 04 q4 
El -T T 

-T _. ~ ~~~~- -- ---
-----~------

12 6 12 6 qs p: -T -p: -T Os 

6 4 6 2 06 
q6 -T T 
q7 12 6 12 6 

07 -p: T p: T 
q8 6 2 6 

4 08 -T T 

(2.130) 
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or [q] = [k][v] (2.131) 

Formation of Structure Stiffness Matrix, Method A: 
Equilibrium and Compatibility 

The structure stiffness matrix can be obtained from the element stiffness 
matrices by applying the conditions of equilibrium and compatibility at each 
node. Equilibrium is satisfied if 

Wl = q\> W2 = q2' W3 = q3 + qs 

W4 = q4 + q6' Ws = q7' W6 =qs 
(2.132) 

Putting these relations into matrix form gives 

ql 

Wl O O O O O O O q2 

W2 O O O O O O O q3 

W3 O O l O O O O q4 

W4 O O O l O l O O qs 
(2.133) 

Ws O O O O O O O q6 

W6 O O O O O O O q7 

qs 

or simply 
[W] = [A][q] (2.134) 

Equation (2.134) can be regarded as a linear transformation in which the 
matrix [A] transforms the element forces into structure loads. In a similar 
manner, the compatibility relations 

VI = Ll I, 152 = Ll2 , 153 = Os = Ll3 
154 = 156 = Ll4 , 157 = Lls, Vs = Ll6 

can be expressed by the matrix equation 

VI l O O O O O 

152 O 1 O O O O Ll i 

15 3 O O 1 O O O Ll 2 

154 O O O O O Ll3 
(2.135) 

Vs O O O O O Ll4 
156 O O O O O Lls 
157 O O O O I O Ll6 
Vs O O O O O 
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or (V] = [B](Ll] (2.136) 

in which (B] is the matrix that transforms the structure deformations into 
element deformations. 

AH the information necessary to transform the composite element stiff­
ness matrix into the structure stiffness matrix is now available. Starting 
with Eq. (2.134) and making use of relations (2.131) and (2.136), one can 
write 

(W] = (A](q] = (A][k][v] = (A](k][B](Ll] 

Comparison of this result with the relationship in (2.128) indicates that 

(K] = [A][k](B] (2.137) 

Hence [K], the structure stiffness matrix, is obtained from (k], the composite 
element stiffness matrix, by premultiplying the latter by [A] and postmultiply­
ing it by (B]. 

It will now be shown that (A] and (B] are related to one another and that 
only one of these two matrices is needed to transform [k] into [K]. The 
strain energy stored in a structure is equal to the work performed by the 
externalloads acting on the structure. Thus 

u = ~;[LlY[W] (2.138) 

However, the stra in energy is also equal to the work performed by the 
element forces acting on the elements of the structure. That is, 

Hence 

U = HvY(q] 

t(LlY(W] = t[vY(q] 

Substitution of [A][q] for (W] and (LlY(BY for (vY leads to 

or 

t[LlY[A](q] = t[LlY(BY(q] 

(A] = [By 

(2.139) 

(2.140) 

(2.141) 

(2.142) 

Hence (By is equal to [A] and Eq. (2.137), which prescribes the manner in 
which (K] is synthesized from (k], becomes 

(K] = (BY(k][B] (2.143) 

If the operation indicated by (2.143) is carried out using the element 
stiffness matrix given in (2.130) and the transformation matrix given by 
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(2.135), one obtains 

~1 ~2 ~3 ~4 ~5 ~6 

12 6 12 6 O O 72 -T -72 -T 
6 4 6 2 O O -T T 
12 6 24 O 12 6 

[K] = El 
-72 T 72 -72 -T 

l 6 6 
-T 2 O 8 T 2 

(2.144) 

O O 12 6 12 6 
-72 T 72 T 

O O 6 2 6 4 -T T 

the structure stiffness matrix for the enti re beam. 

Formation of Structure Stiffness Matrix, Method B : 
Transformation of Coordinates 

In the foregoing, the structure stiffness matrix was obtained from the 
element stiffness matrices by applying conditions of equilibrium and defor­
mation compatibility at the nodes. Alternatively, the synthesis of [K] from 
[k] can be seen as a transformation of coordinates. The element stiffness 
matrix is written in terms of element deformations, and the structure stiffness 
matrix in terms of structure deformations. A transformation from one matrix 
to the other, as given by Eq. (2.143), can therefore be considered to be a 
transformation from element to structure coordinates. The matrix [B], which 
is used to carry out the transformation, is commonly referred to as the 
transformation matrix. It is made up of the direction cosines between the 
structure and element coordinate axes. 

In the relation 

[o] = [B][~] (2.145) 

the matrix [B] transforms structure deformation vectors into element defor­
mation vectors. Since the element and structure force vectors coincide with 
the corresponding element and structure deformation vectors, the forces must 
transform in precisely the same manner at the deformations. That is, 

[q] = [B][W] (2.146) 

Art. 2.13 Matrix Stiffness Method-F/exura/ Members 129 

Substitution of Eqs. (2.145) and (2.146) into the element stiffness relation 

[q] = [k][o] 

1eads to 

[B][W] = [k][B][~] 
or [W] = [B]-I[k][B][~] 

Since [B] represents an orthogonal transformation that is , , 

Eq. (2.149) can be rewritten as 

[W] = [BY[k][B][~] 
from which 

[K] = [By[k][B] 

(2.147) 

(2.148) 

(2.149) 

(2.150) 

(2.151) 

(2.152) 

This relation, arrived at earlier by considering equilibrium and compatibility, 
has now been shown to also represent a transformation of coordinates. 
However, the main difference between methods A and B is not the manner in 
which Eq. (2.152) is interpreted. Rather it is in the procedure used to carry 
out the calculation of [K] that the primary distinction lies. 

The transformation from element to structure coordinates, represented by 
Eq. (2.152), can be carried out either before or after combining the stiffness 
matrices corresponding to the individuai elements. In the preceding caIcula­
tions the individu~1 element stiffness matrices were first combined to form the 
composite element stiffness matrix, and this matrix was then transformed into 
the structure stiffness matrix. However, it sometimes requires less computer 
effort to transform each of the element stiffness matrices individually into 
structure coordinates, and then combine the transformed matrices into a 
structure stiffness matrix. The latteI' procedure, which is usually referred to as 
the direct sti.fJiless method, will now be iIIustrated. 

To obtain [K] for the beam in Fig. 2-23, transformation matrices are 
required for each of the two elements. These matrices are obtained from 
equations that relate the element to the structure coordinates. Thus 

(2.153) 
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and 

(2. I 54) 

define the transformation matrices [B]ab and [B]bc' The terms in tpe transfor­
mation matrices are the direction cosines between the element and structure 
deformation vectors. Since these vectors coincide for the structure being 
considered, the transformation matrices are both identity matrices. 

The relationships between element and structure deformations given by 
Eqs. (2.153) and (2.154) are of course identical to those given by Eq. (2.135). 
The only difference is that these relations are now considered to be transfor­
mations of the deformation vectors from one coordinate system to another, 
whereas they were previously looked on as being equations of deformation 
compatibility. 

Using the transformation matrices [B]ab and [B]bc' and carrying out the 
operations indicated by Eq. (2.152) on each of the two element stiffness 
matrices [k]ab and [k]bc' one obtains 

~l ~2 ~3 Ll4 
12 6 12 6 

Wl 72 -7 -72 -7 
6 

4 
6 2 W2 El -7 7 

[K]ab = 7 
12 6 12 6 

-72 7 72 7 W 3 

(2.155) 

6 
2 

6 
4 W4 -7 7 

~3 ~4 ~s Ll6 
12 6 12 6 W3 72 -7 -72 -7 
6 

4 
6 2 W4 El ~7 7 

[Khc = 7 
12 6 12 6 

-12 7 72 7 Ws 

(2.156) 

6 
2 6 4 W6 -7 7 

The stiffness matrix [K] ofthe enti re structure is now constructed by com-
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[K]ab and [K]bc' that is, by placing the individuai terms from [K]ab and 
into their correct position in the matrix [K]. The row and column of [K] 
which any term from [KJab and [Khc go es is indicated in (2.155) and 

These designations are obtained from the law of matrix multiplica­
The row and column of any term in [K]mll is obtained from the corre­

row in [B]~n and the corresponding column in [B]""" 
Combination of [K]ab and [K]bc in the manner described leads to 

~l 

12 
12 
6 

-7 

12 

El -72 
[K] =-

l 6 
-7 

6 : 
-7: , , , 

2 ' , , 

~6 

o o 

o o 
6 :--24-------:---1-i-----6-

O 7: 72 : -72 -7 
, 

2: O , 8 6 
7 2 

------------------------~ 

O 

O 

O: 12 
: -72 , 
: 6 

0'-­
: l 

6 
7 

2 

12 
72 
6 

7 

6 
7 

4 

(2.157) 

The dashed lines indicate the manner in which the element matrices have been 
combined to form the structure matrix. Whenever a term such as W 3 , ~3 
appears in two element matrice s, the corresponding terms in the structure 
matrix is equal to the sum of the former. The structure stiffness matrix 
formed by superposing element matrices is of course identical to the one given 
in (2.144). 

Structure Deflections and Element Forces 

Equation (2.157) relates ali possible structure nodal displacements to the 
corresponding structure node point loads. Before attempting to solve for any 
of these displacements, it is convenient to distinguish between those that are 
unknown and those that are fixed as a result ofthe boundary conditions. This 
is accomplished by rearranging and then partitioning the deformation matrix 
[~] into two submatrices [~]a and [~h. Included in [~]a are the unknown nodal 
displacements and in [~]b the nodal displacements prescribed by the boundary 
conditions. The load matrix [W] and the stiffness matrix [K] are then rear­
ranged and partitioned accordingly. Thus 

(2.158) 
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in which the submatrix [W]a contains the loads corresponding to the unknown 
nodal displacements and the submatrix [Wh the reactions at the known nodal 
displacements. 

In many problems the nodal displacements prescribed by the boundary 
conditions are all zero. Equation (2.158) can then be separated into the 
following two relations: 

and 

[Wa] = [Kaa][Lla] 

[Wb] = [Kbal[LlaJ 

If one multiplies both sides of Eq. (2.159) by [Kaal-I, one obtains 

(2.159) 

(2.160) 

(2.161) 

from which the unknown no dal displacements [Lla] can be determined. Once 
[Lla] has been obtained, the reactions [Wb] can be found using Eq. (2.160). 

For the fixed-end beam in Fig. 2-23, Ll i = Ll2 = Lls = Ll6 = O. Con­
sequently, [Lla] consists of Ll3 and Ll4 , and Eq. (2.159) takes the form 

[:} ~t~4 :t:] (2.162) 

Inverting the stiffness matrix and noting that W4 = O, one obtains 

[Ll3] l [12 0J [W3] (2.163) 
Ll4 = 24E/ O 3 O 

from which the midspan deflection Ll3 is found to be 

(2.164) 

Having obtained [Lla] , the reactions [WbJ can be determined using Eq. 
(2.160). Thus 

12 6 
-72 -T 

l~}El 
6 2 [W l'] T 

24:/ (2.165) 
W s l 12 6 

W 6 
-72 T 

6 2 -T 
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and the fixed-end moments W2 and W6 are 

and 

w - 6E/ W 313 _ W 31 _ W 3L 
2 - f2 24E/ - 4 - -8-

W - _6E/ W 3 /3 _ _ W 31 __ W 3 L 
6 - f2 24E/ ,- 4 - -8-

(2.166) 

(2.167) 

In the preceding pages the matrix stiffness method has been used to obtain 
the deflection and reactons for a simple beam in bending. As a ruIe, matrix 
methods are intended to be used to analyze complex structures. The deflec­
don of a simple beam should obviously be obtained by traditional procedures 
and not by matrix analysis. However, a relatively simple problem is especially 
well suited for illustrating basic principles. It is with this object in mind that 
the preceding problem, as well as those that follow, is presented. 

2.14 MATRIX STlFFNESS METHOD­
COMPRESSION MEMBERS 

Introduction 

The stiffness method utilized in Article 2.13 to analyze a flexural member 
will now be used to study the behavior of a member that is subject to axial 
loading as well as bending (Ref. 2.5). Within the limitations of small displace­
ments and elastic stresses, the stiffness of a flexural member is a constant, and 
the linear relationship [Q] = [K][Ll] describes its behavior. By comparison, 
the stiffness of a member subject to both axialload and bending is a function 
of the axial load. It will later be demonstrated that the force-deflection 
relation of such a member takes the form 

(2.168) 

in which [Q] contains the transverse loads that cause bending, [Ll] contains the 
corresponding bending deformations, and P is the axial load. The stiffness 
matrix in this equation consists oftwo parts, [K], the standard stiffness matrix 
of a member subject only to flexure, and [KI ], a matrix which accounts for 
the effect that the axialload P has on the stiffness of the flexural member. 

Equation (2.168) can be used to obtain the deflection of a beam column. 
In addition, the equation can be used to obtain the criticalload of an axially 
loaded member. By definition, the criticalload is that axialload at which the 
bending stiffness of the member vanishes. Rewriting Eq. (2.168) in the form 

it becomes obvious that the bending stiffness vanishes; that is, [Ll] increases 
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without bound far finite values of [Q] only when the inverse of the stiffness 
matrix becomes infinitely large. Since the inverse of a matrix is obtained by 
dividing the adjoint matrix by the determinant, the inverse will blow up when 
the determinant vanishes. The criticalload can thus be found by setting the 
determinant of the stiffness matrix equal to zero. 

Element Stiffness Matrix for Beam Column 

Consider an element of a beam column subject to an axialload P and a 
set of loads [q], as shown in Fig. 2-25a. The corresponding displacements [o] 

Elemenl forces 

~ (_q_2 ___________ q_4~ ~ 

tq1 tq3 

I· l,El -I 
(a) 

84 

~82, ~I 
81 ~ '~ 
T 1------------~ 

Elemenl deformalions 
y 

(b) 

Fig. 2-25 Beam column element forces and displacements. 

are depicted in Fig. 2-25b. It is our purpose to find a matrix relationship 
between the loads [q] and the deformations [o] in the presence of the axial 
load P. As long as the deformations are small and the material obeys Hooke's 
law, the deformations corresponding to a given set of loads [q] and P are 
uniquely determined, regardless of the arder of application of the loads. The 
deformations [o] can therefore be determined by applying first the enti re axial 
load P and then the loads [q]. Under these circumstances the relation of [q] to 
[o] is linear, and the stiffness matrix can be evaluated using the principle of 
conservation of energy. 

The element is assumed to be loaded in two stages. During the first stage 
only the axialload P is applied, and during the second stage the element is 
bent by the [q] forces while P remains constant. Since the element is in 
equilibrium at the end of stage one as well as at the end of stage two, the 
external work must be equal to the strain energy not only far the entire loading 
process but also far stage two by itself. The external work corresponding to 
the second loading stage is 

We = i [o]T[q] + f J~ (yl)2 dx (2.169) 

in which the first term represents the work of the [q] forces and the second 
term the work due to P. Since the ends of the member approach each other 
during bending, the axial farce do es positive work when it is a compression 
farce and negative work if it is a tension farce. The strain energy stored in the 
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member during stage two is due only to bending. Thus 

u = EIJI (y")2 dx 
2 o 

Equating the strain energy to the external work gives 

i [oY[q] + f J: (yl)2 dx = ~l J: (y ")2 dx 

(2.170) 

(2.171) 

Making use ofthe relationship [q] = [k][o], in which [k] is the element stiffness 
matrix, Eq. (2.171) becomes 

[o]T[k][o] = El ( (y")2 dx - P ( (yl)2 dx (2.172) 

. To ev~luate [k], i~ is necessary to put the right-hand side of Eq. (2.172) 
111to matnx formo ThIS can be accomplished if the deflection y is assumed to 
be given by 

y = A + Ex + CX2 + DX3 (2.173) 

The choice of a deflection function is an extremely important step. A cubie is 
chosen in this instance because such a function satisfies the conditions of 
constant shear and linearly varying bending moment that exist in the beam 
element. Taking the coordinate axes in the directions shown in Fig. 2-25b, 
the boundary conditions far the element are 

yl = 02 at x = O 

yl = 04 at x = I 

Substitution of these conditions into Eq. (2.173) makes it possible to evaluate 
the four arbitrary constants and to obtain the following expression far y: 

(2.174) 

Equation (2.174) can be rewritten in matrix form as 

y = [(3x
2 

_ 2
X

3 _ 1)(x _ 2X2 X
3
)(2x

3 
_ 3X

2
)(X

3 
- X2)J~!:J 

f2 f3 [ + /2 [3 [2 f2 [ 03 

04 
(2.175) 
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or y = [A][o] 

Differentiating the expression in (2.175) gives 

and 

in which 

y' = [C][o] 

y" = [D][o] 

(6 12x)( 4 6x)(12X 6)(6X 2) 
and [D] = p: - f3 -T + P r - p: p: - T 

In view of (2.176) and (2.177) one can write 

(y')2 = [oy[cy[C][o] 

and (y")2 = [oy[Dy[D][o] 

Substitution of these relations into (2.172) gives 

[oY[k][o] = [oY{EI ([DY[D] dx - P ( [CY[C] dx}[o] 

from which 

[k] = El ( [D]T[D] dx - P ( [CY[C] dx 

Ch.2 

(2.176) 

(2.177) 

(2.178) 

(2.179) 

(2.180) 

(2.181) 

(2.182) 

Using the expressions given in (2.178) and (2.179) for [C] and [D] and 
carrying out the operations indicated in (2.182), one obtains 

12 6 12 6 6 1 6 1 
73 -p: -73 -p: 5[ -lO -5[ -lO 

6 4 6 2 1 21 1 I 
-p: T p: T -lO 13 +10 -30 

[k] = El -p 
6 1 6 1 12 6 12 6 

-73 p: 73 p: -sr +10 5[ lO 

6 2 6 4 1 I 1 21 
-p: T p: T -lO -30 lO 15 

(2.183) 

Equation (2.183) gives the stiffness matrix of a beam column element. The 
matrix consists of two parts: the first is the conventionai stiffness matrix of a 
flexural element derived in Artic1e 2.13, and the second is a matrix repre­
senting the effect ofaxialloading on the bending stiffness. The latter matrix 
is sometimes referred to as an initial-stress stiffness matrix. As the name 
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implies, this matrix accounts for the influence that an initial constant axial 
load has on the subsequent bending characteristics of a member. The matrix 
was derived for an axial compression force. It could serve equally well for a 
member with an initial tension force if the sign preceding the second matrix 
were changed from minus to plus. 

Calculations involving the stiffness matrix of a beam column element are 
considerably simplified if every term in the matrix has the same dimensions. 
This can be accomplished by modifying the force and displacement matrices 
so that the terms in the former all have the dimension of force and those in the 
Iatter the dimension of distance. Thus 

6 l 6 1 
qt S -lO -S -lO 
q2 [12 -6 -12 -l I 2 l 1 

[::IJ 
T El -6 4 6 2 p -lO 13 lO -30 
q3 f3 -12 6 12 6 -T 6 l 6 l 
q4 -6 2 6 4 

-S TO S lO 041 T 
l l l 2 

-lO -30 lO 15 
(2.184) 

This form of the stiffness matrix is especially useful when the stiffness matrix 
must be inverted. 

Calculation of the Criticai Load 

As an iIlustration, the stiffness method will be used to determine the 
criticalload of the column shown in Fig. 2-26. The member has a length L 
and a uniform flexural rigidity El and for the purpose of the analysis is 
subdivided into two elements. The positive deformations and the corre­
sponding forces, for both the entire member and the individuaI elements are 
defined in the figure. ' 

The stiffness matrix of each element can be constructed in accordance 
with Eq. (2.184). Hence 

01 021 03 041 01 021 03 041 

12 -6 -12 -6 6 l 6 l 
S -lO -S -lO ql 

-6 4 6 2 1 2 l l q2 
El P -lO 15 lO -30 T [k]ab = J3 -T 6 l 6 l -12 6 12 6 -S lO 5 lO q3 

-6 2 6 4 1 l l 2 q4 
-lO -30 TO 15 I 

(2.185) 
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L,El b 

a ----y 

Fig. 2-26 Nodal forces and displacements for a column. 

15 5 15 61 15 7 15 81 15 5 15 61 157 15 sI 

6 1 6 1 
12 -6 -12 -6 S- -lO -S- -lO q5 

1 2 1 1 q6 
-6 4 6 2 -lO 15 lO -30 T El P 

[k]hc = f3 -T 6 1 6 1 
q7 -12 6 12 6 -S- lO S- lO 

1 1 1 2 qs 
-6 2 6 4 -lO -30 lO 15 I 

(2.186) 

The structure stiffness matrix for the entire coIumn will be obtained by 
transforming the individuaI element stiffness matrices from element to 
structure coordinates and then combining the resuIting matrices. The 
transformation matrices that re1ate the structure deformations to the element 
deformations are 

15 1 1521 153 1541 

[Hl.. 00 l~ 
O O 

T' 1 O O 1121 

O 1 O 113 

O O 1 1141 
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155 15 61 157 15 81 

[Hl., ~{~ 
O O 

T' O O 1141 

O 1 O 115 
O O 1 1161 

Carrying out for each element the transformation of coordinates in accor-
dance with (2.152), one obtains 

11 1 1121 113 1141 11 1 1121 113 1141 

12 -6 -12 -6 6 1 6 1 
Wl s- -lO -S- -lO 

-6 4 6 2 l 2 l 1 W2 

El P -lO 15 lO -30 -I 
[K]ab = F 

-12 6 12 6 
-7 6 1 6 1 W3 -S- lO S- lO 

-6 2 6 4 1 1 1 2 W4 
-lO -30 lO 15 -I 

(2.187) 

113 1141 115 1161 113 1141 115 1161 

12 -6 -12 -6 6 1 6 1 W3 s- -m -s- -lO 

-6 4 6 2 1 2 1 1 W4 
El P -lO 15 lO -30 -I 

[K]bc = F 
6 6 

-7 6 1 6 1 W5 -12 12 -S- lO 5 lO 

-6 2 6 4 1 1 1 2 W6 
-lO -30 lO 15 1 

(2.188) 

Since the transformation matrix for each element is an identity matrix, the 
transformation from e1ement to structure coordinates does not bring about a 
change in the magnitude of any of the terms inside the stiffness matrices. 
However, these terms now represent structure loads per unit structure defor-
mations, whereas they represented element forces per unit element deforma-
tions before. Accordingly, the row and column designations in (2.187) and 
(2.188) are 11 and W, whereas they were 15 and q in (2.185) and (2.186). 

Superimposing the matrices in (2.187) and (2.188), one obtains the 
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structure stiffness matrix for the enti re member. Thus 

1 
Wl 12 -6 -12 -6 l O O 1 

l 1 
l 

W2 
1 

O -6 4 6 2 1 O -I 1 
l 

-----------~---------_. 
l l 

W3 
-12 6: 24 O: -12 -6 El 1 1 

l l 

73 l l 

W4 
1 l 

-6 2 1 O 8 l 6 2 -I 1 1 1 1 
-----------~----------~ 1 

6 W 5 
O O: -12 6 12 

1 1 
W6 

1 
O O: -6 2 6 4 -I 1 

6 1 6 O O Li l S- -lO -S-

I 2 1 O O Li21 -lO 15 IO 
1-----------

6 1 l 12 Li3 1 -S- lO l S-P 1 
l -T 1 1 l 1 1 1 O Li41 -lO --I 

lO -30 30 : 

(2.189) 

------------i---6 1 6 1 
Li5 O 01--

lO 5 lO : 5 
I 
l 1 1 1 2 Li61 O O l 1 -m -30 IO 15 ! 

This matrix is valid for any boundary conditions. Using it, the critical10ad 
will now be determined for both a fixed-fixed and a hinged-hinged member. 

l. Fixed-fixed column 

For a fixed-end column, all Li's with the exception of Li3 vanish. Con­
sequently, the stiffness matrix given in (2.189) reduces to 

(2.190) 

from which 

(2.191) 

At the criticalload the bending stiffness of the member vanishes; that is, 
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Li3 becomes infinitely large for finite values of W 3 • Hence the quantity inside 
the parentheses must vanish at the criticalload. That is, 

from which 

(2.192) 

The exact solution to this problem is Pcr = 39.44EI/V. 

2. Hinged-hinged column 

For a hinged-hinged column, Li l = Li4 = Li5 = O. Crossing out the 
columns and rows ofthe stiffness matrix corresponding to the zero deforma­
tions gives 

[~} 
1 

O 
lO 

[!:'J 12 1 
5 -IO 

1 2 Li61 
-lO 15 

El[: p 
O 

By recognizing that Li6 = -Li2 , the stiffness matrix can be further reduced to 

(2.193) 

As in the previous example, the criterion for finding the criticai load is that 
the bending stiffness must vanish, or the inverse of the stiffness matrix must 
blow up. Hence the denominator of [K]-l, which is the determinant of [K], 
must be equal to zero. That is, 

(2.194) 

To simplify the numerica I computations, divide each term by El/P and 
introduce the notation 
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Equation (2.194) then takes the forro 

,1, 
6--

2 =0 
12 - ,1, 24 - 12,1, 

Expansion of (2.195) leads to the equation 

7.5,1,2 - 52À + 24 = O 

whose sroallest root is ,1, = 0.49. This gives 

p = 2.45EI _ 9.8EI 
er p - L2 

The exact value of the criticalload is of course 9.87 El/P. 
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Problems 

2.1 Determine an approximate value for the criticaI load of an axially loaded 
column, hinged at one end and fixed at the other, using the energy method. 
Approximate the deflected shape of the column by the deflection curve of a 
uniformIy loaded beam whose boundary conditions are the same as those of 
the column. 

2.2 Using the energy method, determine an approximate value for the criticai lo ad 
of the column shown in Fig. P2-1. 

2.3 (a) Use the energy method to determine the criticaI lo ad of a hinged-hinged 
column that is supported along its entire length by an elastic foundation, as 
shown in Fig. P2-2. As the column deflects the foundation exerts a force of 
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~P 
t p I 

I 
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2P 
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Fig. P2-1 Fig. P2-2 

fJ pounds per unit length per unit lateral deflection on the co1umn. Assume 
that the deflection of the column is given by the infinite series y = 
~:~1 ali sin(nnx/I). 

(b) Plot a curve of Per/Pe versus fJf2/Pe and use it to discuss the variation ofthe 
criticalload and the mode shape with the stiffness of the foundation fJ. (Hint: 
To obtain the desired curve it is necessary to de termine the number of half­
waves m that lead to the minimum criticalload for any given value of fJ. This 
can be accomplished by letting m take on successively higher values, starting 
with 1, and plotting the criticalload versus fJ for each case.) 

2.4 Determine an approximate value for the criticaI load of a hinged-hinged 
column whose moment of inertia varies linear1y from lo to 410 as shown in 
Fig. P2-3. Use the energy method and assume that the deflection is given by 
y = a sin(nx/l). 

(
p = 5n2Elo) 

er 2/2 

L 

1 
Fig. P2-3 
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2.5 Solve Problem 2,4 using the method of finite differences. Obtain solutions with 
the column divided into two and three segments and extrapolate these results 
using Richardson's method. 

2.6 Solve Problem 2.1 using the matrix method. Divide the member into two ele­
ments. (Note: The smallest root of a cubie equation must be obtained to find 
the critiealload.) 

2.7 Solve Problem 2.2 using the matrix method. Divide the member into two ele­
ments. (Note: The smallest root of a quartic equation must be obtained to find 
the criticalload.) 

3.1 INTRODUCTION 

3 
BEAM COLUMNS 

Beam columns are members that are subjected to both bending and axial 
compression. The bending may be caused either by moments applied to the 
ends of the member, as indicated in Fig. 3-1 a, or it may be due to transverse 

w -J} f f f f f f *1~ 
p / / P 

(a) (b) 

Fig.3-1 Beam column. 

loads acting directly on the member, as shown in Fig. 3-1 b. Thus vertical 
members in rigid frames that are both bent and compressed are beam columns. 
The eccentrically loaded column investigated in Article 1.11 was in essence 
also a beam column. However, our concern at that ti me was different from 
what it is now. The reason we studied an eccentrically loaded member in 
Article 1.11 was to learn what effect small amounts of bending, caused by 
unavoidable imperfections, have on axially loaded columns. By comparison, 
we are now concerned with members where both the bending and the axial 

145 
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compression are due to intentionally applied Ioads. In other words, bending 
is now a primary effect, whereas in the analysis of the eccentrically loaded 
coIumn it was a secondary effect. 

3.2 BEAM COLUMN WITH CONCENTRATED 
LATERAL LOAD 

Let us begin by considering a simpIy supported member of length I that is 
simultaneousIy acted on by a transverse load Q and axial forces P, as shown 
in Fig. 3-2. It is assumed that the material behaves according to Hooke's Iaw, 

p'~ ~P 
l' 1-·------+·1 

Fig. 3-2 Beam column with con­
centrated load. 

that deformations remain small, and that the member is Iaterally braced so 
that it can only bend in the vertical pIane. The case of a member that is not 
braced in this manner and which can therefore bend Iaterally as well as verti­
cally is considered in Chapter 5. 

If the coordinate axes are taken as indicated in the figure, the external 
moment, at a distance x from the origin, is 

M=Qx +Py 
2 

Equating this expression to the internaI resisting moment - E/y" gives 

d 2y Qx El- +Py =--
dX2 2 

or 
d 2y 2 _ Qx 
dX2 + k Y - - 2El 

in which 

k 2 = P 
El 

(3.1) 

(3.2) 
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The generaI solution to Eq. (3.1) is 

y = A sin kx + B cos kx _ Qx 
2P 

where A and Bare arbitrary constants. The boundary condition 

y = O at x = O 

Ieads to 

and from the condition that 

one obtains 

dy = O at x = 21 
dx 

A=.lL l 
2kP cos (kl/2) 

Substitution of these results in Eq. (3.3) gives 

- Q [ sin kx k ] 
y - 2Pk cos (kl/2) - x 

(3.3) 

(3.4) 

Instead of considering the deformation of the entire member, it is con­
venient from hereon to limit our attention to the midspan deflection a. 
Letting x = 1/2 in (3.4), one obtains 

or 

where 

a = .iL [sin (kl/2) _ kl] 
2Pk cos (kl/2) 2 

15= .iL (tan ti - ti) 
2Pk 

Multiplying and dividing the expression in (3.5) by 13/24El gives 

_ Q/3 24El 
15- 48El kPI3 (tan ti - ti) 

Q/3 3 
= 48El (kl/2) 3 (tan ti - ti) 

Q/3 3(tan ti - ti) 

= 48El u3 

(3.5) 

(3.6) 

(3.7) 
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The left-hand factor in this relation is the deflection that wouId exist if the 
transverse load Q were acting by itself. AccordingIy, we introduce the notation 

(3.8) 

and rewrite Eq. (3.7) as 

o = O 3 (tan u - u) 
o u3 

(3.9) 

To further simplify the expression for O, let us make use of the power series 
expansion of tan u, which is 

Substitution of this series for tan li in Eq. (3.9) gives 

O - O 1 + _u2 + _u4 + ... ( 
2 17 ) 

- o 5 105 (3.10) 

In view of (3.2) and (3.6) 

(3.11) 

and Eq. (3.10) can be rewritten as 

0= 00 [1 + 0.984~ + 0.998 (~)2 + ... ] 
Per Per 

or very nearly 

(3.12) 

Since the sum of the geometri c series inside the brackets is 1/[1 - (P/Per)], 
(3.12) reduces to 

(3.13) 

Equation (3.13) approximates very closeIy the maximum deflection of a 
simpIy supported member that is simultaneousIy bent by a transverse load Q 
and an axial force P. The equation indicates that the maximum deflection of 
the member is equal to 00 , the maximum deflection that wouId exist if only Q 
were acting, multiplied by an amplification factor that depends on the ratio 
P/Per, The ef'fect ofthe axialload is thus to magnify the deflection that would 
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exist in the beam if it, the axial force, were not present. Equation (3.13) also 
shows that the deflection of the beam column increases without bound as 
P/Pcr approaches unity. In other words, the resistance of the member to 
lateral deformation vanishes as the axialload approaches the criticalload. 
It is thus possible to determine the criticalload of a member by finding the 
axial load at which its bending stiffness vanishes. 

Having made some generaI observations regarding beam columns, let us 
now consider in detail their load-deflection characteristics. In Fig. 3-3a the 

Q 

8 

(a) 

E 
Fior 

l,Q --------------

.... -
~///\ 

Q = proportional lo P 

8 
(b) 

Fig. 3-3 Beam column load-deftection characteristics. 

variation of O with Q, as given by Eq. (3.13), is shown plotted for P = 0, 
p = O.4Pc" and P = 0.7 Per' Since the bending stiffness of a member is 
proportional to the slope of its load-deflection relation, these CUl'ves clear1y 
demonstrate that an increase in axial load produces a decrease in bending 
stiffness. The curves also show that the relation between Q and O, which we 
know to be linear when P = 0, remains linear even when P =F 0, provided P 
is a constant. However, if P is allowed to vary, as is the case in Fig. 3-3b, the 
Ioad-deflection relation is not linear. This is true regardIess of whether Q 
remains constant (solid curve) or increases as P increases ( dashed curve). The 
deflection of a beam column is thus a Iinear function of Q but a nonlinear 
function of P. If both P and Q increase simultaneously, the load-deflection 
relation is nonlinear. 

Having determined how the presence of an axialload affects the lateral 
deflection of a transverseIy loaded member, we shall now consider how the 
bending moment is affected by axial compression. The maximum bending 
moment in the member is 

(3.14) 
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which, in view of (3.8) and (3.13), can be written as 

_ Ql PQl3 1 
Mmax -""4 + 48EIl - (P/Per) 

or (3.15) 

Simplifying the term inside the bracket gives 

from which 

M = Ql1 - (0.18P/Pcr ) 
max 4 1 - (P/Pcr ) 

(3.16) 

The left-hand factor in (3.16) is the maximum moment that would exist if no 
axial force were present. Thus, letting 

Ql 
M O =""4 

the maximum moment in the beam column can be given as 

M = M 1 - (0.18P/Pcr) 

max o l - (P/Per) 

(3.17) 

(3.18) 

Equation (3.18) shows that the effect ofaxial compression on the bending 
moment is very similar to the effect that an axialload has on the deflection. 
Like the deflection, the moment that exists in the absence ofaxial compression 
is amplified by the prese ne e of an axialload. It is also interesting to note the 
similarity between the amplification factor for moment and the corresponding 
amplification facto l' for deflection. 

3.3 BEAM COLUMN WITH DISTRIBUTED 
LATERAL LOAD 

Let us now consider the case of a simply supported member bent by a 
uniformly distributed lateralload w and a set ofaxial forces P, as shown in 
Fig. 3-4. As before, we assume that the material obeys Hooke's law, that 
deformations remai n small, and that the member is restrained against lateral 
buckling. In Article 3.2 the investigation was carried out by setting up and 
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Fig.3-4 Beam co\umn with lateral1y 
distributed load. 

w 

solving the governing differenti al equation. To illustrate an alternative 
method of analysis, we shall now use the Rayleigh-Ritz method. 

In a beam column, bending and axial compression usually proceed 
simultaneously. However, the bending deformations can be assumed to be 
independent of the axial deformations as long as deformations in generai 
remain small. The analysis of a beam column by the energy method is there­
fare similar to the analysis of an axially loaded member. That is, the energy of 
axial compression is omitted and only bending energy is considered (see 
Article 2.2). 

The strain energy that is sto l'ed in the member as it bends is 

and the potential energy of the externalloads is 

I
l P Il (d )2 V = -IV o Y dx - 2" o l dx 

Thus the total energy in the system is 

EII
I 

(d
2 )2 Il P Il (d )2 U + V = -:2 o d,;: dx - IV o y dx - 2" o d~ dx (3.19) 

To satisfy the boundary conditions, the deflection y is assumed to be of the 
form 

~ . nx 
y=usmi (3.20) 

where o is the midspan deflection. Substitution of this expression into Eq. 
(3.19) gives 

U Elo2n4 fl . 2 nX d ~ Il . nX d + V = ~ o sm T x - lVu o sm T x 

Po2n2 Il 2 nx 
- 2[2 o cos T dx 

(3.21 ) 
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To evaluate (3.21), we make use of the folIowing definite integrals: 

• 2 nx 2 nx / Il Il 
o SIn l dx = o cos l dx = "2 

Il • nx 2/ 
SIn-dx=­

o / n 

Thus Eq. (3.21) becomes 

Ch.3 

(3.22) 

For the system to be in equilibrium the derivative of U + V with respect to 
~ must vanish. That is, 

from which 

(3.23) 

If the numerator and denominator of (3.23) are multiplied by 5/384EI, one 
obtains 

which reduces to 

5w/4 1536 l 
~ = 384EI 5n 5 l - (P/Per) 

or very nearly to 

(3.24) 

The left-hand factor in this relation is the deflection that would exist if the 
lateralload w were acting by itself. Thus we let 

~ 5w/4 

0= 384EI (3.25) 

and rewrite (3.24) as 

(3.26) 
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Equation (3.26) gives the maximum deflection of a simply supported beam 
that is bent simuItaneously by a distributed transverse load w and axial forces 
P. Since the assumed shape for y was not exact, the deflection given by (3.26) 
is only an approximation. However, it has been shown by Timoshenko and 
Gere (Ref. 1.2), who solved the problem rigorously, that the approximate 
solution differs from the exact answer only slightly. 

The maximum moment in the member is 

w/2 

M max = 8 + PO (3.27) 

In view of (3.25) and (3.26) this expression can be written as 

11'[2 5Pw/4 l 
M max = g + 384EI l - (P/Per) 

or 11'/2 [ 5P/2 l ] 
M max = 8 l + 48EI l - (P/Per) 

Simplifying the term inside the brackets, one obtains 

[rom which 

M _ wZZ [1 + (0.03P/Pcr )] 
max - 8 l - (P/Pcr ) (3.28) 

The term outside the brackets is the maximum moment that would exist if no 
axial force were present. If one lets 

(3.28) can be written in the form 

w[2 
Mo=g 

M = Mo l + (O.03P/Pcr) 
max l - (P/Pcr) 

(3.29) 

(3.30) 

The maximum deflection of the beam column given by Eq. (3.26) and the 
maximum moment given by Eq. (3.30) are thus both equal to the product of 
two terms, the maximum deflection or moment that would exist if only lateral 
load were present and an amplification factor that accounts for the effect of 
the axial load. What is perhaps most significant in these relations is their 
similarity to the corresponding expressions for deflection and moment 
obtained previously for a concentrated lateralload. It is at least partially due 
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to this similarity that a relatively simple design criterio n can be formulated 
for beam columns. 

3.4 EFFECT OFAXIAL LOAD ON BENDING STIFFNESS 
SLOPE-DEFLECTION EQUATION 

The slope-deflection equation provides a convenient way of expressing the 
bending stiffness of a member. The equation, which is derived in any standard 
text on indeterminate structures (Ref. 3.1), gives the moment MA induced at 
end A of a beam AB by end rotations () A and () Band by a displacement d of 
one end relative to the other. The equation usually takes the form 

(3.31) 

where CI> C2 , and C3 are stiffness influence coefficients. 
In conventional linear structural analysis, it is customary to neglect the 

effect ofaxial forces on the bending stiffness of flexural members and to deter­
mine the constants CI' C2 , and C3 accordingly. It has been shown, in ArticIes 
3.2 and 3.3, that this simplification is valid as long as the axialload remains 
small in comparison with the criticalload ofthe member. However, when the 
ratio of the axiai load to the criticaI load becomes sizeable, the bending 
stiffness is markedly reduced by the presence ofaxial compression, and it is 
no longer reasonable to neglect this reduction in determining the stiffness. 

In this article, a form of the slope-deflection equation that incIudes the 
effect ofaxial compression on the bending stiffness will be developed. In other 
words, the constants A, B, and C in the slope-deflection equation wilI be 
evaluated for a member simultaneously bent and axially compressed. It is 
convenient in making these calculations to deai separately with the joint 
rotations () and the member rotation di l. Let us consider a single member of a 
framework, shown in Fig. 3-5, on which axial compression loads are acting 
and whose ends have been rotated through angles () A and () B' thereby inducing 
moments MA and MB at the ends. Since joint translations will be considered 
separately later, it is assumed that the ends of the member do not translate 
laterally relative to one another. The coordinate axes are taken in the direc­
tions indicated, and moments acting on the ends of the member and end 
rotations are assumed to be positive when clockwise, as in the sIope-deflection 
sign convention. 

The moment at a distance x from the origin is 
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Fig. 3-5 End moments due to joint 
rotations. 
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1, 

Equating this expression to the internaI resisting moment - EI(d2yldx2) gives 

or 

where P k 2 =­El 

The generaI solution to Eq. (3.32) is 

y = A sin kx + B cos kx + ~A (1 - 1) + ~ 1 
where A and Bare arbitrary constants. 

The boundary condition 

leads to 

and from the condition that 

one obtains 

y = O at x = O 

B=MA 
P 

y = O at x = l 

(3.32) 

(3.33) 

(3.34) 
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Substitution of these results in Eq. (3.34) gives 

MA ( cos Id . x ) 
y = p - sin Id Slll kx -1- cos kx -1- T - l 

_ MB(_ sin kx -1- ~) 
P sin kl l 

(3.35) 

from which 

y' = MA(~ _ ksin Id sin kx.-1- cos Id cos kx) 
p I Slll kl 

-1- M B (~ _ k cos kx) 
p I sin kl 

(3.36) 

Making use of the identity 

cos(o: - p) = sin o: sin p -1- cos o: cos p 

and multiplying the numerator and denominator of the second term in each 
parenthesis of (3.36) by I, one obtains 

y' = MA[1 _ kl cos k(l- x)] -1- MB(1 _ Id cos kx) 
PI sin Id PI sin kl 

(3.37) 

The end rotation at A is obtained by setting x = O. Thus 

M M (JA = pi(l - kl cot kl) + pi(l - kl csc Id) (3.38) 

If numerator and denominator in (3.38) are multipli ed by I, and k 2EI is 
substituted for P, one obtains 

or 

where 

(JA = k~A~ll - kl cot kl) + k~~ll - Id csc Id) 

K=EI 
I 

l 
cf>n = (kl)2 (1 - kl cot Id) 

l 
cf>r=(kl)2(klcscld--I) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 
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In a similar manner, the rotation at end B of the member can be obtained. 
Setting x = I in Eq. (3.37) gives 

(JB = Af,i(l - Id csc kl) + Af,i(l - kl cot Id) 

from which 

(JB = k~~2 (1 - kl csc kl) + k~~2 (l - kl cot kl) 

or 

where K, cf>r, and cf>" are defined in (3.40) through (3.42). 

Solving Eqs. (3.39) and (3.43) for MA and MB' one obtains 

and 

Letting 

o: - cf>r r - ,/,2 _,/,2 
'/-'IJ 'fii 

(3.44) and (3.45) can be put into the same form as (3.31). That is, 

and 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

Equations (3.47) and (3.48) give the relation between end moments MA 
and MB and end rotations (J A and (J B for a member subject to both bending and 
axial compression. Let us now consider for the same type of member the 
relation between the end moments and a relative joint displacement A. 

The deformation, shown in Fig. 3-6, is brought about by displacing the 
ends of the member relative to one another a distance A and keeping the end 
rotations (J A and (J B at zero. As a consequence of this deformation, negative 
moments are induced at both ends of the member. Equating internai and 
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external moments, at a distance x from the origin, gives 

Eld2y + p = M(2x _ 1) + Pxll. 
dX2 Y l l 

or d
2
y + k2 = M (2x _ 1) + k 2

xll. 
dX2 y El l l 

where k 2 = P/El. The solution to Eq. (3.49) is 

M(2x ) xll. y = A sin kx + B cos kx +]i l - 1 +-1 

From the condition that y = O at x = O one obtains 

M 
B=]i 

and letting y = Il. at x = l gives 

A=_Mcosld+1 
P sin kl 

Substitution of these results in Eq. (3.50) gives 

M[ sin kX(I + 'l) + k + 2x 1J + xll. Y =]i - sin kl cos f( COS x T - -1-

and I M[ k cos kX(1 t- kl) ,., + 2 J + Il. Y =]i - sin kl - cos - f( SIll,(X T T 

(3.49) 

(3.50) 

(3.51) 

(3.52) 
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Furthermore, the condition dy/dx = O at x = lleads to 

0=- --o -(1 + cos k - k Slll k + - +-M[ k cos Id I)' 1 2 J Il. 
P Slll kl l l 

or Il. __ M[_ k(sin 2 kl + cos2 kl) _ k cos Id + 2J 
l - P sin kl sin Id 1 

(3.53) 

Making use of the identity sin 2 rt + cos 2 rt = 1 and multiplying the numera­
tor and denominator of the first two terms inside the bracket of (3.53) by I, 
one obtains 

t = - ~ (-kl csc kl - kl cot kl + 2) 

from which 

(3.54) 

If numerator and denominator are now multiplied by <P" + <Pr, one gets 

or, in view of (3.46), 

(3.55) 

Equation (3.55) gives the relation between end moments and relative joint 
displacement when an axialload is present. Combining this expression with 
(3.47), we obtain the complete stiffness relation for a member that is subject 
to both bending and axial compression. That is, 

(3.56) 

Equation (3.56) is the slope-deflection equation adjusted to include the 
effect ofaxial compression. In Chapter 4, we shall see how this equation can 
be used to determine the criticalload of a framework. So that the equation 
can be used efficiently, numerical values of rt" and rtr calculated by Winter, 
Hsu, Koo, and Loh (Ref. 3.2) are given in the Appendix. 

To see what Eq. (3.56) tells us about the effect ofaxial compression on the 
bending stiffness of a flexural member, let us consider the variation of rt" with 
Id plotted in Fig. 3-7. The quantity rt" can be shown to be given by 
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Fig.3-7 Variation of bending stiffness with ratio ofaxialload to criticaI 
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if oB and .1 are set equaI to zero in Eq. (3.56). Thus rt" is proportional to the 
moment MA that is needed to maintain a rotation BA when BB = .1 = O. In 
other words, rt" is a measure of the bending stiffness of the member. If the 
quantity k! is rewritten in the form 

where Pe is the Euler load, it becomes evident that kl is a measure ofthe ratio 
of the axialload to the Euler load. The curve in Fig. 3-7 thus gives the varia­
tion of the bending stiffness with the ratio ofaxialload to criticalload. 

When k! = O, that is, when there is no axialload, rt" = 4. This value of 
rt" is used in routine structural analysis where the effect ofaxial compression 
on the bending stiffness is neglected. Between kl = O and kl = 4.49, rt" 
decreases as kl increases. The bending stiffness is thus reduced by an increase 
in the magnitude of the axialload. At k! = 4.49 or P = 2.04P" rt" = O. The 
reason the bending stiffness vanishes at this load is that the member which we 
have considered up to this point is in effect hinged at one support and fixed 
at the other, and therefore has a criticalload of P = 2.04Pe • For values of Id 
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greater than 4.49, rt" is negative, which means that the moment and the 
rotation are oppositely directed. Values of k! in excess of 4.49 correspond to 
members that are elastically restrained by other members at the end to which 
the rotation is applied. Another way of putting the same idea is to say that 
Id < 4.49 corresponds to cases where BA is induced by the adjacent member 
and kl > 4.49 to cases where BA is resisted by the adjacent member. 

3.5 FAILURE OF BEAM COLUMNS 

Up to this point in our study of beam columns, we did not concern ourselves 
with the subject offailure, and it was therefore possible to limit the analysis to 
elastic behavior. Now, however, we are specifically interested in determining 
the failure load, and, since failure involves yielding, it becomes necessary to 
introduce the complexities of inelastic behavior into the investigation. When 
studying the behavior of columns in Chapter l, it was pointed out that prob­
lems which involve inelastic bending do not possess closed-form solutions. 
They must either be solved numerically, which entails lengthy and time­
consuming calculations, or approximate answers must be sought by making 
simplifying assumptions. In this article we shall study the failure of beam 
columns using the latteI' of these two approaches to the problem. 

Let us consider the simply supported, symmetrically loaded member 
shown in Fig. 3-8a. The member is simultaneously bent and compressed by 

Fig. 3-8 Idealized beam column of 
Jezek. 

Il 
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~ 
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equal end couples M and axial forces P. It has been demonstrated by Jezek 
(Refs. 3.3 and 3.4) that a closed-form solution for theload-deflectiol1 charac-
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teristics, beyond the proportionaIlimit, can be obtained provided thefollowing 
assumptions are introduced. 

l. The cross section of the member is rectanguIar (Fig. 3-8b). 
2. The material is an ideaI elastic-plastic material (Fig. 3-8c). 
3. The bending deflection of the member takes the form of a half­

sinewave. 

The reason inelastic bending is difficult to analyze is that the relation of 
stress to strain varies in a complicated manner both along the member and 
across the section, once the proportionallimit has been exceeded. It is with 
this problem in mind that Jezek introduces the foregoing assumptions. 
Assumption 3 makes it possible to predict the behavior of the entire member 
from a consideration ofthe stresses at only a singIe cross section, and assump­
tions 1 and 2 great1y simplify the manner in which stress and strain vary at 
that one section. In addition to these major idealizations, the following 
assumptions are made: 

4. Deformations are finite but stilI smaII enough so that the curvature can 
be approximated by the second derivative. 

5. The member is initially straight. 
6. Bending takes pIace about the major principal axis. 

If the coordinate axes are taken as indicated in Fig. 3-8a, the external 
bending moment at a distance x from the origin is 

Mext=M+Py (3.57) 

This expression is valid regardless of whether the elastic limit of the material 
has been exceeded or noto The characteristics of the internaI resisting moment 
do, however, depend on the state of stress in the member. As long as Hooke's 
law remains valid, the internaI moment is given by the well-known relation 

(3.58) 

To determine the relation between load and deflection up to the propor­
tionallimit, we equate (3.58) to (3.57). Thus 

d 2 

M+Py= -EI~ 
dX2 

If the deflection is now assumed to be of the form 

o . nx y= slllT 

(3.59) 

(3.60) 
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the curvature can be written as 

Substitution of (3.61) into (3.59) gives 

which reduces to 

on2 • nx 
M + Py = Elp SIn T 

(3.61) 

M + PO = Elon
2 

(3.62) 
f2 

at midspan. 
Assuming that Mis proportional to P, we introduce the notation 

M e = p (3.63) 

and rewrite Eq. (3.62) in the form 

P(e + o) = 0~~n2 

or P(e + o) = oPE (3.64) 

where PE = n2EI/f2 is the Euler load of the member. If both sides of (3.64) 
are divided by the depth h and the terms rearranged, one obtains 

or 

o e l 
/1 =/1 PE -1 

P 

O e 1 
/1=/1aE _

1 
ao 

(3.65) 

where a E = P E/bh is the Euler stress and a o = P/bh is the average axial stress. 
As long as stresses remain elastic, Eq. (3.65) gives the correct load­

deflection relationship for the member. To determine the load at which Eq. 
(3.65) becomes invalid, one must consider the maximum stress in the member. 
That latter is 

P M+PO 
a max = bh + bh2f6 (3.66) 

or, substituting Pe for M and a o for P/bit, 

- [ 6(e + O)J a max - a o 1 + h (3.67) 
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The elastic load-deflection relation given by (3.65) becomes invalid when 
O" max as given by (3.67) equals the yield stress. 

Of the three expressions, (3.57), (3.58), and (3.60), used to determine the 
elastic load-deflection relation, only (3.58), the moment-curvature relation, 
must be revised when the elastic limit is exceeded. To determine the inelastic 
moment-curvature expression that is used in piace of (3.58) in the inelastic 
range, let us consider the stress distributions depicted in Fig. 3-9. Asindicated, 

Stress distribution 
for smoll e=M/P 

(a) 

T 
f 
t 

T 
c 

l 
1 
~ 

h 

Stress distribution 
for lorge e = M/P 

(b) 

Fig.3-9 Stress distribution for beam column in inelastic range. (Adapted 
from Ref. 1.12.) 

two different distributions of stress are possible. If the ratio e = M/P is 
relatively small, yielding occurs only on the concave side of the member prior 
to failure. This case is depicted in Fig. 3-9a. On the other hand, if e is relatively 
large, both the convex as well as the concave side of the member will have 
started to yield before the maximum 10ad is reached (see Fig. 3-9b). To 
simplify the analysis, we shall restrict ourselves to small values of e and thus 
limit our concern to the stress distribution in Fig. 3-9a. 

Equilibrium of forces in the x direction gives 

P = b(O"yf + 0"2c _ 0";/) 

which, after dividing both sides by bh, can be written as 

(3.68) 
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The distances c, d, andfare defined in Fig. 3-9a, and O"y and 0"1 are, respec­
tively, the yield stress acting at the extreme fiber on the concave side of the 
member and the tensile stress acting at the extreme fiber on the convex side. 

The internai moment is obtained by taking thc moment of all the forces 
about the centroidal axis. Thus 

M- = [O" f(!' - L) + O" yC (!. - f - c) + O" I d ( h d )] b 
lUt Y 2 2 2 2 3" 2:"2 - 3" (3.69) 

Noting that f + c + d = h, Eqs. (3.68) and (3.69) can be solved for c. After 
some fairly involved algebraic manipulations, which are not reproduced 
here, one obtains 

9[!!-.(O"Y _ l) _ M int]2 
C = 2 0"0 P 

20"oh(;~ - l r 
From Fig. 3-9a it is evident that 

€=~ 
y p 

where p is the radius of curvature. 

Thus 

from which 

(3.70) 

(3.71) 

(3.72) 

(3.73) 

Finally, substituting the expression for c given in (3.70) into (3.73) leads to 

y" (3.74) 

This is the inelastic moment-curvature relation that must be used in piace of 
Eq. (3.58) once the stresses have exceeded the proportionallimit. 

In view of (3.57), (3.61), and (3.63), the curvature and moment at midspan 
are given by 

and 
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Substitution of these expressions into (3.74) leads to 

o[!.(ay _ l) _ e _ OJ2 = 2h[2~0 (ay _ .1)3 
2 ao 9En 0'0 

or (3.75) 

Since the Euler stress can be expressed as 

Eq. (3.75) can also be written in the form 

(3.76) 

Equation (3.76) gives the load-deflection relation in the inelastic range. It can 
be used from the onset ofyielding up to failure, provided failure occurs before 
yielding commences on the convex si de ofthe member. 

With the aid of Eqs. (3.65) and (3.76) it is possible to obtain the enti re 
load-deflection curve, from the beginning ofloading to failure, for any mem­
ber that falls within the limitations outlined at the start of the analysis. 

As an example, let us consider a simply supported, rectangular, steel 
beam column with the following dimensions and properties: 

length l = 120 in. 
radius of gyration l' = l in. 
ratio of moment to axialload e = 1.15 in. 
yield stress a y = 34 ksi 
modulus of elasticity E = 30 X 103 ksi 

Based on this data 

h = 2,v-Tin., ~ = 0.33 

and 

The load-deflection data for the elastic range, obtained using Eq. (3.65), 
are given in columns l and 2 of Table 3.1 a. Corresponding to each set of 
values for ao and o/h listed in the table, the maximum stress has been deter­
mined using Eq. (3.67). The latteI' is given in column 3 ofthe table. Itisevident 
from these data that the maximum stress in the member reaches 34 ksi, the 
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Table 3-1 Load-deflection data for beam column 

1 2 3 1 2 

0'0 (Jmax 0'0 

(ksi) 8jh (ksi) (ksi) 8jh 

2 0.036 6.4 8.0 0.21 
4 0.080 14 8.5 0.24 
6 0.137 23 9.0 0.30 
8 0.212 34 9.1 0.35 

lO 0.314 9.0 0.40 
12 0.463 
14 0.710 (b) Inelastic Range Eq. (3.76) 
16 1.150 

(a) Elastic range Eqs. (3.65) and (3.67) 

yield stress, at approximately a o = 8 ksi. As a result, Eq. (3.76), the inelastic 
load-deflection relation, must be used to obtain deflections for axial stresses 
in excess of 8 ksi. The load-deflection data for the inelastic range, obtained 
using Eq. (3.76), are listed in Table 3-lb. 

The entire load-defiection curve, including both the elastic and the 
inelastic portions, is plotted in Fig. 3-10. The solid line represents the actual 
behavior ofthe member. A dashed line denoting the invalid part oftheelastic 
curve is also included for comparison. Up to ao = 8 ksi, the material obeys 
Hooke's law and the deformations are relatively smal!. However, as soon as 
yielding spreads beyond a o = 8 ksi, there occurs a noticeable de crea se in the 
stiffness ofthe member. This decrease builds up fairly rapidlyuntil atapproxi­
mately a o = 9.1 ksi the member is no longer able to resist an increase in load. 
In other word s, a o = 9.1 ksi represents the maximum load that the member 
can support. 

The results obtained here for a rectangular section and for a perfect 
elastic-plastic material are typical of the behavior exhibited by other shapes 
and other materials. However, the determination of the maximum load for 
most other sections and materials involves considerably more effort than was 
required to analyze the rectangular section with the perfect elastic-plastic 
materia!. In the majority of instances, closed-form Solutions of the type 
presented here are out of the question, and numerical methods are the only 
means available for obtaining the maximum load. One such numerical solu­
tion for the maximum load of a structural-steeli beam is given by Galambos 
and Ketter (Ref. 3.5). 

In view of the fact that the determination of the maximum load of a beam 
column is invariably complex and ti me consuming, the load at which yielding 

-
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begins has often been used in piace of the maximum load as the limit of 
structural usefulness. The load corresponding to initial yielding is an attrac­
tive design criteri a, because it is relatively easy to obtain and it gives a 
conservative estimate of the actual collapse load. However, it does have the 
disadvantage of being often too conservative. Fortunately, there has been 
developed an alternative semiempirical design criterion that is both accurate 
and relatively easy to use. This design criterion, the interaction equation, is 
considered in the following artide. 

3.6 DESIGN OF BEAM COLUMNS 
INTERACTION EQUATION 

In Artide 3.5 the collapse load of a beam column was calculated. To simplify 
the analysis as much as possible, a very idealized member was chosen, a 
rectangular section made out of a perfect elastic-plastic material. Nevertheless, 
fairly lengthy and complicated calculations were needed to obtain the desired 
result. Had we attempted to determine the maximum load for some other 
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member, the calculations would have been even more complex and far more 
time consuming. The impracticability of obtaining the collapse load of a beam 
column by purely theoretical procedures and the need for an empirical design 
formula are thus self-evident. 

When a member is subject to a combined loading, such as bending and 
axial compression, an interaction equation provides a convenient way of 
approximating the ultimate strength (Ref. 3.6). Knowing the strength of the 
member in both pure compression and pure bending and knowing that the 
member can resist less compression and less bending when both ofthese loads 
are present, then if either is acting by itself, one can estimate how much 
bending and compression can be resisted ifboth are present. Such an approxi­
mation can then be verified experimentalIy. 

To develop an interaction equation for combined bending and axial 
compression, let us introduce the ratios P/PII and M/M,,, where 

P = axialload acting on the member at failure when both axial com­
pression and bending are present 

PII = ultimate load of the member when only axial compression is 
present, that is, the buckling load of the member 

M = maximum primary bending moment acting on the member at 
failure when both bending and axial compression exist; this 
exdudes the amplification in the moment due to presence of the 
axialload 

M II = ultimate bending moment when only bending exists, that is, the 
plastic moment of the section 

Let us now calculate the above ratios for the rectangular beam column 
analyzed in Artide 3.5. For that member the axial stress at failure was found 
to be O' o = 9.1 ksi and the Euler stress is O' E = 20.6 ksi. Thus 

~ = 0'0 -.2J.. - 044 
PII O'E - 20.6 - . 

The ratio of the maximum primary moment at failure to the plastic moment 
of the section can be written in the form 

Substitution of e/Ii = 0.33, O' o = 9.1, and O'y = 34 gives 

M = 4 X 9.1 X 0.33 _ 035 
M II 34.0 -. 
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The ratios P/P" = 0.44 and M/M" = 0.35 give the maximum values of 
P and M that the rectangular beam column with e/h = 0.33 analyzed in 
Article 3.5 can resist. In Fig. 3-11 this result is shown plotted as point A on a 
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Fig. 3-11 Interaction equation far beam column. 

graph whose ordinate is P/P" and whose abscissa is M/MI/' Calculations 
similar to those leading to point A have been carried out by Jezek (Refs. 3.3 
and 3.4) for rectangular beam columns with various values of e/h, and the 
resu1ts thus obtained are tabulated by BIeich (Ref. 1.12). Points Band C in 
the figure have been plotted using these data. In addition to these results, 
depicted by square points, the figure includes three circular points giving the 
maximum loads for structural-steel I beams and two triangular points that 
correspond to aluminum-alloy tubes. The data used to plot the circular points 
were obtained by Galambos and Ketter (Ref. 3.5) using a numerical integra­
tion method, and the failure loads represented by the triangular points were 
obtained experimentally by Clark (Ref. 3.7). 

The lack of scatter exhibited by the failure loads plotted in Fig. 3-11 
indicates that in all probability a single analytical expression can be found 
which will predict the maximum load for a variety of different beam columns. 
Such a relation, which is also simple enough to be useful in routine engineer­
ing, will now be developed. 

Itisfair1yobviousthatP/P" = 1.0 when M/M" = Oand thatM/M" = 1.0 
when P/P" = O. The desired curve must therefore pass through the points 
(1, O), (O, l). The simplest expression that satisfies this criterion is the straight 
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line 

P M - + - = 1.0 
P" M" 

(3.77) 

depicted by the dashed line in Fig. 3-11. All the theoretically and experimen­
tally obtained failure loads included in the figure faH below this ·curve. It can 
therefore be concluded that Eq. (3.77) gives an unconservative estimate ofthe 
maximum strength ofbeam columns and is not a satisfactory design criterion. 

The reason for the discrepancy between Eq. (3.77) and the actual failure 
loads is that M, in the equation, is only the primary part ofthe total moment 
that acts on the member. In other words, M do es not include the secondary 
moment produced by the product of the axialload and the lateral deflection. 
It was shown in Article 3.2 that the presence of an axial load amplifies the 
primary bending moment roughly by the ratio 1/[1 - (P/ Pe)]. If this factor is 
incorporated into Eq. (3.77), one obtains 

P M 
P + M,,[1 - (p/Pe)] = 1.0 (3.78) 

This relation is shown plotted as a solid line in Fig. 3-11. It is evident that Eq. 
(3.78) agrees much better with the actual failure loads than did the straight 
line and that Eq. (3.78) appears to offer a satisfactory design criterion. 

Although agreement has been shown to exist between Eq. (3.78) and only 
a limited number of cases, Eq. (3.78) is actually able to predict the ultimate 
load for a large variety of situations. The equation is applicable to I beams as 
well as rectangular sections, and to aluminum as well as steel. Furthermore, it 
makes no difference whether the primary moment is due to eccentric axial 
loading or to transverse loads or to a combination of the two. The only 
restriction is that the maximum moment occur at or near the center of the 
beam. Equation (3.78) is stilI applicable if this condition is not satisfied. 
However, a suitable factor must be introduced in the moment term of the 
equation (Ref. 3.8). In view of the fact that Eq. (3.78) is both simple to apply 
and remarkably accurate for a large number of different situations, it is used 
extensively as a design criterion for beam columns. 
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Problems 

3.1 Obtain expressions for the maximum deflection and maximum moment of a 
beam column whose ends are built in and that is loaded with a concentrated 
load at midspan as shown in Fig. P3-l. 

I--t--I 

-L-~ -----_t-':!-- ~~ 
l' 1., -I Fig. P3-1 

3.2 Determine the maximum moment for a beam column that is bent in a reverse 
curve as shown in Fig. P3-2, when 

MQ MQ 
L r~::",-----...... El Y""'\ P ..... f) ..... :;;;;r-.~}------, "-

\. 1., -I Fig. P3-2 

(a) PIPe = 0.2 
(b) PIPe = 0.8 
where Pe = n2EI/V. In view of the foregoing results, what can be conc1uded 
regarding the maximum moment in a beam column with reverse curvature? 

3.3 The lo ad P at which yielding commences in the beam column shown in Fig. 

~I El I~ 
-t 6:'..... +8 .... "0 -t ...... t mOX ". \. ...._--1:--_.- -\ 

Fig. P3-3 
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P3-3 is given by the implicit relation 

Noting that 

(J = (J = p + p(e + (Jmax)c 
y max A I 

derive the relation. 
The terms used in the relations are defined as follows: 

A = cross-sectional area 
c = distance from neutral axis to extreme fiber 
r = radius of gyration 

(J y = yield stress 
(J max = maximum stress 
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4 
BUCKLING 

OF FRAMES 

4.1 INTRODUCTION 

When considering the subject of column stability in Chapter 1, it was desir­
abie to limit our concern to individuaI members with very idealized boundary 
conditions. However, many columns found in actuai engineering structures 
occur neither as isolated members nor are their ends hinged, fixed, or free. 
Instead, these members are usually part of a larger framework, and their ends 
are elastically restrained by the members to which they are attached. To make 
our study of columns complete, it is thus desirable that we consider the 
behavior of framed columns as well as the characteristics of isolated members. 

In a framework, the members are a~ a rule rigidly connected to one another 
at the joints. Consequently, no single compression member can buckle with­
out all the members in the frame becoming simultaneously deformed. In 
other words, the elastic restraint at the end of a given compression member 
depends not only on the members framing directly into it but on each and 
every member in the entire system. To obtain the criticalload of one or more 
compression members that are part of a larger framework, it is thus necessary 
to investigate the stability of the entire frame acting as a single unit. 

In this chapter we shall consider several methods for obtaining the criticaI 
loading of a frame. This will be followed by a brief summary of approximate 
procedures for estimating the criticalload of a framed column when a rigor­
ous stability analysis of the entire frame is not warranted. 

174 
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4.2 MODES OF BUCKLlNG 

~et us begin the. stU?y of frame buckling by considering the single-story 
slllgle-bay frame In Flg. 4-1. The externaIIoads P are assumed to act directly 
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p lp 
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T T 
l l' 
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4rr

2 EIe 
(b) 

20.2 EIe 

1.2 Per = 1 2 
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Sidesway prevented 

!p 
Ib ~<Xl t

p 

r r 
2 

(c) P = rr EIe 
er 1~ 

(d) p. = 7T2EIc 
cr 41~ 

Sidesway permitted 

Fig. 4-1 Buckling modes of portai frame. 

over the columns so that there is no bending moment in any member of the 
~rame prior to buckling. When analyzing frames, it is useful to divide them 
mto two categories: those in which sidesway is prevented (parts a and b of 
the figure) and those in which the upper joints are free to move horizontally 
(parts c and d). We ne ed not be concerned with the way in which sidesway is 
prevented, only with whether it is prevented from taking piace or not. 

We consider first the frame in which sidesway is prevented. At the criticaI 
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load this frame buckles as indicated by the solid line in the figure. It is self­
evident in this simple structure that buckling takes pIace when the applied 
load is equal to the criticaI load of the columns. It is also obvious that the 
upper end of each column is elastically restrained by the beam to which the 
column is rigidly connected, and that the criticai load ofthe column therefore 
depends not only on the column stiffness, but also on the stiffness ofthe beam. 
The problem is greatIy simpIified if we assume the beam to be infinitely rigido 
The beam must then remain straight while the frame deforms (part a), and the 
columns can neither rotate nor translate at their upper ends. Under these 
circumstances the columns behave as if they were fixed at both extremities, 
and the criticai load of the frame is equal to four times the Euler load of the 
columns. Alternatively, the beam can be assumed to be infinitely flexible. The 
beam is then unable to offer any rotational restraint to the upper end of the 
column (part b). In this case the columns behave as if they were fixed at one 
end and hinged at the other, and the criticaI load ofthe frame is approximately 
equal to twice the Euler load of the columns. 

For an actual frame the flexibiIity ofthe beam must lie somewhere between 
the two extreme conditions just considered. The criticai load of such a frame, 
in which sidesway is prevented, can therefore be bracketed as foIIows: 

2P. < Per < 4Pe (4.1) 

where Per is the criticai value of the applied load and p. is the Euler load of 
the columns. 

The line of reasoning that has just been appIied to frames in which 
sidesway is prevented can also be appIied to frames whose upper joints are 
free to move lateraIIy. If the beam is infinitely rigid, the frame buckles in the 
manner indicated in part C. The upper ends ofthe columns are free to translate, 
but they cannot rotate. Hence the criticaI load of the frame is equal to the 
Euler load of the columns. On the other hand, if the beam is infinitely flexible, 
the upper ends of the columns are free to both rotate and translate, as indi­
cated in part d. In this case the columns act as if they were fixed at the base 
and free at the top, and the criticalload of the frame is equal to one fourth 
the Euler load of the columns. The criticai load of the frame whose upper 
joints are free to translate lateraIIy must therefore Iie between p. and iP •. 
That is, 

(4.2) 

Comparison of the resuIts in (4.1) for symmetric buckIing with those given 
in (4.2) for sidesway buckling indicates that the load required to cause 
symmetric buckIing is larger than the one ne ed ed for sidesway regardless of 
the stiffness of the members. It can therefore be concluded that the portaI 
frame in Fig. 4-1 wiU always buckle in the sidesway mode unless it is laterally 
braced, in which case it must buckle in the symmetric mode. It has been shown 
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by Bleich (Ref. 1.12) that this conclusion is valid for multistory frames as well 
as for single-story frames. 

4.3 CRITICAL LOAD OF A FRAME 
USING NEUTRAL EQUILIBRIUM 

In Article 4.2 we discussed the qualitative aspects of the buckling character­
istics ofa single-story single-bay frame. Let us now, by means ofthemethod 
of neutral equilibrium, calculate the criticalload of such a frame. Depending 
on whether the frame is laterally restrained or not, buckling will take piace 
in the symmetric or in the sidesway mode. We shall consider first the case of a 
laterally unrestrained frame. 

Sidesway Buckling 

The frame in Fig. 4-2a is fixed at the base and free to translate lateralIy at 
the top. It is assumed that the frame's material behaves according to Hooke's 

B 
~P 

1,2' EI2 
r---
I 
I 
I 
I 
I 

l1' EI11 

I 
I 
I 
I 

A D 

(a) 

(b) 

-r 
x 

_1 

Fig. 4-2 Sidesway buckling. 
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law, that the deformations remain small, and that there is no primary bending 
present in the frame prior to buckling. To differenti ate the column properties 
from the beam properties, the subscript l is used to denote the former and the 
subscript 2 to denote the latter. 

When the frame buckles it assumes the shape indicated by the solid lines 
in Fig. 4-2a. The forces acting on each of the individuaI members when the 
frame is thus deformed are shown in Fig. 4-2b. It should be noted that the 
shears V that arise from the bending of the horizontal member are neglected 
in comparison to the applied load P when dealing with the vertical members. 
Taking the coordinate axes as shown in Fig. 4-2c, the equation of moment 
equilibrium for the vertical member is 

or 

where Id = P/Eli' The solution of Eq. (4.4) is 

From the condition 

one obtains 

and the condition 

leads to 

Thus 

y = O at x = O 

B=_MA 
P 

dy = O at x = O 
dx 

A=O 

(4.3) 

(4.4) 

(4.5) 

Denoting the horizontal displacement ofthe column at x = Il by J, Eq. (4.6) 
can be rewritten in the form 
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Moment equilibrium of the member requires that 

(4.8) 

Substitution of this relation in (4.7) leads to 

(4.9) 

A second equation, representing the equilibrium condition ofthe horizon­
tal member, will now be derived. Applying the slope-deflection relationship 
to this member, we obtain 

(4.10) 

or, since ()e = ()B' 

(4.11) 

The compatibility condition atjoint B requires that ()B as given by Eq. (4.11) 
be equal to the slope dy/dx at x = Il obtained from Eq. (4.6). Thus 

from which 

(4.12) 

Equations (4.9) and (4.12) are the equilibrium conditions for the frame. 
OrdinariIy, a frame with n members would require n such equations. However, 
in this case, because the vertical members are identical, two equations suffice. 
To determine the stability condition, we set the determinant ofEqs. (4.9) and 
(4.12) equal to zero. This leads to 

The criticalload is the smallest root of this equation. 
For example, let us suppose that 

Il = 12 = I 

Il = 12 = l 

(4.13) 
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For this case, Eq. (4.13) reduces to 

tan kl l ----rr- = -6 

from which 
Id = 2.71 

and 
P = 7.34EI 

cr {2 

This is the criticalload for a fixed-base portaI frame free to move laterally at 
the top. It should be noted that this criticalload do es fall, as it should, between 
the limits established for the sidesway mode in Artide 4.2. 

Symmetric Buckling 
If the frame is prevellted from translating lateral1y at the top, buckling will 

occur in the symmetric mode, as indicated in Fig. 4-3a. The forces acting on 
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Fig. 4-3 Symmetric buckling. 
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individuai membe~s. w~lell this mode of buckling occurs are ShOWll in Fig. 
4-3b. Moment eqUlbbnum for the vertical member (Fig. 4-3c) requires that 

d 2y 
El, dX2 + Py = MA - (MA - MB) ;~ 

or d2~ + kry = MA(1 _~) + MB(~) 
dx El, l, El, l, 

where kr = P/El,. The solution to Eq. (4.15) is 

From the condition 

we obtain 

alld the cOlldition 

leads to 

Thus 

y = O at x = O 

dy = O at x = O 
dx 

Sillce the upper end of the member cannot translate laterally 

y = O at x = l, 

and Eq. (4.17) reduces to 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

As before, a second equation is obtailled by cOllsidering the horizontai 
member. Applying the sIope-deflection equation, we can write 

(4.19) 
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or, since Oc = -O D' 

(4.20) 

Compatibility of slopes at joint B requires that OD of the horizontal member 
be equal to -dy/dx at x = II of the vertical member. That is 

M D'2 MA ( l l I + l . kl l ) MD ( l l k l ) 2El
2 

= -p T; COS KI 1 1(1 Slll 1 - T; - p T; - T;cOS Il 

from which 

Micos kll l + kll l sin kll l - l) + Mn( l - cos kll l + 11/2;2
1l2

) = O 

(4.21) 

To obtain the stability condition, we set the determinant ofEqs. (4.18) and 
(4.21) equal to zero. This leads to the equation 

2 - 2 cos kll l - kll l sinklll + 12itl (sinkll l - kll l cosklll ) = O 

(4.22) 

The criticalload is obtained from the smallest root of this equation. 
Setting Il = 12 = I and II ---: 12 = l in (4.22), one obtains 

kl sin kl + 4 cos Id + (k7)2 cos kl = 4 

from which 

kl = 5.02 

and p = 25.2EI 
eT l2 

This is the criticalload far a fixed-base portaI frame whose beam has the same 
stiffness as the columns and that is laterally restrained. As previously pre­
dicted, this load is considerably larger than the criticalload far the same 
frame when sidesway is not prevented. 

4.4 CALCULATION OF CRITICAL LOADING 
USING SLOPE-DEFLECTION EQUATIONS 

In Artic1e 4.3 the criticalloading of a portaI frame was obtained by writing a 
differential equation far the column and a slope-deflection equation for the 
beam and by solving these equations simultaneously. Although this procedure 
could, in theory, be used on any size frame, in actuality it becomes prohibi-
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tively complex when applied to any but a single-bay single-story frame. 
However, it has been demonstrated by Winter, Hsu, Koo, and L01! (Ref. 3.2) 
that a significant reduction in the complexity of the calculations is obtained 
if one uses the slope-deflection equations for axially loaded bars, developed 
in Artic1e 3.4, for each and every member of the frame. To illustrate this 
method, let us consider the two-story frame depicted in Fig. 4-4. It is assumed 

Fig. 4-4 Buckling of two-story 
frame. 
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that sidesway is prevented and that the flexural stiffness EI/ l is the same far 
each membel'. Accordingly, the frame is completely symmetric and only one 
half need be considered in the analysis. 

Numbering the different members as indicated in the figure and letting 
K = El/I, the moments, according to Eq. (3.56), are given by 

MnA = K(rtI/10n) 

MnE = K(rtn20n + rtf20E) 

Mnc = K(rt1/ 30n + rtf30c) 

MCD = K(rtn30c + rtf30n) 

MCD = K(rtI/40C + rtj40D) 

(4.23) 

Since the two horizontal members do not have any primary axialloading 
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Furthermore, due to symmetry 

Thus M BA = K((f.,nl()B) 

M BE = K(2()B) 

M BC = K((f.,n3()B + (f.,/3()c) 

M CB = K((f.,n3()C + (f.,/30B) 

MCD = K(20c) 

The equations of moment equilibrium at joints Band C are 

M BA + M BE + M BC = O 

MCB+ MCD = O 

Substituting the moments in (4.24) into these relations gives 

()i(f.,,,l + (f.,n3 + 2) + Oc((f.,n) = O 

Oi(f.,n) + ()C((f.,,,3 + 2) = O 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

To obtain the stability condition, we set the determinant of these equations 
equal to zero. This leads to 

(4.29) 

Using the values of (f., and Id given in the Appendix, Eq. (4.29) can be 
solved by trial and error for the criticai loading. Since k 1 = ,.j2P/ El and 
k3 = ,.j P/ El it follows that k 1 = k 3ft. A trial-and-error procedure even­
tually leads to the result 

k31 = 3.55 

and P = l2.6El 
cr 12 

4.5 STABILlTY OF A FRAME 
BY MATRIX ANALYSIS 

The matrix method used in Article 2.14 to analyze the stability of an indi­
viduaI compression member has been shown by Hartz (Ref. 4.1) to be equally 
well suited for determining the criticai loading of an entire frame. As an 
illustration, let us consider the stability of the simple portaI frame shown in 

Art. 4.5 
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Structure forces ond deformotions 

Member forces ond deformotions 
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Fig. 4-5 Structure and member coordinates for portaI frame. 

Fig. 4-5a. Each member of the frame has a length l and stiffness El, and the 
frame is fixed at the base, free to move laterally at the top, and loaded as 
indicated in the figure. For the sake of simplicity we let each member consist 
of only a single element. Positive element and structure nodal deformations 
and forces are defined in Fig. 4-5b. 

In accordance with Eq. (2.184) the stiffness matrices for the columns are 
given by 

6 1 6 1 
S- -lO -S- -lO 

( 12 
-6 -12 -6) 1 2 1 1 

El .-6 4 6 2 P -lO 15 lO -30 
[kIl = [k 3] = - 6- T 13 -12 6 12 6 1 6 1 

-6 2 6 4 
-S- lO S- lO 

l 1 1 2 
-lO -30 lO 15 

(4:30) 
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and the stiffness matrix for the beam takes the form 

(4.31) 

As indicated in (2.184), the coefficients in these matrices all have the dimen­
sions of force per unit distance. 

To obtain the structure stiffness matrix, the element stiffness matrices are 
first transformed to structure coordinates and then combined. The transfor­
mation from element to structure coordinates is carried out in accordance 
with Eq. (2.145). That is, 

[KlIl = [BnY[kn][Bnl (4.32) 

in which [Bnl, the transformation matrix for the nth element, is defined by 

Eq. (2.141) as 

[O,J = [Bn][~lIl (4.33) 

According1y, the transformation matrices for elements l, 2, and 3 of the 

frame are 

(4.34) 

(4.35) 

(4.36) 

Using these transformation matrices and carrying out the operations indi-

Art. 4.5 Stability by Matrix Ana/ysis 187 

cated in (4.32), the stiffness matrices in (4.30) and (4.31) become 

( 4 
O -6) p ( 1

2

5 

O 

-I;) El 
[Ktl = f3 O O O -7 O O 

-6 O 12 l O lO 

(4.37) 

( 2 0) El 4 O [K2l = F ~ 
O O 

(4.38) 

~) - ~ (: 
O 

- ~) ( O 2 El 
[K3l = f3 ~ 4 15 lO 

-6 12 O l 6 
-lO "5 

(4.39) 

The structure stiffness matrix obtained by combining the transformed e1ement 
stiffness matrices is 

2 O l 

K~El( : 
2 -6) 15 -lO 

8 -6 - f O 2 l 
f3 15 -lO 

-6 -6 24 
l l 12 

(4.40) 

-lO -lO "5 

If we let 

Pl2 
,1, = 30EI (4.41 ) 

the structure stiffness matrix reduces to 

( 

8 - 4,1, 2 

K= El 2 8 - 4,1, 
13 

-6 + 3,1, -6 + 3,1, 

-6 + 3,1,') 
-6 + 3,1, 

24 - 72,1, 

(4.42) 

At the criticalload the determinant of the stiffness matrix must vanish. 
Expanding the determinant of the matrix in (4.42) and setting the resulting 
expression equal to zero gives 

1080,1,3 - 4596,1,2 + 5136,1, - 1008 = O (4.43) 
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The smallest root ofthis equation is ..1" = 0.25 from which 

p = 7.5EI 
cr f2 

This result is very close to the exact value of 7. 34Elfl2 obtained in Article 4.3 
for the criticalload in the sidesway mode. 

4.6 EFFECT OF PRIMARY BENDING AND 
PLASTICITY ON FRAME BEHAVIOR 

In the preceding articles the stability of frames was investigated assuming that 
neither primary bending nor inelastic behavior existed in the frame prior to 
buckling. Since one or both of these conditions are often not fulfilled in an 
actual frame, we want to briefty consider how the presence of primary bending 
and plasticity affects the behavior of a frame. 

Effect of Primary Bending on Elastic Buckling Load 

If a frame is loaded as shown in Fig. 4-6a, no bending is present in any of 
its members prior to buckling, and the frame remains undeformed unti! the 
criticalload is reached (curve l, Fig. 4-6c). By comparison, if a frame is loaded 
as indicated in Fig. 4-6b, primary bending is present in each member from 
the onset of loading, and the frame deforms in accordance with curve 2 in 
Fig. 4-6c. Frames of the latter type, in which primary bending is present 
prior to buckling, have been studied by Masur, Chang, and Donnell (Ref. 
4.2), Lu (Ref. 4.3), and Marcus (Ref. 4.4). In each of these investigations the 
same conclusion is reached: primary bending does not significantly lower the 
criticalload of a frame as long as stresses remai n elastic. The only exception 
to these findings occurs when the beam is exceptionally long in comparison 
with the columns. In that instance, the presence of primary bending reduces 
the symmetric buckling load of the frame. However, frames with relatively 
long beams are rarely encountered, and for th~ majority of cases it therefore 
appears safe to conclude that the effect of primary bending can be neglected 
in determining the elastic buckling load of a frame. In ali this, it is important 
to underline the fact that primary bending is negligible only in the determina­
tion of the criticalloading of framed members and not in their design. Whell 
carrying out the design, the member must be treated as a beam column, and 
both axial compression and bending must be considered. 

Inelastic Buckling Load 

The maximum load that a frame can support is equal to the elastically 
determined criticai load only if the stress does not exceed the proportional 
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cr 
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p 

®Inelostie - primory bending 

(c) 

Fig. 4-6 Behavior of frames. 

limit at any point in the frame prior to buckling. If the proportionallimit is 
exceeded before instability occurs, the frame will fail at a load that is smaller 
than the elastic criticai load (curve 3 in Fig. 4-6c). A rough estimate of the 
collapse load for illelastically stressed frames can be obtained if an interaction 
equation similar to the beam-column design formula is used. 

The ultimate load of a frame can never exceed either the elastically 
determined criticalload or the plastic mechanism load. Ifinstability were the 
only factor leading to collapse, failure would occur at the criticalload. On 
the other hand, if collapse were solely due to plasticity effects, the frame would 
fail when it became a mechanism as a result ofthe formation ofplastic hinges. 
Actually, however, both instability and plasticity are present, and collapse 
occurs due to an interaction of the two at a load that is lower than either the 
criticai load or the plastic mechanism load. It h:ls beell proposed by Home 
alld Merchant (Ref. 4.5) that the following empirical relation, knowll as the 
Rankine equation, be used to predict this failure load: 

(4.44) 

where Pf = failure load 



190 Buckling o( Frames 

Pe = elasticaJly determined criticalload 
Pp = plastic mechanism Ioad 

Ch.4 

It has been shown that the results obtained using Eq. (4.44) are usuaIly 
conservative and reasonably accurate. A more precise value of the collapse 
load than the one given by Eq. (4.44) can unfortunately be obtained only by 
carrying out a lengthy and complex analysis for which a computer is an 
absolute necessity. Examples of such an analysis have been presented by 
Moses (Ref. 4.6), Alvarez and Birnstiel (Ref. 4.7), and Galambos (Ref. 4.8). 

4.7 DESIGN OF FRAMED COLUMNS 

A framed compression member may be loaded axially, in which case it is 
design ed as a column or, as is more likely, it is subject to both bending and 
axialloading and must be design ed as a beam column using an interaction 
equation. In either case, the criticalload of the member is required. One way 
of determining the criticalload is to carry out a stability analysis of the entire 
frame. Such an analysis gives the magnitude of the external Ioads at the 
instant when the frame becomes unstable, from which the Ioads in individuaI 
compression members at buckling can readily be determined. However, an 
analysis of the entire frame is often too involved for routine design, and 
approximate methods involving relatively simple calculations are desirable. 

One very simple but quite crude method of obtaining the criticalload of a 
framed column is to estimate the degree ofrestraint existing at the ends ofthe 
member by interpolating between the idealized boundary conditions shown 
in Fig. 4-7. Both the rotational and translational restraint at the ends of the 
member must be considered. To estimate the degree of rotational restraint 
existing at the end of a member requires that one consider both the stiffness 
of the adjacent members and the rigidity of the connections. Whether or not 
the ends of the member translate laterally relative to each other depends on 
whether or not the frame is braced against sidesway. 

A second method for estimating the criticaI load of a framed column, 
considerably more accurate than the previous procedure, was developed by 
Julian and Lawrence (Ref. 4.9). This method involves an exact analysis. 
However, only the member in question and the beams and columns that 
frame direct1y into it are considered. The influence of members in the frame 
not direct1y connected to the column being investigated is neglected. Thus 
the criticaI load of column AB in the frame in Fig. 4-8a is obtained by 
analyzing the subassemblage of members shown as dotted lines in the figure. 
The value of this method is great1y enhanced by the fact that the criticalload 
can be obtained graphically. The nomograph shown in Fig. 4-8b allows one 
to determine directly the effective length of a framed column, given the 
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stiffnesses of the adjacent members. The latter are accounted for by means of 
the parameters 

G - IAB/LAB + IAD/LAD 
A - IcA/LcA + IAEfLAE 

G - IAB/LAB + IBG/LBG 
B - IFB/LFB + IBH/LBH 

(4.45) 

(4.46) 

in which I and L are the moment of inertia and unbraced length of the mem­
bers Iying in the pIane of buckling of the column being considered. The 
nomograph shown in the figure is for a laterally braced frame. A similar 
graph for a laterally unbraced frame can also be constructed. 
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Problerns 

4.1 Using the energy method, determine the criticalloads and the corresponding 
mode shapes for the two-degree-of-freedom frame model shown in Fig. P4-1. 
Each member in the frame consists of two rigid bars connected to each other 
at the middle of the member by a pin and a rotational spring of stiffness 
C = M/e, where Mis the moment at the spring and e is the angle between the 
bars. The columns are pin connected at their bases and rigidly connected to 
the beam. (P! = Cf L, b = O; P 2 = 3C/L, a = b) 
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4.2 Using reasoning similar to that employed in Artide 4.2, determine the limiting 
values for the symmetric and sidesway buckling loads of the frame in Fig. P4-2. 

4.3 Letting le = lb = l and le = Ib = I, determine the criticalload of the frame in 
Fig. P4-2 for 
(a) the sidesway mode, 
(b) the symmetric mode. . 
Find the criticaI lo ad by setting up and solving the governing differenti al 
equations. 

4.4 Using the matrix method, determine the criticalload of the framed column in 
Fig. P4-3. Let each member consist of a single element. 
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Fig. P4-3 Fig. P4-4 

4.5 Using the nomograph given in Artide 4.7, determine an approximate value for 
the criticalload of member CB in the frame in Fig. P4-4. Compare this result 
with the solution obtained in Artide 4.4 and discuss your findings. 

5.1 INTRODUCTlON 

5 
TORSIONAL 
BUCKLING 

Up to now we have considered only flexural buckling, in which the member 
deforms by bending in the pIane of one of the principal axes. However, 
columns as well as beams also buckle by twisting or by a combination of 
bending and twisting. These modes of failure occur when the torsional 
stiffness of the member is very small or if bending and twisting are coupled so 
that one necessarily produces the other. Thin-walled open sections usually 
have a very low torsional rigidity and are therefore especially prone to 
torsional buckling. Combined bending and twisting occurs in axialIy loaded 
members, such as angles and channels, whose shear center axis and centroidal 
axis do not coincide. It also takes pIace in transversely loaded beams when the 
compression flange becomes unstable and wants to buckle laterally at the 
same time that the tension flange is stable and wants to remain straight. 

In this chapter we shall consider both torsional buckling ofaxially loaded 
columns and lateral torsional buckling of transversely loaded beams. How­
ever, before turning to these problems we shall review some fundamental 
relationships of torsional behavior in generaI. 

195 
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5.2 TORSIONAL LOAD-DEFORMATION 
CHARACTERISTICS OF STRUCTURAL 
MEMBERS 

When torsion is applied to a structural member, the cross sections of that 
member may warp in addition to twisting. If the member is allowed to warp 
freely, then the applied torque is resisted solely by St. Venant shearing 
stresses. This type of behavior is referred to as pure or uniform torsion. On 
the other hand, if the member is restrained from warping freely, the applied 
torque is resisted by a combination of St. Venant shearing stresses and warp­
ing torsion. This behavior is called nonuniform torsion. 

St. Venant Torsion 

If a bar of constant circular cross section is twisted by a torsional moment, 
as shown in Fig. 5-1, the external torque at any section is resisted by circum­
ferential shear stresses, whose magnitude varies as their distance from the 
centroid of the section. These shear stresses are due to the resistance of 
adjacent cross sections to rotate relative to one another. In such a member, 
the angle of twist, p, is related to the torque, T, by the expression 

T= GJdp 
dz 

(5.1) 

in which G is the shearing modulus of elasticity, J is the torsional constant, 
and z is the direction along the axis of the member. The product GJ is the 
torsional rigidity of the section, analogous to El, the bending stiffness. 

Whereas bars of circular cross section, like the one in Fig. 5-1, twist 

T 
Fig. 5-1 Twisting of circular se c­
tion. 
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without warping, most noncircular shapes warp when they are twisted. When 
a torque is applied to a member whose cross section is noncircular (Fig. 5-2), 
transverse sections that were piane prior to twisting warp in the axial direc­
tion so that they are no longer pIane during twisting. However, as long as the 
warping of the member is permitted to take pIace freely, the applied torque 
will still be resisted by shearing stresses similar to those present in the circular 
bar, and Eq. (5.1) is still applicable. For a thin-walled open section made of 
rectangular elements, the shear stresses in each element are parallel to the 
middle line of the cross section, and their magnitude is proportional to the 
distance from that line (see Fig. 5-2). The torsional constant, J, for such a 

Fig. 5-2 Twisting of noncircular 
sections free to warp. 

8 
T 

section can be approximated by (Ref. 5.1) 

T 

G 

T 

(5.2) 

in which bi and ti are the length and thickness, respectively, of any element of 
the section. The type of resistance to twisting consisting solely of shear and 
described by Eq. (5.1) is called St. Venant or uni/ol'm tOl'sion. 

Nonuniform Torsion 

If the longitudinal displacements that produce warping are allowed to 
take piace freely, then longitudinal fibers do not change length, and no 
longitudinal stresses are induced as a result of warping (see Fig. 5-2). How­
ever, certain support or loading conditions will prevent longitudinal displace­
ments from taking pIace freely. For example, the built-in end ofthe cantilever 
beam in Fig. 5-3 is completely restrained against warping, while the unsup­
ported end is allowed to warp freely. As a consequence, longitudinal fibers 
change in length, and axial stresses are induced in the member. Comparison of 
the beam in Fig. 5-3, in which warping is partially restrained, with the beam 
in Fig. 5-2, which is free to warp, indicates that a restraint of warping defor­
mation results in a differential bending ofthe flanges. One flange bends to the 
right and one to the left. 

The flange bending moments, which exist in the cantilever beam in Fig. 
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Fig. 5-3 Twisting of noncircular 
section restrained against free warp­
ing. (Adapted from Ref. 5.16.) 

5-3, vary from zero at the free end of the member to a maximum at the fìxed 
end. Hence at any intermediate section there exists a shear force in each 
flange equal to 

(5.3) 

in which M f is the flange bending moment and the minus sign indicates that 
M

f 
increases as z decreases. Since the flanges bend in opposite directions, the 

shear forces in the two flanges are oppositely dire et ed and form a couple (see 
Fig. 5-3). This couple, which acts to resist the applied torque, is called 
wal'ping tal'sian. 

The axial stresses that produce warping torsion are brought about by the 
resista ne e ofthe member to free warping of its cross sections. By comparison, 
St. Venant torsion is due to the resistance of adjacent cross sections to rotate 
relative to one another. 

A member that is not permitted to warp freely will resist an applied 
torque by a combination of St. Venant and warping torsion. Thus 

(5.4) 

in which T,v is St. Venant torsion and Tw is warping torsion. The type of 
behavior described by this equation is referred to as nanunifal'm tal'sian. 

The part ofthe total resistance to twist due to St. Venant torsion is given 
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by Eq. (5.1). Thus 

_ dp 
T,v - GJ dz (5.5) 

A similar expression for the warping torsional resistance can be obtained if 
we consider the differential bending of the flanges that arises when the member 
is not permitted to warp freely. 

For the I section in Fig. 5-3, the warping torsion is 

or, in view of Eq. (5.3), 

T _ dMfl 
w - - dz 1 

(5.6) 

(5.7) 

Letting the lateral displacement of the flange centerline be given by x, as 
shown in Fig. 5-3, the bending moment in the upper flange is 

(5.8) 

in which If is the moment of inertia of the flange about its strong ajcÌs. Since 

x=~h (5.9) 

Eq. (5.8) becomes 

(5.10) 

Substitution of this expression into Eq. (5.7) gives 

T __ Elf h2 d3p 
w - 2 dz3 (5.11) 

The term If h2 f2 is a property ofthe cross section, called the wal'ping canstant. 
By introducing the notation 

Eq. (5.11) can be rewritten as 

r _ If h2 

- 2 (5.12) 

(5.13) 

In this expression for the warping torsion, the term Er is the warping 
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rigidity of the section, analogous to Gl, the St. Venant torsional stiffness. 
Although it was derived here specifically for a symmetrical I section, Eq. 

(5.13) is perfectly generai and can be used for any open thin-wa11ed section. 
However, the expression for the warping constant given by Eq. (5.12) applies 
only to an I section. Expressions for the warping constant of other open 
thin-wa11ed sections can befound in Refs. 1.2, 1.12, and 5.17. A derivation of 
Eq. (5.13) more generai than the one presented here and applicable to any 
section can be found in Ref. 1.2. 

The differential equation for nonuniform torsion is obtained by com­
bining the expressions in (5.5) and (5.13). Thus 

T= GldP _ Er d3p 
dz dz 3 (5;14) 

The first term represents the resistance of the section to twist and the second 
term the resistance to warping. As pointed out by McGuire (Ref. 3.8), it is 
important to keep in mind that the second term is caused not by the warping 
of the member but by its resistance to warping. The two terms together 
represent the internai resistance of the member to an applied torque. 

5.3 STRAIN ENERGY OF TORSION 

The strain energy stored in a twisted member can be broken down into two 
parts, that due to St. Venant torsion and that due to warping torsion. 

St. Venant Torsion 

The increment of strain energy stored in an element dz of a twisted member 
due to St. Venant torsion is equal to one half the product of the torque and 
the change in the angle of twist. Hence 

Since 

Eq. (5.15) becomes 

1 
dU,v = 2:TdP 

T 
dp = Gldz 

1 T2 
dU,v = 2: Gl dz 

or if the expression in (5.1) is substituted for T, one obtains 

(5.15) 

(5.16) 

(5.17) 

(5.18) 
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Integrating over the length gives the strain energy in the entire member due to 
St. Venant torsion. Thus 

_ I Jl (dP) 2 

Usv - 2: o GI dz dz (5.19) 

Warping Torsion 

For an I beam, the strain energy stored in the member due to its resistance 
to warping is assumed to be equal to the bending energy of the flanges. As in 
ordinary beam theory, the shear energy associated with nonuniform bending 
is assumed to be negligible in comparison with the bending energy. 

The bending energy stored in an element dz of one of the flanges of an I 
beam is equal to the product of one half the moment Elf(d2x/dz2) and the 
rotation (d2x/dz2) dz. Thus 

(5.20) 

In view of Eqs. (5.9) and (5.12), this expression becomes 

(5.21) 

Integrating over the length and multiplying by 2 to account for both flanges 
gives the strain energy due to warping resistance for the enti re member. That 
is, 

(5.22) 

The total strain energy stored in a twisted member is obtained by adding the 
expressions in (5.19) and (5.22). lt is equal to 

5.4 TORSIONAL AND TORSIONAL-FLEXURAL 
BUCKLlNG OF COLUMNS 

(5.23) 

In this article we sha11 determine the criticalload of columns that buckle by 
twisting or by a combination of bending and twisting. Since open thin-walled 
sections are about the only sections that are susceptible to torsional or 
torsional-flexural buckling, the investigation is limited to these shapes. The 

il 
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study will also be restricted to elastic behavior, small deformations, and 
concentric loading. * 

The problem oftorsional buckling in columns has been studied extensively 
by many, including Goodier (Ref. 5.4), Timoshenko and Gere (Ref. 1.2), and 
Hoff (Refs. 1.3 and 5.5). In these investigations the criticalload is determined 
either by integrating the governing differential equations or by making use 
of an energy principle. The analysis presented here uses the Rayleigh-Ritz 
method to determine the criticaI load. The calculations follow the generai 
outline of those given by Hoff (Ref. 1.3). 

Let us consider the thin-walled open cross section of arbitrary shape given 
in Fig. 5-4. The deformation taking pIace during buckling is assumed to 

y' 
\ 
\ 

\ 
\ 

" u---~ 

Fig. 5-4 Torsional-flexural buckling deformations. (Adapted from Ref. 
5.5.) 

consist of a combination of twisting and bending about two axes. For the 
purpose of expressing the strain energy inits simplest form, it is desirable to 
reduce the deformation to two pure translations and a pure rotation. This can 
be accomplished by using the shear center O as the origin of the coordinate 
system. The shear center is that point in the cross section through which 
lateralloads must pass to produce bending without twisting. It is also the 
center of rotation when a pure torque is applied to the section. The x and y 
directions are assumed to coincide with the principal axes ofthe section, and 
the z direction is taken along the longitudinal axis through the shear center. 
As indicated in Fig. 5-4, the coordinates ofthe centroid are denoted by X o and 

*For information on inelastic buckling, postbuckling behavior, and eccentric loading, 
the reader is referred to a series of investigations recently undertaken at Cornell University 
(Refs. 5.2 and 5.3). 
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Yo' As a result of buckling, the cross section undergoes translations u and v in 
the x and y directions, respectively, and a rotation p about the z axis. The 
geometric shape of the cross section in the xy piane is assumed to remain 
con sta n t throughout. 

As far as the boundary conditions are concerned, it is assumed that the 
displacements in the x and y directions and the moments about these axes 
vanish at the ends of the member. That is, 

u = v = O at z = O and l 

d2u d2v 
dz 2 = dz 2 = O at z = O and l 

(5.24) 

The torsional conditions that correspond to these flexural conditions are zero 
rotation and zero warping restraint at the ends of the member. Thus 

d2p P = dz 2 = O at z = O and l (5.25) 

It is assumed that the warping restraint vanishes when the longitudinal 
stresses that accompany warping torsion vanish. The condition d2/3ldz 2 = O 
thus follows from Eq. (5.10). 

The boundary conditions will be satisfied by assuming a deflected shape 
ofthe form 

c . nz u = 1 S111y 

c . nz v = 2 S111 Y (5.26) 

The strain energy stored in the member consists of four parts, the energies 
due to bending in the x and y directions, the energy of the St. Venant shear 
stresses, and the energy of the longitudinal stresses associated with warping 
torsion. Thus 

1 Il (d
2
U)2 1 Il (d2V)2 

U = 2" o El)' dz2 dz + 2" o Elx dz 2 dz 

l Il (dP)2 1 Il (d2 P)2 + 2" o GJ dz dz + 2" o Er dz 2 dz 

(5.27) 

Substitution of the assumed deflection function into the strain energy 

cl 
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expression gives 

l Il 4 l Il 4 _ 2 n . 2 nz 2 n . 2 nz 
U -"2 o ElyC I F sm T dz +"2 o EI"C2 F sm T dz 

(5.28) 

Making use of the definite integrals 

Il nz Il. nz l 
o cos

2 T dz = o sm2 T dz = "2 

Eq. (5.28) simplifies to 

(5.29) 

The potential energy ofthe externalloads is equal to the negative product 
of the loads and the distances they move as the column deforms. Figure 5-5 

Fig. 5-5 Axial shortening of longi­
tudinal fiber due to bending. 

shows a longitudinal fiber whose ends approach one another by an amount 
Llb when the fiber bends. The distance Llb is equal to the difference between 
the arc length Sand the chord length L of the fiber. If the cross-sectional 
area of the fiber is dA and the load it supports is (j dA, then the potential 
energy ofthe load acting on the fiber is -Llb(j dA. The total potential energy 
for the entire member is obtained by integrating over the cross-sectional area. 
Thus 

(5.30) 

To determine Llb , consider fiber AB in Fig. 5-6, whose coordinates in the 
undeformed state are x and y. We shall direct our attention to an element dz 
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Fig. 5·6 Lateral deformations of 
longitudinal fiber due to bending. 
(Adapted from Ref. 1.5.) Y 

z 

x 

A u+du 

I v+dv 
I 

dz' I 
I 
I 

x 

of this fiber. After deformation has taken pIace the x and y displacements of 
the lower end ofthe element are ii and v, and the corresponding displacements 
at the upper end are ii + dii and v + dv. From the Pythagorean theorem, the 
length ds of the deformed element is 

(5.31) 

It has previously been shown (Article 2.2) that the expression (1/ + 1)1/2 
can be replaced by l + t1/ if 1/ « l. In view of this relationship and because 
dii/dz and dVjdz are very small quantities, Eq. (5.31) reduces to 

[ l (dU)2 l (dV)2 J ds = "2 dz +"2 dz + l dz (5.32) 

Integrating the left·hand side of this equation from O to Sand the right-hand 
side from O to L gives 

(5.33) 

from which 

l IL [(dU) 2 (dv) 2J Llb = S - L ="2 o dz + dz dz (5.34) 

The translations ii and v of a fiber whose coordinates are x and y consist of 
the trans1ation of the shear center, u and v, plus an additional translation due 
to the rotation ofthe fiber about the shear center. These latter translations, in 
the x and y directions, are denoted, as shown in Fig. 5·7, by -a and b. From 
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Sheor 
center 

y 

a 

-o 

~ ____________ ~ ________ ~ ____ ~x 

Fig.5-7 Latera! trans!ation of longitudinal fiber P due to rotation about 
shear center. (Adapted from Ref. 1.5.) 

the geometry of the figure it is evident that 

and since 

one can also write 

a = l'p sin IX 

b = l'p cos IX 

r sin IX = y, l' cos IX = X 

-a = -yP, b = xp 

The total displacements of the fiber at (x, y) are therefore 

ii = li - yp 
V = v + xp 

and the expression for I:!..b given in (5.34) becomes 

I:!..b = -.L fL [(dll) 2 + (dV)2 + (X2 + y2)(dP)2 
2 o dz dz". dz 

- 2Y(~~) (~~) + 2x(~~) (~~)] dz 

Ch.5 

(5.35) 

(5.36) 

(5.37) 

(5.38) 

(5.39) 

The potential energy ofthe externalloads can now be obtained by substituting 
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(5.39) in Eq. (5.30). Thus 

v = - ~ J: JA (T[(~~r + (~~r + (X2 + y2)(~~r 
- 2y(~~) (~~) + 2x(~~) (~~)] dA dz 

To simplify this expression, w~ make use of the following relations: 

LydA = YoA 

LxdA = xoA 

fA (x2 + y2) dA = 1'5 A 

(5.40) 

(5.41) 

in which X o andyo are the coordinates ofthe centroid and l'o is the polar radius 
of gyration of the cross section with respect to the shear center. 

Substitution of the relations in (5.41) in Eq. (5.40) gives 

v = _.i. JL [(dU)2 + (dV)2 + r2(dP)2 
2 o dz dz o dz 

_ 2y (du) (dP) + 2x (dV) (dP)] d 
o dz dz o dz dz z 

(5.42) 

Ifthe assumed expressions for li, V, and p, given by (5.26), are now introduced 
and the indicated integration carried out, one obtains 

(5.43) 

Combining this expression with the stra in energy given in (5.29), we finally 
obtain the total potential energy of the system. Thus 

u + V = n
2 

{C2(n2Ely _ p) + C2(n
2
EI, _ p) 

41 l 12 2 f2 

+ C~I'~[A (GJ + Ef2n
2

) - p] (5.44) 

+ 2C1C 3 PyO - 2C2 C 3 PXO} 
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At this point it is useful to introduce the following notation: 

p = n2EIx 
x /2 

P 
_ n2EIy 

y- /2 

p = ~(GJ + Ern
2
) 

'" r% 12 

Ch. 5 

(5.45) 

We ~re already familiar with the first two expressions. They are, of course, the 
flexural buckling loads about the x and y axes, respectively. The third term is 
as yet unfamiliar. However, it is seen to contain the St. Venant and warping 
stiffnesses, and it can therefore be expected to pertain to torsional buckling. 

By means of expressions (5.45), Eq. (5.44) is reduced to the form 

u + V = ~;[CHPy - P) + C~(Px - P) 
(5.46) 

+ C;r%(P", - P) + 2CIC3 PyO - 2C2C3 PXO] 

The criticalload is defined as the load at which equilibrium is possible in 
a slight1y deformed state. Hence it is the load for which the total potential 
energy of the system has a stationary value. Since U + V is a function of 
three variables, it will have a stationary value when its derivative with respect 
to each of these three variables vanishes. Taking the derivative of the expres­
sion in (5.46) with respect to CI> C2 , and C3 and setting them each equal to 
zero gives 

a(u + V) , " 
aC

I 
= CI(Py - P) + C3(PYo) = ° 

a(U + V) 
aC

2 
= C2(Px - P) - ClPxo) = ° (5.47) 

a(U + V) 2_ 
aC

3 
= CIPYo - C2PXo + C3 rO(P", - P) - ° 

This is a set of linear homogeneous equations. They have a solution C I = C2 

= C3 = 0, indicating that equilibrium is possible at any load provided the 
member remains straight. There is also a nontrivial solution possible when the 
determinant of the equations vanishes. This latteI' solution is the one that 
interests uso It corresponds to equilibrium in a deformed configuration, and 
that is of course the type of equilibrium that exists only at the criticalload. To 
determine the criticai load, we therefore set the determinant of Eqs. (5.47) 
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equal to zero. Thus 

Py - P ° 
° Px-P 

PYo -Pxo 

Expansion of (5.48) gives 

pYo 

-Pxo = ° 
r%(P", - P) 

(5.48) 

(Py - P)(Px - P)(P", - P) - (Py - pl
2 

x% - (P - pl
2
y% = ° 

r% x r% 
(5.49) 

This is a cubic equation inP, whose roots are the criticalloads ofthe member 
If the cross section has two axes of symmetry or if it is point symmetric' 

the shear center coincides with the centroid and X o = )'0 = O. For this cas~ 
Eq. (5.49) reduces to 

(Py - P)(Px - P)(P", - P) = ° (5.50) 

It is obvious that the three roots of this equation are 

p=p=n2EIy 
y /2 

P=P =n2EIx 
x 12 (5.51) 

P=P =~(GJ+n2Er) 
'" r~ 12 

I~ each oft~e three roots is substituted into Eqs. (5.47), the folIowing informa­
tlOn regardlllg the mode shapes is obtained: 

P=Py: CI =1=0, C2 = C3 = ° 
P=Px: C2 =1= 0, CI = C3 = ° (5.52) 
P=P",: C3 =1= 0, CI = C2 = ° 

These. results indicate that the loads Py and P
x 

correspond to pure flexural 
buc~hng about .the y and x axes, respectively, and that P", corresponds to pure 
torSlOnal buckllllg. 

. It .can thus be concluded that columns whose shear center and centroid 
cOlllclde, suc~ as. I beams and Z sections, can buckle either by bending about 
one of the pnnclpal axes or by twisting about the shear center. Combined 
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torsional-flexural buckling does not occur for these sections. Depending on 
the shape and climensions ofthe cross section, one ofthe loads given by (5.51) 
will have the lowest value and will determine the mode of buckling of the 
members. For example, the flexural buckling load about the weak axis is 
almost always the lowest of the three possible buckling loads for hot-rolled 
wide-flange steel shapes. It is for this reason that the Euler load is used 
almost exclusively to design wide-flange shapes. 

When the cross section has only one axis of symmetry, say the x axis, the 
shear center lies on that axis and Yo = O. For this case Eq. (5.49) reduces to 

[ 
P2X2] 

(Py - P) (Px - P)(Pq, - P) - r5 o = O (5.53) 

This relation is satisfied either if 

P= P = n
2
Ely 

y [2 
(5.54) 

orif 
(5.55) 

The first expression corresponds to pure flexural buckling about the y axis. 
The second is a quadratic equation in P, whose roots both correspond to 
buckling by a combination of bending and twisting, that is, torsional-flexural 
buckling. The smaller of the two roots of Eq. (5.55) is 

(5.56) 

in whieh k = [l - (xo/ro)2]. 
It is thus evident that a singly symmetric section, such as an angle, a 

channel, or a hat, can buckle either by bending in the pIane of symmetry or by 
a combination of twisting and bending. Which of these two modes is criticaI 
depends on the shape and dimensions of the cross section. 

The behavior of a singly symmetric section can be summarized as follows: 
An imperfect column that is centrally loaded tends to bend in one of the 
principal pIanes containing the centroidal axis. lf this pIane also contains the 
shear center axis (xz pIane in our example), bending can take pIace without 
simu1taneously inducing twist. However, if the pIane of bending does not 
contain the shear center axis (YZ pIane in our example), bending must 
necessarily be accompanied by twisting. 

If the cross section of a member does not possess any symmetry at all, 
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neither X o nor Yo vanishes and Eq. (5.49) cannot be simplified. In this case 
bending about either principal axis is coupled with both twisting and bending 
about the other principal axis, and each of the three roots to Eq. (5.49) 
corresponds to torsional-flexural buckling. A nonsymmetric shape wiII thus 
always buckle in a torsional-flexuraI mode regardless of its shape or dimen­
sions. 

The criticaIload of such a section is the smallest root of Eq. (5.49). Since 
this equation is a cubie, its soIution involves a large amount of numericaI 
work. However, nonsymmetric sections are rarely used and their design does 
therefore not pose a serious problem. 

It has been shown in this article that alI centrally loaded columns possess 
three distinct buckling loads and that at least one of these corresponds to a 
torsional or torsional-flexural mode of failure. For the doubly symmetric 
hot-r~lIed steel sections commonly used in heavy construction, the flexural 
bucklmg load about the weak axis is almost always the lowest of the three 
possible buckling loads. Hence it is customary to negIect torsional buckling 
when designing such members and base the analysis solely on the Euler load. 
However, this is not the case for the thin-walled open sections without double 
symmetry, such as angles and channels which are commonly used in aerospace 
structures and other lightweight construction. For these shapes the torsional­
flexural buckling load can be significantly below the Euler load, and torsional­
flexural buckling must be considered in their design. 

5.5 LATERAL BUCKLlNG OF BEAMS 

A transversely loaded member that is bent about its major axis may buckle 
sideways if its compression flange is not lateralIy supported. The reason 
buckling occurs in a beam is that the compression flange, whieh is in effect a 
colum.n on an elastie foundation, becomes unstable. At the criticaI loading 
there IS a tendency for the compression flange to bend sideways and for the 
remainder of the cross section, which is stable, to restrain it from doing so. 
!he .net effect is that the entire section rotates and moves laterally, as shown 
m FIg. 5-8. Lateral buckling of a beam is thus a combination of twisting and 
lateral bending brought about by the instability of the compression flange. 

The first theoretical studies of lateral buckling were made by Prandtl 
(Ref. 5.6) and Michell (Ref. 5.7) on beams with rectangular cross sections 
and by Timoshenko (Ref. 5.8) on I beams. Since then numerous investiga­
tions, including those by Winter (Ref. 5.9), Hill (Ref. 5.10), and Galambos 
(Re.f. 5. I I), have been conducted on both elastic and inelastic buckling of 
vanous shapes. In the following sections we shaII consider a few of the basic 
aspects of lateral beam buckling uncovered in these investigations. 



212 Torsional Buckling 

--------

Fig. 5-8 Lateral buckling of beams. 

5.6 LATERAL BUCI<LlNG OF RECTANGULAR 
BEAMS IN PURE BENDING 

Ch.5 

Let us consider the rectangular beam in pure bending shown in Fig. 5-9a. It 
is assumed that the material obeys Hooke's law, that the deformations 
remain small, and that the geometry of the cross section does not change 
during buckling. The criticalload will be determined by finding the smaHest 
load at which neutral equilibrium is possible. To establish equilibrium in a 
deformed configuration, we shall satisfy the governing differential equations. 
These equations are derived using the procedure outlined by Timoshenko 
and Gere in Ref. 1.2. 

A set offixed coordinate axes x, y, and z, as shown in Fig. 5-9b, is chosen. 
In addition, a second set of coordinate axes x', y', and Z', whose directions 
are taken relative to the deformed member, is also established. The x' and y' 
directions coincide with the principal axes of the cross section, and the z' axis 
is tangent to the centroidal axis ofthe member. Deformation ofthe member at 
any section can be broken down into three distinct motions, a lateral dispiace­
ment u in the x direction, a vertical displacement v in the y direction, and a 
rotation f3 about the z axis. The rotation f3 is positive when clockwise, looking 
toward the origin, and ti and v are positive when in the positive directions of 
the x and y axes. Thus the three displacements shown in Fig. 5-9b are aH 

positive. 
The ends of the member are assumed to be simply supported as far as 

bending about the x and y axes is concerned. Hence 

_ _ d2u _ d2v_ 
U - v - - - - - ° at z = 0, l 

dz 2 dz 2 
(5.57) 

Art. 5.6 Lateral Buckling of Rectangular Beams 213 

(a) 

x 

(b) 

X' 

y' (c) 

Fig. 5-9 Lateral buckling of simply supported rectangular beam in pure 
bending. 

In .addition, the ends of the member are prevented from rotating about the z 

aXIS but are free to warp. Thus 

d2/3 /3 =--0 dz 2 -
at z = 0, l (5.58) 

.Assuming that the positive directions of the moments M , M, d M 
actmg ~~ an e~eme.nt of the deformed member, are as shown i~' Fi;.' 5~~c, a;d 
the posItIve duectlOns of the displacements are as indicated previously, the 
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differenti al equations of bending and twisting are 

d 2v 
Elx dz2 = -Mx' 

d 2u 
Ely dz 2 = M y' 

dp 
GJ dz = M z' 

eh. 5 

(5.59) 

(5.60) 

(5.61) 

The first two equations are the familiar equations of beam bending written 
about the x' and y' axes. The third equation is an analogous expression for 
twisting about the z' axis. Since the warping stiffness of a rectangular section 
is negligible, the twisting relation is obtained from Eq. (5.14) by dropping the 
warping term. The negative sign in Eq. (5.59) indicates that a positive 
moment M x ' corresponds to a negative curvature d2v/dz2 • By comparison, in 
Eqs. (5.60) and (5.61) positive moments M y' and M z ' correspond, respectively, 
to a positive curvature d2u/dz 2 and a positive siope dpjdz. 

The quanti ti es Mx" My " and Mz' that appear in Eqs. (5.59), (5.60), and 
(5.61) are the components ofthe applied moment Mx about the x', y', and z' 
axes. To determine these components, it is necessary to know the angles that 
the x', y', and z' axes make with the x axis. As shown in Fig. 5-lOa, the angle 
between the x' and x axes is equal to the rotation p, and the angle between 
the y' and x axes is p + 90. The moments about the x' and y' axes, denoted by 
vectors in the figure, are therefore given by 

M x' = Mx cos P = Mx 

My' = Mx cos (P + 90) = -Mx sin P = -MxP 

(5.62) 

(5.63) 

The z' axis is tangent to the deflection curve of the member. As indicated in 
Fig. 5-lOb, the angle between the z' axis and the z axis is therefore equai to 
dujdz, and the angle between the z' axis and the x axis is 90 - (du/dz). Hence 

( 
du) . du du Mz' = Mxcos 90 - dz = Mxsm dz = Mx dz (5.64) 

In line with the assumption of small deformations, the cosines of small angles 
have been replaced by unity and the sines by the angles. 

Substitution of the expressions in (5.62), (5.63), and (5.64) into Eqs. 
(5.59), (5.60), and (5.61) Ieads to the following differentiai equations: 

d2v 
El., dz 2 + M., = O (5.65) 

d2u 
Ely dz2 + MxP = O (5.66) 
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Fig. 5-10 Components of Mx along X', Y', and Z' axes. (Adapted from 
Ref.4.8.) 

GJdp _ M du = O 
dz x dz (5.67) 

The first of these three equations contains only the variable v, and this 
variable does not appear in either of the other two equations. Hence the first 
equation, which describes bending in the vertical pIane, can be solved 
independently of the other two. The second and third equations, which 
describe Iaterai bending and twisting, are of COUi'se coupled and must be 
solved simultaneously. The buckling problem governed by Eqs. (5.66) and 
(5.67) is thus independent ofthe equilibrium problem that is described by Eq. 
(5.65). This situation is analogous to that existing in the Euler column where 
the bending that occurs during buckling is independent of the axiai compres­
sion that precedes it. When the Euler column was considered in Chapter l, it 
was tacitly assumed that axial shortening could be omitìed when describing 
the buckling deformation of the member. A differentiai equation correspond­
ing to axiai compression was therefore never written. However, in analyzing 
the laterai buckling of beams in this chapter, the most generaI form of the 
deformation, containing all possible components, was employed, and the 
verticai bending equation as well as the buckling equations therefore appears 
in the analysis. 



5 

216 Torsional Buckling Ch. 5 

The variable u can be eliminated between Eqs. (5.66) and (5.67) if Eq. 
(5.67) is differentiated and the resulting expression is substituted for d2ujdz2 

in Eq. (5.66). Thus one obtains 

GJ d2P+M;p=0 (5.68) 
dz 2 EIy 

or d
2p + k 2p = O 

dz 2 

where k 2 = M;jGJEly. The solution of Eq. (5.69) is 

P = A sin kz + B cos kz 

(5.69) 

(5.70) 

Substitution of the boundary condition p = O at z = O into Eq. (5.70) gives 

B=O 

and from the condition p = O at z = Ione obtains 

A sin kl = O (5.71) 

For neutral equilibrium, the member must be in equilibrium in a deformed as 
well as in the undeformed configuration. Equilibrium in the undeformed 
configuration is possible at any load, since A = O satisfies. Eq: (5.71~ for any 
value of k. However, equilibrium in a deformed configuratlOn IS posslble only 
when 

sin kl = O 

This gives 

kl = n 

from which 

(5.72) 

Equation (5.72) gives the criticai moment for a simpl~ su~ported r~cta~gular 
beam subject to uniform bending. Since lateral bucklmg IS a combmatI~~ of 
twisting and bending about the y axis, it is not surprising that .the c.ntIcal 
moment is proportional to the torsional stiffness GJ and the bendmg stIffness 

EIy. . . d b d' 'd' 
The extreme fiber stress at which buckling occurs IS obtame y IVI mg 

the criticai moment by the section modulus. Thus 

or Gcr = l~ ~GJEIy 
.< 

(5.73) 

Art. 5.7 Buckling of I Beams by Energy Method 217 

For the rectangular cross section being considered, 

In view of these expressions, Eq. (5.73) becomes 

(5.74) 

This relation indicates that the criticai stress is proportional to the ratio ofthe 
principal rigidities, Iy/ Ix, and inversely proportional to the ratio of span to 
width. Hence lateral buckling will occur in beams that are relatively deep, 
narrow, and long. 

5.7 BUCKLlNG OF I BEAMS BY 
ENERGY METHOD 

In this article we shall con si del' the lateral buckling of an I beam. Following 
the generallines of an analysis presented by Winter (Ref. 5.9), the Rayleigh­
Ritz method will be used to determine the criticalload ofthe member. 

Uniform Bending-Simple Supports 

Let us consider the simply supported I beam, subject to a uniform bending 
moment M, shown in Fig. 5-11. The x and y coordinate axes are taken along 
the principal axes of the cross section, and the z axis coincides with the 
longitudinal centroidal axis of the member. The flexural and torsional 
boundary conditions corresponding to simple supports are 

_ _ d 2u _ d 2v_ 
U - v - - - - - O at z = O, l 

dz 2 dz 2 

p = d
2p = O at z = O, l 

dz 2 

(5.75) 

where u and v are the displacements in the x and y directions and p is the angle 
oftwist about the z axis. The condition d2Pjdz 2 = O indicates that the section 
is free to warp at the supports. 

At the criticai moment, the member can be in equilibrium in a slightly 
buckled formo To determine the criticai moment by the energy method, it is 
therefore necessary to find the moment for which the total potential energy 
ofthe buckled system has a stationary value. We have seen in the investigation 
ofthe rectangular beam (Article 5.6) that the final deformation ofthe member 
consisting of a vertical displacement v, a horizontal displacement u, and a 
rotation p is reached in two distinct stages. First, the member bends in the 
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Fig. 5-11 Lateral buckling of a simply supported I beam in pure bending. 

vertical pIane, and then at the criticalload it twists and bends laterally. It has 
also been shown that during the first stage of the deformation, when only 
vertical bending takes pIace, the member is in equilibrium for any and aH 
values of the applied momento Hence the part of the variation of the total 
potential energy that corresponds to vertical bending will be identically equal 
to zero and does not have to be included in the analysis. Omitting the vertical 
bending energy in the beam is analogous to omitting the energy ofaxial 
compression in the column. 

The strain energy stored in the member as it buckles consists oftwo parts, 
the energy due to bending about the y axis and the energy due to twisting 
about the z axis. Thus the strain energy is 

u = ; Ely J: (~:~r dz + ; GJ J: (~~r dz + ; Er I: (~;!r dz 

(5.76) 

The I beam, unlike the rectangular beam considered in Article 5-6, has a 
significant warping stiffness. The twisting energy therefore consists of two 
parts, that due to St. Venant torsion and that due to warping torsion. The 
torsional energy expressions used in Eq. (5.76) are derived in Article 5.3. 

To the strain energy (5.76) must now be added the potential energy V of 
the externalloads. For a beam subject to pure bending, the potential energy 
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V is equal to the negative product ofthe applied moments and the angles they 
move through as the member buckles. Thus 

V= -2MIfI (5.77) 

where lfI is the angle of rotation about the x axis at each end of the beam. 
As shown in Fig. 5-12, buckling causes the ends of longitudinal fibers in 

Fig.5-12 End rotations due to lateral buckling. (Adapted frol11 Ref. 5.9.) 

the beam to approach one another. If the deformation consisted only of 
lateral bending, the ends of every fiber in the beam would move toward one 
another the sa me distance. However, lateral bending is accompanied by 
twisting, and the ends of the upper fibers therefore approach one another a 
greater distance than do the ends of the lower fibers. This gives rise to the 
rotation lfI of the end cross sections of the member. Letting the movement of 
the uppermost fiber at each end of the beam be given by .dI and the corre­
sponding movement of the lowermost fiber by .db , the angle lfI is 

lIf _ .dI - .db 
r - h (5.78) 

where Il is the depth of the cross section. In view of Eq. (2.2), 

l Il (dUI)2 .d, = 4" o dz dz (5.79) 

and l Il (dUb)2 
.db = 4" o dz dz (5.80) 

The quantities u, and Ub appearing in these expressions are the lateral displace-
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Fig. 5-13 Lateral deflection of 
flanges due to twist. 

ments of the top and bottom of the web, respectively. From Fig. 5-13 these 
displacements are seen to be 

h 
U,= u+ P"2 

and Ub = U - p ~ 

Thus 1 r d ( h r Il, =""4 o dz U + P"2 dz 

and l r d ( h r Ilb = - - U - p- dz 
4 o dz 2 

Substituting these expressions in Eq. (5.78) and simplifying Ieads to 

\II = 1. l' du dp dz 
2 o dz dz 

(5.81) 

(5.82) 

(5.83) 

(5.84) 

(5.85) 

Thus the potential energy of the externalloads given by Eq. (5.77) becomes 

v = -MI' dudP dz 
o dz dz 

(5.86) 

Finally, combining the expressions in (5.76) and (5.86), one obtains for the 
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totai potentiai energy of the system 

u + V = ~ Ely 1: (~:~r dz + ~ GJ 1: (~~r dz 

+ 1.Er l' (d2P)2 dz - MI' dudP dz 
2 o dz2 o dz dz 

(5.87) 

It is now necessary to assume suitabie expressions for the buckling defor­
mations li and p. The boundary conditions given in Eqs. (5.75) will be 
satisfied if li and p are approximated by 

A . nz 
li = slllT 

P B' nz = slllT 

(5.88) 

(5.89) 

If these shapes are substituted in Eq. (5.87), one obtains the totai energy of 
the system expressed as a function of the two variables A and B. One can then 
determine the criticaI moment by solving the two equations that result if the 
variation of U + V is made to vanish with respect to both A and B. An 
alternative approach is to express A in terms of B, using Eq. (5.66), and thus 
reduce the total energy expression to a function of the single variable B. This 
alternative procedure involves Iess computations than the foregoing method 
and will therefore be followed here. The first procedure must of course be 
followed if a relation between ti and p is not available. 

From Eq. (5.66) 

(5.90) 

Substitution of the expressions in (5.88) and (5.89) into this relation gives 

12 M A=B-­
n2 Ely 

The assumed function for ti can now be written in the form 

BI2 M . nz 
u = nz Ely Slll T 

Using (5.89) and (5.92), the total potential energy becomes 

U + V = ~ B~r2 I: sin 2 ~z dz + ~ GJB27: 1: cos2 ~z dz 

1 n4 l' nz M2B2 Il 
+ "2 ErB2 F o sin

2 T dz - Ely o cos2 ~z dz 

(5.91) 

(5.92) 

(5.93) 
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and since 

sm2 - dz = cos2 - dz =-f
l . 1lZ fl 1lZ / 
o / o / 2 

Eq. (5.93) reduces to 

(5.94) 

The criticaI moment is reached when neutral equilibrium is possible, and the 
requil'ement for neutral equilibrium is that the derivative of U + V with 

l'espect to B vanish. Bence 

(5.95) 

If equilibrium is to correspond to a deformed configuration, B cannot be 
zero. Instead, the term inside the brackets must vanish. Thus 

from which 

(5.96) 

Equation (5.96) gives the criticaI moment for a simply supported I beam sub­
ject to pure bending. As was the case for the rectangular beam analyzed in 
Article 5.6, the criticaI moment of the I beam is proportional to the lateral 
bending stiffness and the torsional stiffness ofthe member. The only difference 
between the two cases is that the torsional stiffness of the I beam includes 
warping rigidity as well as St. Venant stiffness, whereas only St. Venant stiff­
ness is present in the torsional stiffness of the rectangular beam. 

Uniform Bending-Fixed Ends 

In the preceding analysis, the ends of the member were assumed to be 
restrained against twisting and lateral translation, but free to warp and free 
to rotate about the principal axes. These conditions were said to be analogous 
to those existing at hinged supports in simple flexure. We shall now consider 
a member whose ends are free to rotate about the horizontal axis, but fully 
restrained against all other displacements. The analytical formulation of 

these boundary conditions is 

v = v" = ° at z = 0, / 

ti = H' = ° at z = 0, l (5.97) 

P = P' = ° at z = 0, l 
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We have atte~pted ~o choose end l'estraints here that are as similar as possible 
to full fix~ty m or~mary bending. As far as the displacements li and P that 
occur dunng bucklmg are concerned these boundary cond't' d , I IOns o represent 
complete fixety at the supports, In order to apply concentrated moments at 
the ends of the member, it is, however, necessary to permit the ends of the 
beam to rotate about the horizontal axis, 

~he bounda~y conditions of (5,97), as weIl as the hinged conditions 
consldered prevlOusly, may not appeal' at first sight to be very realistic 
Bow~vel', these, conditions, like the corresponding conditions in simpI~ 
flexure, are studled not because of their similarity to support conditions in 
actual struct~res, ?ut because they provide a set of limits between which most 
actual restramts he and because homogeneous boundary c d't' b 
h dI d

' , on I IOns can e 
an e wlth relatlve ease, 

The conditions in (5.97) wiIl be satisfied if li and P are approximated by 

li = A( 1 - cos 27z) 

P = B( 1 - cos 27Z
) 

(5.98) 

Substitution of these shapes ' t th " m o e energy expreSSlOn glven by Eq (5 87) 
leads to ' , 

+ +GJ4~:1l2 { sin2 (27z) dz 

+ J...Er 16B
21l4 Jl 2 (21lz) 2 /4 cos -/- dz 

o 

(5,99) 

- M4AB1l2 Jl , 2 (21lz) f2 o sm -/- dz 

Since { sin2 e7z) dz = { cos2 (27z) dz = ~ 

Eq, (5,99) can be reduced to 

(5,100) 

To det~rmine the criticaI moment, we again find the value of M 
for whlch equilibrium in a deformed configuration is possible, For 

. 
i 
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equilibrium 

a(u + V) _ n2
[8EI A n2 _ 2MB] - O aA - [ y p -

(5.101) 

a(u + V) = n
2
[2GlB + 8ErB

n2 
- 2MA] - O aB [ [2-

or ( 4Ely ~:)A - (M)B = O 
(5.102) 

-(M)A + ( Gl + 4Er~:)B = O 

If equilibrium is to correspond to a deformed configuration, the determinant 
of Eqs. (5.102) must vanish. Hence 

from which 

(5.103) 

Comparing this expression for the criticai moment of a fixed beam with 
the one for a hinged beam, given by Eq. (5.96), it is evident that the criticai 
moment ofthe fixed beam can be anywhere from two to four times as large as 
the criticai moment of the hinged beam. If the warping stiffness is negligible 
compared to the St. Venant stiffness, the strength of the fixed beam is twice 
that of the hinged beam. However, if the St. Venant stiffness is negligible 
compared to the warping stiffness, the strength is increased fourfold in going 
from hinged to fixed-end conditions. The reason the beam behaves in this' 
manner is that the lateral bending strength and warping strength depend on 
the length ofthe member, whereas the St. Venant torsional strength does not. 
The warping and lateral bending strength are thus affected by changes 
in the boundary conditions, whereas the St. Venant torsional strength is not. 

Concentrated Load-Simple Supports 

Let us now return to the simply supported beam considered at the 
beginning of the article, and determine its criticai moment if the member is 
bent by a concentrated load at midspan, as shown in Fig. 5-14a, instead of 
being subject to uniform bending. It is assumed that the concentrated load is 
applied at the centroid of the cross section and that the load remains vertical 
as the beam buckles. As before, the x and y directions coincide with the 
principal axes of the cross section, the z axis is taken along the centroidal 
axis of the member, and the origin is at the right-hand support. 
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(a) 

dz--I I--z---I 
Z----·~~dU 

I 
~ 
X 

(c) 

Fig.5-14 Latera! buckling of I Beam with concentrated !oad. 

. Th~ strain energy stored in the member during buckling has the same form 
It had 111 ~he preceding computations. It is therefore given by Eq. (5.76). A 
new relatlOn must, however, be determined for the potential energy of the 
external loa~s. Th.is expression will consist of the negative product of the 
force P that IS appbed to the member at midspan and the vertical distance that 
p moves through during buckling. The manner in which P moves as the mem­
?er defor~s is indicated in Fig. 5-14b. Prior to buckling, as the member bends 
111 the vertICal piane, P moves from l to 2. Then, as buckling occurs, P moves 
from 2 t~ 3 .. The move~ent from 2 to 3, which is the only one we are con­
c~rned wlth 111 calculat111g the energy of buckling, consists of a horizontal 
dlsplacement Uo and a vertical motion wo' The subscripts O denote the fact 
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that the displacements being considered are at midspan. In calculating the 
strain energy, only that part of the total energy caused by li, the horizontal 
displacement, was included. The part due to w, being very small, was 
neglected. However, of the two components li and w that make up the buck­
ling displacement, only w contributes to the potential energy of the applied 
load, and even though it is small, it therefore cannot be neglected in this case. 

To determine 11'0' let us consider an element dz of the beam located a 
distance z from the right support, as shown in Fig. 5-14c. Due to lateral 
bending, there is a horizontal deviation dll at the right support between the 
tangents drawn to the two ends of this elemento The value of the deviation is, 
according to the moment-area theorem, given b,y 

du = My'z dz 
Ely 

For small deformations, the increment in the vertical displacement dw that 
corresponds to du is 

dw = P du = M y' pz dz 
Ely 

Thus the vertical displacement 11'0 at midheight is 

J

'/2 J'/2 M, 
WO = dw = -y pzdz 

o o Ely 
(5.104) 

In accordance with Eq. (5.63) and the sign conventions adopted in Article 5.6, 

Hence 

and the potential energy of P is 

J

'/2 p2 2p2 
V= -Plvo = - _z_dz 

o 2Ely 

(5.105) 

(5.106) 

(5.107) 

Combining the expressions in (5.76) and (5.107), one obtains for the total 
potenti al energy of the system 

u + V = J' Ely(d2~)2 dz + J' GJ(dP)2 dz 
o 2 dz o 2 dz 

(5.108) 
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As before, it is desirable to express li in terms of p and thus reduce the 
number of variables in the problem. Substitution of M y ' as given by (5.105) 
into Eq. (5.60) leads to 

or 

El d2
u = PZP 

y dz 2 2 

d2u _ Pzp 
dz 2 - 2Ely 

(5.109) 

Making use of this relationship to rewrite the first term in Eq. (5.108) in 
terms of p, one obtains 

__ J'/2 p2Z2p2 Jl GJ(dP)2 J' Er(d2p)2 
U + V - o 4Ely dz + o 2 dz dz + o 2 dz2 dz 

We now assume that p can be approximated by 

P B' nz = sllli 

and substitute this shape into Eq. (5.110). Thus 

P2B2 J'/2 2 • 2 nz 
U + V = - 4EI z Slll i dz 

y o 

GJB2n 2 J' 2nz + 2/2 o cos T d z 

Using the definite integrals 

J
'/2 f3 (n 2 ) 
o Z2 sin 2 ~z dz = 8n2 6 + l 

J' . nz J' nz 1 
o Slll2 T dz = o cos 2 i dz = 2" 

Eq. (5.112) becomes 

At the criticalload the first variation of U + V must vanish. Hence 

(5.110) 

(5.111) 

(5.112) 

(5.113) 

(5.114) 
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from which 

(5.115) 

Comparison between the criticalload of (5.115) and the criticaI moment given 
by Eq. (5.96) indicates that both are functions of the same beam properties. 
In fact, the two expressions differ by only a constant. 

5.8 LATERAL BUCKLlNG OF CANTILEVER BEAM 
BY FINITE DIFFERENCES 

We shall now consider the buckling of a cantilever beam bent by a concen­
trated load acting at the free end, as shown in Fig. 5-15a. The beam has a 
rectangular cross section, and the applied load is assumed to act at the 
centroid of the cross section. It is also assumed that the load remains vertical 
during buckling. To obtain the criticaI load, we shall derive the governing 
differenti al equations in much the same manner as was done in Article 5.6 
and then solve them using the finite-difference method. The calculations 
follow the generaI outline of those given by Salvadori (Ref. 2.4). 

As before, we make use of a fìxed x, y, and z coordinate system and a set 
ofaxes x', y', and z' that move with the member as it deforms. Positive 
directions for the displacements u, v, and p and for the bending and twisting 
moments are shown in Figs. 5-15b and c. 

As a result of buckling, the free end of the member deflects an amount o 
in the x direction. This induces a moment M z = Po at the fixed end. There 
is of com'se al so a vertical teaction P and a moment M .• = -P! at the fixed 
end. At a section a distance z from the fixed end the moments are 

Mx = -Pl + pz = -P(l- z) 

My=O 

M z = PO - Pu = P(o - u) 

(5.116) 

(5.117) 

(5.118) 

Since it is convenient to write the equations of equilibrium in the x', y', z' 
system, it is necessary to obtain the components of the moments in (5.116) 
and (5.118) about the x', y', and z' axes. The angles between the axes ofthe 
two systems are shown in Fig. 5-16. Aiso shown in the figure are vectorial 
representations of the moments Mx and M z and their components about the 
x', y', and z' axes. Replacing the cosines of small angles by unity and the 
sines of small angles by the angles themselves, one obtains 

du l 1: )du M ' = M - M - = - P( - z) - P(u - u -x x zdz dz 
(5.119) 
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(c) 

Z' 

Fig. 5-15 Lateral buckling of cantilever beam. 

M y' = -Mx(P) - M zd
dV = P(l- z)(P) - P(o - u)dv 

z dz 
(5.120) 

M z ' = Mx~~ + M z = -P(l- z)~~ + P(o - u) (5.121) 

Neglecting terms that contain deformations to a higher order than one these 
relations reduce to ' 

M x ' = -P(l- z) 

M y ' = P(l- z)P 

)
du 

M z' = - P(l z dz + P(o - u) 

(5.122) 

(5.123) 

(5.124) 

J 
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Fig.5-16 Components of Mx and Mz along X', Y', and Z' axes. (Adapted 
from Ref. 4.8.) 
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F or the positive directions of moments and deformations assumed in Fig. 
5-15, the equations of bending and twisting about the x', y', and z' axes are 

d2v 
Elxdz2 = -Mx' (5.125) 

d2u ElYdz2 = My' (5.126) 

GJdp = M 
dz Z 

(5.127) 

Substitution of the moments in (5.122) through (5.124) into Eqs. (5.125), 
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(5.126), and (5.127) leads to 

(5.128) 

d2 u ElYdz2 - P(l- z)p = O (5.129) 

dp du GJ- + P(l- z)- - P(o - u) = O 
dz dz 

(5.130) 

As was the case in Article 5.6, Eqs. (5.129) and (5.130), which govern the 
buckling displacementsu and p, are independent of Eq. (5.128), which 
describes the vertical bending ofthe beam that takes pIace before the member 
becomes unstable. 

Before attempting to solve Eqs. (5.129) and (5.130), it is convenient to 
eliminate u by differentiating (5.130) and combining the resulting expression 
with (5.129). Thus one obtains 

GJd2p + p2(l- Z)2 P = O 
dz 2 Ely 

or (5.131) 

where (5.132) 

Equation (5.131) is linear, but it does not have constant coefficients. Its 
solution is therefore considerably more complicated than, for example, that 
of Eq. (5.69). By making several changes of variables, Eq. (5.131) can be 
transformed into a Bessel equation whose solution is known. This procedure 
is followed by Timoshenko and Gere (Ref. 1.2) and will not be reproduced 
here. Instead, the finite-difference method will be used to obtain an approxi­
mate solution. 

To obtain the finite-difference formulation of the problem, the member is 
divided into two equal segments of length li = 1/2 (Fig. 5-17). The ends of the 

Fig. 5-17 Cantilever bea m divided 
into two segments. 

i=3 2 O 

LI--------l-I----j-~ 
$3 $2 $1 

I~~-I~~---I~~---I 

segments thus formed are denoted by i = O, I, and 2. The point i = O is at 
the fixed end and i = 2 is at the free end of the member. An additional seg­
ment extending from i = 2 to i = 3 is formed by prolonging the axis of the 

.... 
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member a distance 1/2 beyond the free end. It is necessary to imagine the 
member to be extended in this manner, because the second difference ratio of 
p at i = 2 involves the value of p at points on either si de of i = 2. 

The difference equation at any point z = i is obtained by substituting the 
difference ratio for the second derivative, given by (2.78), for the second 
derivative in Eq. (5.131). Thus 

Pi+h 

Writing this equation at i = 1 gives 

P2 - 2Pl + Po + ,p( 1 - i r ~ Pl = O 

and at i = 2 one obtains 

Combining terms, these equations become 

(
22

[2 ) Po + 16 - 2 Pl + P2 = O 

Pl - 2P2 + P3 = O 

At the fixed end of the member the angle of twist is zero. Hence 

Po = O 

(5.133) 

(5.134) 

(5.135) 

(5.136) 

A second boundary condition is obtained from the l'equirement that the 
twisting moment must vanish at the free end of the member. Thus 

or 

which requires that 

M = GJdp = O at z = [ 
Z dz 

dp = O at z = l 
dz 

Pl = Pl 

In view of(5.136) and (5.137), Eqs. (5.l34) and (5.135) reduce to 

(2t~2 - 2)PI + P2 = O 

2Pl - 2P2 = O 

(5.137) 

To obtain the nontrivial solution to these equations, from which the criticaI 
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load is determined, we set their determinant equal to zero. Thus 

or 

22[2 
--2 
16 = O 

2 -2 

(22
[2 ) -2 16 - 2 - 2 = O 

Taking the positive l'oot of the equation gives 

from which 

(5.138) 

The exact value of the criticai load, calculated by Timoshenko and Gere 
(Ref. l.2) is (4.013j[2),.jGJEJy • 

5.9 DESIGN SIMPLIFICATIONS FOR 
LATERAL BUCKLlNG 

In the preceding articles we determined the criticai loading for several 
diffel'ent beams. A simply supported I beam subject to uniform bending was 
shown to buckle when the applied moment reaches the value 

(5.139) 

It was also found that the same beam, bent by a concentrated Ioad at 
midspan, buckles when the load is equal to 

(5.140) 

The similarity of these two expressions leads one to suspect that a single 
design formula valid for both loading conditions may exist. Such a relation 
can in fact be obtained if one substitutes the criterion of a criticaI internaI 
bending moment for that of a criticai applied loading. Accordingly, the crit­
icai moment for uniform bending is given by Eq. (5.l39) and that for a 
concentrated load at midspan is 

(5.141) 
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It is now evident that a suitable design relationship is 

(5.142) 

where the loading coefficient Cl is equal to 1.0 for uniform bending and 1.36 
for a concentrated load at midspan. 

The results ofnumerous theoretical studies have shown that Eq. (5.142) is 
also valid for other 10ading conditions beside the two considered here. For 
ex ampie, the constant Cl in Eq. (5.142) has been found to be equal to 1.13 
for a uniformly distributed load and 1.04 for concentrated loads at the third 
points. These values of C l' as well as others, corresponding to various 
different loading conditions, are listed in a survey article by Clark and Hill 
(Ref. 5.12). Included in the article is a bibliography of the investigations 
from which these data were taken. 

Having demonstrated that the expression for the criticai moment of a 
simply supported I beam subject to uniform bending can be made valid for 
other loading conditions by means of the factor C l' we shall now show that 
this equation can be made applicable to different boundary conditions as well. 
In Article 5.7 the criticai moment was determined for a uniformly bent I beam 
with fully restrained ends. The result of that analysis, given by Eq. (5.103), 
can be rewritten in the form 

(5.143) 

Comparison of this relation with the corresponding one for hinged ends, Eq. 
(5.139), indicates that full fixety at the supports can be accounted for by an 
effective-length concept similar to the one used in columns. Thus the design 
relation given by Eq. (5.142) can be rewritten in the form 

(5.144) 

where k is an effective-length factor that is equal to l for simply supported 
ends and equal to 1: for fully fixed ends. Boundary conditions other than 
hinged-hinged and fixed-fixed can also be accounted for by using the effective­
length concept. Based on results obtained by Vlasov (Ref. 5.13), Galambos 
(Ref. 4.8) lists values of the effective-Iength factor for several such end 

conditions. 
For design purposes, Eq. (5.144) is sometimes simplified by omitting 

either one or the other of the two terms under the radical sign. For example, 
it is reasonable to neglect the warping term in comparison with the St. 
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Venant torsion term when dealing with members that have long unbraced 
spans, the reason being that the warping term decreases as the span increases, 
whereas t~e ~t. Venant torsion term does not. For thin-walled members just 
the OpposIte IS true. The St. Venant torsion term, which varies as the cube of 
the thickness, is usually much smaller than the warping term and is therefore 
neglected. 

Many hot-rolled wide-flange structural-steel beams fall into the first of 
the above two categories. The criticai stress in pure bending for these mem­
bers can accordingly be approximated by 

(5.145) 

The expression for acr can further be simplified if the area of the web is 
neglected when calculating the section properties of the member. Thus 

Sx = btd 

tb 3 

IY=6 

2bt3 

J=-3-

G = 2(1 ! f-l) = 11.5 X 10
3 ksi 

and Eq. (5.145) reduces to 

20 X 103 

a cr = Id/bt 

where band t are the width and thickness of the flange and d is the depth of 
the section. Dividing this relation by a safety factor of 1.65, one obtains the 
allowable stress given in the 1969 AISC specifications for elastic lateral buck­
ling (Ref. 1.17). That is, 

12 X 103 

aal! = Id/bt (5.146) 

A c~rresponding design expression for light-gage I beams is obtained by 
neglectmg the St. Venant torsion term. Thus 

a = 2Mcr = 2rc / EIyErrc 2 

CI Ixd Ix di 'V /2 
(5.147) 

In view of Eq. (5.12), the warping constant of an I section is given by Iyd2/8. 

.... 
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The criticai stress can accordingly be written as 

or 

En 2 I 
O"cr = 4(l/d)2 i 

74Xl03(I')2 
O"cr = (l/d)2 l': 

where l'x and l'y are the radii of gyration about the x and y axes. The ArSI 
specification uses a safety factor of 1.85 and assumes that d/l'x = 2.5 is a 
representative value for light-gage I sections (Ref. 5.18). Thus 

(5.148) 

Since stress was assumed to be proportional to strain throughout this 
chapter, the criticai moment given by Eq. (5.144) is valid only as long as the 
maximum stress at buckling is below the proportional limit of the material. 
As with columns, this will be the case for long members, but not for short 
ones. For short beams, the maximum stress reaches the proportional limit 
prior to buckling, and as soon as this occurs, the stiffness of the member 
begins to decrease. As a consequence, the stiffness of short members at 
buckling is considerably smaller than it would have been had no yielding taken 
piace, and the actual inelastic criticai moment is less than the one based on 
elastic behavior. A design curve for beams, indicating that the inelastic 
criticai moment becomes a smaller and smaller fraction of the elastic one as 
the length decreases, could be obtained for beams just as it was for columns 
in Article 1.18. The calculation of the inelastic criticai moment is, however, 
fairly complex and will not be considered here. The reader interested in the 
subject is refe l'l'ed to the following work done in this area (Refs. 5.11, 5.14, 

and 5.15). 
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Problems 

5.1 Determine the criticaI loading for a simply supported I bea m subjected to a 
uniformly distributed load w. For this loading condition the constant Cl in 
Eq. (5.142) has been found to be equal to 1.13. How does this compare with the 
resu1ts obtained here? 

5.2 Using the finite-difference method, determine the critica! moment of a simply 
supported rectangular beam subjected to uniform bending. Obtain solutions 
with the member divided into three and four segments, and extrapolate these 
resu1ts using Richardson's method. 



6.1 INTRODUCTION 

6 
BUCKLING 

OF PLATES 

In the preceding chapters we de alt with the buckling of one-dimensional 
members such as beams and columns. The analysis of these members is 
relatively simple because bending can be assumed to take pIace in one pIane 
only. By comparison, the buckling of a plate, which is the subject of this 
chapter, involves bending in two planes and is therefore fair1y involved. From 
a mathematical point of view, the main difference between columns and 
plates is that quantities such as deflections and bending moments which are 
functions of a single independent variable in columns become functions of 
two independent variables in plates. Consequently, the behavior of plates is 
described by partial differential equations, whereas ordinary differential 
equations suffice for describing the behavior of columns. 

A significant difference between columns and plates is also apparent if one 
compares their buckling characteristics. For a column, buckling terminates 
the ability of the member to resist axialload, and the criticalload is thus the 
failure load of the member. The same is, however, not true for plates. These 
siructural elements can, subsequent to reaching the criticalload, continue to 
resist increasing axial force, and they do not fail until a load considerably in 
excess of the criticalload is reached. The criticalload of a plate is therefore 
not its failure load. Instead, one must determine the load-carrying capacity 
of a plate by considering its postbuckling behavior. 
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The theory of plate stability developed in this chapter is applicabie to two 
distinct groups of plates. One inc1udes the relatively small plate elements of 
which structural shapes such as I beams, channels, and angles are composed. 
When such an element buckles, only that element and not the entire member 
becomes deformed. BuckIing of a piate element of a member is usual1y 
referred to as local bllckling. The other category of plates to which the 
materia I in this chapter applies is ordinary flat panels, such as may be found 
in any structure having Iarge flat surfaces. 

Small-Deflection Theory of Thin Plates 

Let us consider the plate of uniform thickness h shown in Fig. 6-1 a. The 

y 

~---------------A-----~ 

/: X 
/ I 

/ I 
I I 

I I 
I I 

/ I 
I I 

I 

Z 

(a) 

Fig. 6-1 PIa te coordinates and stresses. 
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x and y coordinate axes are directed along the edges of the plate and the z 
axis is directed vertical1y downward. The xy pIane midway between the two 
faces of the plate is called the middle surface. Figure 6-1 b depicts a differential 
element of the plate. On each side of the e1ement there can exist a normal 
stress (j and two shearing stresses 't'. It is customary to designate planes in a 
physical body by the direction of their norma\. The normai stress acting on 
a pIane then carries the same designation as the pIane. The designation of a 
shear stress consists of two parts; the first denotes the pIane on which it acts 
and the second the direction of the stress. 

Plates can be separated into three categories: thick plates, thin piates, and 
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membranes. If the thickness of a plate is sizeable compared to the other 
dimensions, transverse shear deformations tend to be of the same order of 
magnitude as bending deflections and must be considered. Such plates are 
called thick plates. By comparison, plates are considered thin plates if their 
thickness is small compared to the other dimensions and transverse shear 
deformations are negligible compared to bending deflections. A third group, 
known as membranes, consists of plates whose thickness is so small that the 
bending stiffness tends to vanish, and transverse loads must be resisted almost 
entirely by membrane action. Of these three types, only thin plates will be 
considered in this chapter. 

It is customary to make the following two assumptions ,regarding the 
behavior of thin plates: 

l. The shear strains Yxz and yyz are negligible, and lines normal to the 
middle surface prior to bending remain straight and normal to the 
middle surface during bending. 

2. The normal stress (J z and the corresponding strain Ez are negligible, and 
therefore the transverse deflection at any point (x, y, z) is equal to the 
transverse deflection of the corresponding point (x, y, O) along the 
middle surface. 

In addition to limiting the analysis to thin plates, the following idealiza­
tions are made. 

3. The transverse deflections of the plates are small compared to the 
thickness of the plate. Thus middle-surface stretching caused by 
bending can be neglected; that is, membrane action resulting from 
flexure is negligible compared to the flexure. 

4. The material ofthe plate is homogeneous, isotropic, and obeys Hooke's 
law. 

As a consequence of assumptions l and 2, the plate can be treated as a 
two-dimensional stress problem, and assumptions 3 and 4 make it possible 
to describe the behavior of the plate by linear differential equations with 
constant coefficients. 

6.2 DIFFERENTIAL EQUATION OF PLATE 
BUCKLlNG: LlNEAR THEORY 

To determine the criticaI in-piane loading of a flat plate by the concept of 
neutral equilibrium, it is necessary to have the equation of equilibriumfor the 
plate in a slightly bent configuration. This equation will be derived here for 
a loading condition consisting of constant biaxial compression forces and 
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Fig. 6-2 Applied middle-surface 
forces-positive when acting as indi-
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cated. (Adapted from Ref. 6.1.) Y 

constant in-piane shears, as shown in Fig. 6-2. The forces are considered to be 
positive when acting in the directions indicated. As is customary in plate 
theory, the unit of force used is load per unit length; that is, N x is equal to the 
axial stress (J x multiplied by the thickness h. 

An element of a laterally bent plate is acted on by two sets of forces, 
in-piane forces equal to the externally applied loads and moments and shears 
that l'esult from the transverse bending of the plate. In developing the equa­
tion of equilibrium it is convenient to consider these two sets of forces 
separately and then to combine the resu1ts. * 

Equilibrium of In-Piane Forces 

A differenti al element of a laterally bent plate is shown in Fig. 6-3. The 
sides of the element are of length dx and dy, and its thickness is eq ual to that 
of the plate, h. Acting on the element are the in-piane forces N x , N y , N xy , 

and Ny .<. Since middle-surface strains caused by bending are neglected, the 
in-piane forces are solely due to the applied constant in-piane loads and do 
not vary with x or y. The lateral deflection IV does, however, vary with x and 
y, giving rise to the slopes and curvatures indicated in the figure. 

For smalIlateral deflections, the cosines of the angles between the forces 
and the horizontal are approximately equal to unity, and the sines of the 
angles can be replaced by the angles. The sum of the moments about the x 
and y axes and the sum of the forces along these axes are thus alI identically 
equal to zero. In the z direction the components ofthe N x forces are equal to 

or simply 

(6.1) 

*The derivation of the plate equation presented here follows the generai outline of the 
derivation given by Gerard (Ref. 6.1). 
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Fig. 6-3 In-piane forces on plate element-small deflections. (Adapted 
from Ref. 6.1.) 

Ch. 6 

SimiIarly, the z direction components of the remaining forces acting on the 
element are 

(6.2) 

In determining the z components of the shear forces, the curvature of the 
edges on which they act is neglected. It is permissible to do this because the 
terms that would result from inCluding the curvature are of higher order than 
the remaining terms in the expression. 

Noting that N xy = Nyx for moment equilibrium about the z axis, and 
adding the terms in (6.1) and (6.2), one obtains for the resultant of the 
middle-surface forces in the z direction 

(6.3) 
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Equilibrium of Bending Moments, Twisting 
Moments, and Shears 

In addition to the in-pIane forces shown in Fig. 6-3, a differential element 
of a slightly bent plate will have acting on it the moments and shears shown 
in Fig. 6-4. AH forces and moments are considered positive when acting in 

y 

/ 

z 
Fig. 6-4 Bending moments, twisting moments, and shears on p!ate ele­
mento (Adapted from Ref. 6.1.) 

x 

the direction indicated. Components of the shear forces in the x and y 
directions are negligible. In the z direction the components of the shear forces 
are 

(aQx + aQy
) dx dy ax ay (6.4) 

Addition of these terms to the z components of the middle-surface forces, 
given by (6.3), leads to the equation of equilibrium in the z direction: 

(6.5) 
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The condition that the sum of the moments about the x axis must vanish 

gives 

aMydy dx _ aMxydx dy _ aQx dx dy dy - Q dx dy - aQYdx dy dy = O 
ay ax ax 2 y ay 

If the higher-order terms are neglected, this relation reduces to 

aMy _ aMxy _ Q = O 
ay ax y 

(6.6) 

Similarly, moment equilibrium about the y axis leads to 

(6.7) 

Equations (6.5), (6.6), and (6.7) are three equilibrium equations of plate 
buckling. As is often the case, it is possible to combine these equations and 
thus eliminate some of the variables in the problem. Differentiation of (6.6) 

and (6.7) gives 

and 

aQy _ a2My a2Mxy 
Ty - ay2 - ax ay 

aQx _ a2Mx a2Myx 
ax - ax2 - axay 

(6.8) 

(6.9) 

If one now substitutes the expressions in (6.8) and (6.9) into Eq. (6.5), one 
obtains a single equation of equilibrium from which the shear forces have 

been eliminated. Thus 

(6.10) 

Equation (6.10) contains four unknown functions, Mx' My, Mxy, and w. 
To obtain a solution, it is obviously necessary to have three relations, in 
addition to (6.10), among these variables. Since it is not possible to write any 
more equations of equilibrium, the additional relations will have to be 
obtained by considering the deformation of the plate. 

Moment-Displacement Relations 

Equations that express the moments in terms of the displacements will be 
obtained by relating the moments to the stresses, the stresses to the strains, 
and finally the strains to the displacements. The moments M." My, and Mxy 

are due to normal and shear stresses whose magnitude is proportional to the 
distance of the stress from the neutral surface (Fig. 6-5). Consequently, 
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~ig. 6-5 Norma! and shear stresses corresponding to bending and twist­
mg moments. (Adapted from Ref. 6.1.) 

f
M2 

Mx = O'xz dz 
-h/2 

f
M2 

My = O'yZ dz 
-11/2 

f
M2 

M xy = - 't'XyZ dz 
-11/2 

(6.11) 

(6.12) 

(6.13) 

The ne~~tive sign in Eq. (6. I3) indicates that M xy is negative when z and 't' 
are poslttve. By comparison, M and M in Eqs (6 Il) and (6 12) 't' xy h x y •• • are pOSI Ive 
w ~n. z and t~e normaI stress are positive. The moments and stresses are 
pOSItive when III the directions indicated in Figs. 6-4 and 6-5. 

. A~ a result of assuming elastic behavior and negligible stresses in the z 
dlrectlOn, the stress-strain relations for the plate are 

(6.14) 

(6.15) 

_ 1 ( ) _ 2(1 + li) 
YXy - G 't'.<y - E 't' xy (6.16) 

Solving for the stresses in terms of the strains, one obtains 

(6.17) 
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O'y = -l --2(fy + wJ 
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E 
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(6. 

(6. 

These expressions are equally valid for relating bending stresses to bending 
strains, which is what we are doing, or for relating total stresses due to in­
piane forces as well as bending to the corresponding total strains. 

To obtain a set of bending strain-displacement relations, we denote the 
x, y, and z components of the bending displacement of a point in the plate by 
ub, Vb' and w. The subscripts are used to differentiate the bepding displace­
ments from the total displacements. At any point in the plate, the total dis­
placement consists of two parts: that due to in-piane forces, which is constant 
over the thickness, and that due to bending, which varies from zero at the 
middle surface to a maximum at the outer surfaces. Thus 

U = Uo + Ub 

V = V o + Vb 

(6.20) 

, (6.21) 

where U and V are the total displacements made up of the displacements Uo 
and V o of the middle surface plus the displacements Ub and Vb relative to the 
middle surface due to bending. Since f z is neglected, w is constant over the 
thickness, and no expression is required for w. 

During bending of the plate, a thin lamina abcd located a distance z above 
the middle surface undergoes the displacement and distortion shown in Fig. 

6-6a. From the definition of strain it is evident that the strain of fiber ab in 
the x directìon is given by 

or simply 

a'b' - ab 
f., = ab 

dx - Ub + Ub + (aUb/aX) dx - dx 
dx 

and the strain of fiber ad in the y direction by 

(6.22) 

(6.23) 

The shear strain is equal to the change in the angle dab. This is given by 

(6.24) 

Art. 6.2 Differentia/ Equation of P/ate Buckling 247 

,---------------------------------~X 

I~' --dx---..·I 

y 

(a) X-Y piane 

,----}---, 
I --.e 
I z I 

r----.---r----.---L-------------~X 

r l ____ ~_j 

l 
z 

(b) X - Z piane 

Fig. 6-6 Bending displacements in a plate. 

During bending, piane sections are assumed to remain pIane. The dis­
placement Ub of point e located at a distance z above the middle surface (Fig. 
6-6b) is therefore given by 

(6.25) 

Similarly, in the y direction 

(6.26) 

The negative sign indicates that a negative z and a positive slope correspond 



248 Buckling of Plates Ch.6 

to a positive displacement. Substitution of the expressions for the displace­
ments given by (6.25) and (6.26) into Eqs. (6.22), (6.23), and (6.24) leads to 

a2w 
€x= -zax2 

a2w 
€y=-Zay2 

a2w 
YXY = -2z ax ay 

(6.27) 

(6.28) 

(6.29) 

These expressions are the bending strain-displacement relations for the plate. 
Their substitution into Eqs. (6.17), (6.18), and (6.19) gives 

(6.30) 

(6.31) 

(6.32) 

Finally, by substituting (6.30), (6.31), and (6.32) into Eqs. (6.11), (6.12), and 
(6.13) and carrying out the indicated integrations, the following moment­
curvature relations are obtained: 

(6.33) 

(6.34) 

(6.35) 

in which 

(6.36) 

The quantity D'is the flexural rigidity per unit width of plate. It corresponds 
to the bending stiffness El of a beam. Equations (6.33), (6.34), and (6.35) are 
the plate moment-curvature relations analogous to the beam equation 
M = - El(d2y/dx 2). Comparison of the beam rigidity with that of the plate 
indicates that a strip of plate is stiffer than a beam of similar width and depth 
by a factor of 1/(1 - f..l2). The difference in stiffness exists because the beam 
is free to deform laterally, whereas the plate strip is constrained from deform­
ing in this manner by the adjacent materia\. 
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Differential Equation of Plate Buckling 

Substitution of Eqs. (6.33), (6.34), and (6.35) into Eq. (6.10) gives 

(6.37) 

This is the differenti al equation of plate buckling under the action of in-piane 
forces N x ' N y , and N xy • Setting N y = N xy = 0, the criticai load for uniaxial 
compression can be determined. In a similar manner the criticai load under 
pure shear or due to a combination of compression and shear can be found. 

At the beginning ofthe section it was pointed out that a primary difference 
between plates and beams was the existence of two independent variables in 
the former as opposed to a single independent variable in the latter. Thus 
removal of the y-dependent deformation terms from Eq. (6.37) results, as is 
to be expected, in arelation that is very similar to Eq. (1.34), the column 
buckling equation. 

6.3 CRITICAL LOAD OF A PLATE UNIFORMLY 
COMPRESSED IN ONE DIRECTION 

Let us consider a simply supported rectangular plate with sides a and b units 
long, as shown in Fig. 6-7. The plate is acted on by a compression force, N x , 
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Nx ~ / //T-- ~ 
~ --_.1-/ I __ b 
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y 

Fig. 6-7 Simply supported plate uniformly compressed in x-direction. 

per unit length, distributed uniformly along the edges x = ° and x = a. It is 
assumed that the edges of the plate are free to move in the piane of the plate 
and that no in-piane forces in addition to the applied load can therefore 
develop as the plate is axially compressed. Letting N y = N.q = 0, and noting 
that N x is negative, Eq. (6.37), the differential equation of plate bending, 
reduces to 

(6.38) 

Since all four edges of the plate are simply supported, the lateral deflection 
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as well as the bending moment vanishes along each edge. Taking the coor­
dinate axes as shown in the figure, the boundary conditions are 

a2w a2w 
IV = ax2 + J1 ay2 = ° at x = 0, a (6.39) 

a2w a2 w 
w = ay2 + J1 ax2 = ° at y = 0, b (6.40) 

In view of the condition of zero lateral deflection along each of the four 

boundaries, 

a2w - = ° atx = 0, a ay2 

a2w - = ° at y = O,b ax2 

Making use of these relations, the boundary conditions in (6.39) and (6.40) 
can be red uced to 

a2w 
w = - = ° at x = 0, a ax2 

a2w 
IV = - = ° at y = 0, b ay2 

(6.41) 

(6.42) 

Since the bending of the plate is limited to small deformations, only 
bending strains need be considered. The in-piane strains caused by flexure are 
assumed to be negligible. In view of this fact only the boundary conditions 
dealing with transverse deformations are required. The in-piane boundary 
conditions were needed to determine whether or not in-pIane forces other 
than the applied ones wouId be induced during the axiai compression of the 
piate. They are, however, not required from here on, when we shall be 
dealing only with the bending of the piate. 

To determine the criticalloading of a system by means of the concept of 
neutrai equilibrium requires that one obtain the nontrivial solution of the 
governing linear differentiai equation. In the case of a piate this equation is a 
partiai differentiai equation, and since we have not considered this type of 
equation heretofore, a few introductory words regarding its solution are in 

order. 
The main difference between an ordinary and a parti al differenti al equa­

tion is that the former can be satisfied by onIy one function, whereas there 
exist numerous functions that can satisfy the Iatter. As a consequence, the 
generaI solution of a partial differentiai equation is more difficult to obtain 
than that of an ordinary differential equation and of Iess practicai value. 
Whereas the generaI solution of an ordinary differentiai equation gives the 

Art. 6.3 Criticai Load of a P/ate 251 

dependent variable to within one or more arbitrary constants, the generaI 
solution of a partiai differentiai equation onIy describes the dependent 
variable in generaI terms and does not give its specific formo For these 
reasons it is not worthwhile to obtain the generaI solution of a partiai differ­
ential equation. Instead, it is customary to solve the equation by the use of a 
series. 

Let us assume that the solution to Eq. (6.38) is of the form 

~ ~ A . mnx . nny m = I, 2, 3 ... 
IV = .:.....:.... 11111 sIn -- SIn -b 

111= 1 11= 1 a n = 1, 2, 3 ... 
(6.43) 

in which 111 and n are the number of haIf-waves that the plate buckles into in 
the x and y directions, respectively. The assumed solution aiready satisfies the 
boundary conditions, and there remains only the task of ensuring that it also 
satisfies the differenti al equation. Substitution of the appropriate derivatives 
of IV into Eq. (6.38) leads to 

The left-hand side of (6.44) consists of the sum of an infinite number of 
independent functions. The only way such a sum can vanish is if the coeffi­
cient of every one of the terms is equai to zero. Thus 

(6.45) 

This expression can be satisfied in one of two ways, either AlIIlI = ° or the 
term in the brackets vanishes. If AlIIlI = 0, N x can have any value. This is the 
triviai solution of equilibrium at allIoads, provided the plate remains perfectly 
straight. The nontrivial solution that Ieads to the criticalioad is obtained by 
setting the expression in the brackets equai to zero. Thus 

or _ Dn2 (mb n2a)2 N --+-., - b2 a mb (6.46) 

According to (6.46), N x depends on the dimensions and the physical 
properties of the plate and on m and n, the number of half-waves that the 
plate buckles into. Since the criticaI value of N x is the smallest value that 
satisfies Eq. (6.46), the values of 111 and 11 that minimize (6.46) must be 
determined. It is obvious that Nx increases as 11 increases and that n = l 

.. 
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therefore results in a minimum value of N x ; that is, the plate buckles in a 
single half-wave in the y direction. The number of half-waves in the x 
direction that correspond to a minimum value of N x is found by minimizing 
Eq. (6.46) with respect to m. Thus 

d(NJ = 2Dn
2 

(mb +..!!..-) (~_~) = O 
dm b2 a mb a bm 2 

from which 

(6.47) 

Substitution of this result into (6.46) leads to 

(6.48) 

Since a simply supported plate must buckle into a whole number of half­
waves, a/b, which according to (6.47) is equal to m, must be an integer. The 
criticalload given by Eq. (6.48) is thus valid only when a/b is a whole number. 
For plates in this category, the buckling pattern consists of a single half-wave 
in the y direction and a/b half-waves in the x direction. In other words, the 
plate buckles into a/b square waves. 

The more generai case, where a/b is not an integer, will now be considered. 
Equation (6.46) can be rewritten in the form 

(6.49) 

where (
mb n2a)2 

k= -+-a mb 
(6.50) 

The factor k depends on the aspect ratio a/b and on m and n, the number of 
half-waves that the plate buckles into. As before, n = l leads to the smallest 
value of N

x
; that is, the plate buckles in a single half-wave in the y direction. 

To determine the buckling pattern in the x direction, one must consider how 
k varies with a/b for different values of m. Letting m = l in Eq. (6.50), the 
variation of k with a/ b given by the curve labeled 111 = l in Fig. 6-8 is obtained. 
In a similar manner, by letting m in Eq. (6.50) take on successively higher 
values, the curves for m = 2, 3, 4 ... are obtained. It is evident from these 
curves that there exist an unlimited number ofvalues for k, corresponding to 
any given a/b, that satisfy Eq. (6.50). Of these we are interested in only the 
smallest one, because this is the value of k that will minimize N x in Eq. (6.49). 
The solid line in Fig. 6-8 obtained by connecting the lower branches of the 
various curves gives the criticai value of k as a function of a/b. In addition, 
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the solid line indicates the number of half-waves into which the plate buckles, 
corresponding to a given a/b. For example, the buckling stress coefficient k is 
obtained from the curve for m = l for all plates with a/b < -./2. These 
plates therefore buckle into a single half-wave in the x direction. For plates 
with a/b between -./2 and fo, k is taken from the curve for m = 2, and 
these plates accordingly buckle into two half-waves in the longitudinal 
direction. 

As long as a/b is relatively small, k varies considerably with the aspect 
ratio, and a curve like the one given in Fig. 6-8 is required to obtain the correct 
value of k. However, for a/b > 4 the variation of k from 4.0 is almost 
negligible, and k = 4.0 is therefore a satisfactory approximation for plates 
with a/b > 4. 

Having determined the criticai load of a uniaxially loaded plate, it is 
worthwhile to compare it to the criticalload of a column. This is best accom­
plished by replacing D in Eq. (6.49) with E/12(l - ;..t2) and N x withO'xt. Thus 
one obtains 

(6.51) 

The equivalent expression for the column is 

(6.52) 

in which C is a constant that depends on the boundary conditions. 
Compari so n of Eqs. (6.51) and (6.52) indicates that the criticai stress of 

both the plate and the column are direct1y proportional to the stiffness of the 
material, E, and inversely proportional to the square of a ratio of two 
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Iengths. The piate stress varies inverseIy as the flat width ratio squared, (b/t)2, 
and the coIumn stress is inversely proportionai to the sIenderness ratio 
squared, (1/,-)2. The criticaI stress of the coIumn thus depends on its Iength, 
whereas that ofthe pIate depends on the width ofthe piate and is independent 
of the Iength. 

The investigation of the stability of a simpIy supported, axiaIIy compressed 
pIate considered in this article dates back to 1891 when Bryan (Ref. 6.2) 
presented one of the first solutions to the problem. At the begil1ning of the 
twentieth century, pIate buckling was again considered by Timoshenko, who 
not onIy investigated the simpIy supported case, but various other boundary 
conditions as weII. Many of the solutions he obtained are given in his textbook 
on stabiIity (Ref. 1.2). 

6.4 STRAIN ENERGY OF BENDING IN A PLATE 

In Chapter 2 the energy method was used to determine the criticaI Ioad of a 
coIumn. To appIy the same method to pIates, it is necessary to obtain an 
expression for the strain energy in a bent pIate. Since the strain energy stored 
in a deformed body is equaI to the work done by the externaI forces, the strain 
energy in an element of a bent plate can be obtained by determining the work 
due to the stresses acting on the element. For thin pIates it is assumed that 
a" )'.w and )'yz are negligibIe. ConsequentIy, only the stresses shown acting 
on the differential eIement in Fig. 6-9 need be considered. The total strain 

Fig. 6-9 Stresses on plate elemento 

energy due to these stresses wiIl be obtained by appIying the stresses one at a 
ti me and adding the energy thus produced. 

At first Iet the element be acted on only by the stress a x. The energy stored 
in the eIement due to this stress is equaI to one haIf the force a x dz dy muIti­
plied by the distance, (ajE)dx, through which the force moves. Thus 

(6.53) 

N ow let the stress a y be applied to the element on which a x is aIready 
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acting at its full vaIue. Due to ay , deformations occur in the x and y directions, 
and work is done by both the new stress ay and the existing stress a

x
• In the 

y direction the force ay dx dz and the deformation (ay/E)dy increase simuI­
taneousIy from zero to their final vaIue. This resuIts in an increase of strain 
energy equaI to 

dU2 = 2ka; dx dy dz (6.54) 

In the x direction the force ax dy dz remains constant whiIe the deformation 
changes by an amount - f.1a) E. The resuIting strain energy is 

(6.55) 

To obtain the total strain energy due to ax and ay, we add dU2 and dU3 to 
dU1 • Thus 

(6.56) 

Assuming that normaI stress produces no shear strain, and vice versa, it is 
possibIe to obtain the strain energy due to shear independent of the energy 
caused by axial stress. Due to the shear stress there exists a force 1: dx dz and xy 
a dispIacement in the direction of the force of )'Xy dy. Since both force and 
displacement increase simuItaneousIy from zero to their finaI vaIue, the strain 
energy is equal to 

dUs = ~ (1: XY dx dz)()'xy dy) = l t f.11:;y dx dy dz (6.57) 

The total strain energy stored in an element of a bent plate is the sum of dU
4 

and dUs' Hence 

dU = 2k[a; + a; - 2f.1axay + 2(1 + f.1)1:;y] dx dy dz (6.58) 

For an entire plate, whose length and width are a and h, respectively, and 
whose thickness is h, the strain energy is 

(6.59) 

As a consequence of neglecting a" )'x" and )'yz> this expression is limited to 
thin plates. However, it is not limited to small deformations. As a matter of 
fact, Eq. (6.59) will give the strain energy due to either bending or membrane 
action or a combination of the two, depending on what stresses are used. 

• 
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At present it is desired to obtain an expression for the strain energy due to 
bending only. Twisting that accompanies bending in a plate is here considered 
to be part of bending. Substitution of (6.30), (6.31), and (6.32), which relate 
the bending stresses to the lateral displacements, into Eq. (6.59) leads to 

E fh/2 fb fa { 2 [(a
2
W)2 (a

2
w)2 u = 2(1 _ f12)2 -h/2 Z2 O O (1 - f1) aX2 + ay2 

(6.60) 

+ 2 a
2
w a

2
w + 2(1 - f1) ( a

2
w )2J} dx dy dz 

f1 ax2 ay2 ax ay 

which, after integrating with respect to z and combining like terms, reduces to 

Equation (6.61) gives the strain energy due to bending in a thin plate. 

6.5 CRITICAL LOAD OF A UNIAXIALLY 
COMPRESSED PLATE, FIXED ALONG ALL 
EDGES, BY THE ENERGY METHOD 

(6.61) 

To illustrate the use of the energy method in plate analysis, the criticai 
compression load of a square plate fixed along aH four edges will be deter­
mined. The plate, shown in Fig. 6-10, has sides oflength a and is compressed 

y 
Fig. 6-10 Fixed plate uniformly 
compressed in x-direction. 

by a uniformly distributed force N x acting along two opposite edges. Taking 
the coordinate axes as shown in the figure, the boundary conditions are 

w = aw = O at x = O, a 
ax 

w = aw = O at y = O, a 
ay 

(6.62) 

(6.63) 
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In accordance with these conditions the plate is prevented from moving in 
the z direction or rotating at the boundaries. The edges of the plate are, 
however, free to move in the xy piane. 

Boundary conditions (6.62) and (6.63) are satisfied if w is assumed to be of 
the form 

w = A (1 - cos 2~x) (1 - cos 2:y) (6.64) 

The total potential energy of the system consists of two parts, the strain 
energy due to bending and the potential energy of the external loads. The 
former, derived in Artic1e 6.4, is given by 

(6.65) 

To evaluate this expression, the following derivatives of w are needed: 

aw 2nA (. 2nx) (1 2ny ) -a = - Slll- - cos-x a a a 

aw _ 2nA (. 2ny) (1 2nx) ay - a Sllla - cosa 

a
2
w 4n2 A ( 2nx) (I 2ny ) -a 2 = -2- cos- - cos-x a a a 

a
2
w 4n

2
A ( 2ny ) (I 2nx) -a 2 = -2- cos- - cos-

y a a a 

a2w 4n2 A (. 2nx) (. 2ny ) 
a x ay = -----az Slll a Slll a 

Substitution of these expressions into (6.65) leads to 

u = ~ 16~:A2 f: J: [( cos2 2~X) (I - 2 cos 2:y + cos2 2:y) 

+ (COs2 2:y) (l _ 2 cos 2~x + cos2 2:X) 

+ 2f1 (cos 2~x _ cos2 2:X) (cos 2:y _ cos2 2:y ) 

+ 2(1 - f1) (sin2 2~X) (sin2 2:y ) ] dx dy 

(6.66) 

(6.67) 
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Making use of the following definite integrals, 

fa • 22nx d - ~ 
SIn - x- 2 

O a 

fa 22nx _ a 
cos -dx- 2 o a 

fa 2nx d O cos- X = 
O a 

the expression for the strain energy reduces to 

Ch. 6 

(6.68) 

U = 8D:: Al ~ (a + ~) + ~ (a + ~) + 2fl (~2) + 2(1 - fl) a4
2

] 

from which 

U = 16Dn4A2 
a 2 

(6.69) 

To determine the potential energy of the external loads, the plate is 
considered to be made up of a series of longitudinal strips, as showll in Fig. 
6-11. F or any strip the potential energy is equal to the negative product of the 

Fig. 6-11 

force N x dy and the shortening of the strip in the x direction due to bending. 

That is, 

[
l fa (aW)2 ] dV = -(Nx dy) 2 O ax dx 

The total potential energy for the enti re plate is obtained by adding the 
potential energies for ali the individuai strips. Thus 

V = -fa Nx fa (alV)2 dx dy 
O 2 O ax 

(6.70) 

Substitution of the expression for aw/ax from (6.66) into this relation leads to 

V = - ( ~ x) ( 4n:1 2

) J: f: (sin 2 2~X) (1 - 2 cos 2:y 

(6.71) 

+ cos2 2:
y

) dx dy 

Art. 6.6 CriticaI Load by Galerkin Method 259 

which can, in view of (6.68), be reduced to 

or V= (6.72) 

The total potential energy of the system is obtained by adding the expres­
sions in (6.69) and (6.72). Thus 

(6.73) 

In accordance with the concept of neutral equilibrium and the principle 
of stationary energy, the criticai loading can be determined by finding the 
slightly bent configuration for which the total potenti al energy has a stationary 
value. Hence 

d(U + V) = 32Dn4A _ 3N n2A = O 
dA a 2 x 

from which 

(6.74) 

Using an infinite series for w, Levy (Ref. 6.3) obtained an exact solution to 
the same probIem. His criticai Ioad is 

6.6 CRITICAL LOAD OF A PLATE IN SHEAR 
BY GALERKIN METHOD 

(6.75) 

For buckling to take piace, it is not necessary that a member be Ioaded in 
axial compression. Ali that is necessary is that compression stresses exist 
in some part of the member. Thus we have seen that instability can occur in 
transverseIy Ioaded beams due to the compression stresses that are present in 
the compression flange ofthe member. Another structural member that is not 
loaded in axial compression, but may nevertheless become unstabIe, is a plate 
loaded in shear. In this case, compression exists on planes that make a 45-
degree angle with the loaded edges, and when these stresses become suffi­
ciently Iarge, buckling will take pIace. 

Let us consider the simpIy supported square plate shown in Fig. 6-12. The 
plate is Ioaded by uniform shearing forces N xy applied aIong the four edges. 
To determine the criticai loading of the plate, we make use of the GaIerkin 

J 11'" 
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Fig. 6-12 Simply supported plate in 
pure shear. 

method outlined in Article 2.8. As is the case when using the energy method, 
one must first choose an expression for the deflected shape of the member that 
satisfies the boundary conditions. Thus we let 

A 
. nx . ny A . 2nx . 2ny 

w= lsm-sm-+ 2sm - sm -a a a a 
(6.76) 

Next, the Galerkin equation, whose generaI form is given by (2.72), must be 
written. For a plate subject to pure shear, whose deflection is assumed to be 
given by (6.76), the Galerkin equation is of the form 

f: f: Q(w)g;(x) dx dy, i = 1,2 (6.77) 

where 
a4w a4w a4 w a2w 

Q(IV) = ax4 + 2 ax2ay2 + ay 4 + 2Nxy ax ay 
(6.78) 

gl(X) = sin nx sin ny 
a a 

(6.79) 

() 
. 2nx . 2ny 

g2 x = sm-sm-
a a 

(6.80) 

Since there are two terms in the assumed deflection function, two Galerkin 
equations must be written. Substituting the appropriate derivatives of IV into 
Q(w), these equations take the form 

fa fa [4A1n4 sin2 nx sin2 ny + 64A2n
4 sin 2nx sin nx sin 2ny sin ny 

o o a4 a a a4 a a a a 

+ 2Nxy (A1n2 cos nx sin nx cos ny sin ny (6.81) 
D a2 a a a a 

4A n2 2nx. nx 2ny. ny)] + _2_ cos - sm - cos - sm - dx dy 
a2 a a a a 

__ sm-sm-sm-sm- ---sm -sm -f
a fa [4A 1n4 . nx . 2nx . ny . 2ny + 64A2n4 . 22nx . 2 2ny 
O O a4 a a a a a4 a a 

+ 2Nxy (A1n2 cos nx sin 2nx cos ny sin 2ny (6.82) 
D a2 a a a a 

4A 2n2 2nx. 2nx 2ny. 2ny )] + --2-cos-sm-cos- sm- dxdy 
a a a a a 
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Thle definite integrals appearing in Eqs. (6.81) and (6.82) have the following 
va ues: 

fa sin2 mnx dx =!!:.-. 
O a 2 

fa Sl'n mnx . nnx d O --sm- x= 
O a a 

fa cos mnx sin mnx dx = O 
o a a 

cos-sm-dx =--fa 2nx. nx 2a 
O a a 3n 

fa • 2nx nx 4a 
sm - cos - dx = -

O a a 3n 

Hence the equations can be reduced to 

4Al4n4 (!!:.-.)2 + 2Nxy 4A 2n2 (_ 2a)2 = O 
a 2 D a2 3n 

64A2n4 (!!:.-.)2 2Nxy Aln2 (4a)2 __ 
a4 2 + D a2 3n - O 

or n
4 

A + 32N xy A - O 
a2 1 9D 2-

32N xy A + 16n4 A - O 
9D 1 a2 2-

(6.83) 

(6.84) 

(6.85) 

To determine the criticalload, we set the determinant of Eqs. (6.84) and 
(6.85) equal to zero. That is, 

n4 32Nxy 

a2 9D 

32Nxy 

=0 
16n4 (6.86) 

9D (i2 

Expanding (6.86) leads to 

(6.87) 

Using a more .precise analysis than the one presented here, Stein and Neff 
(Ref. 6.4) obtamed for the criticaI load 

(6.88) 
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6.7 FINITE-DIFFERENCE METHOD 
APPLIED TO PLATE BUCKLlNG 

Ch. 6 

In Article 2.10 the finite-difference technique was used to approximate the 
buckling load of a column. The same method is also applicable to ?late­
buckling problems. To extend the finite-difference method fro~ one-dll~en­
sional to two-dimensional problems, it is necessary for us to obtalll expresslOns 
for difference ratios corresponding to partial derivatives. Specifically, we are 
interested in the parti al derivatives that appear in the plate equation. 

Difference Ratios for Partial Derivatives 

Con si del' a plate represented by a network of discrete points as shown in 
Fig. 6- 13. The points are evenly spaced a distance Il apart in both the x and y 

x 

/ /-h--/ 
y 

Fig. 6-13 Finite-difference mesh in two dimensions. 

directions. According to Eqs. (2.78) and (2.80), the second and fourth dif­
ferences with respect to x of a function w(x, y) at point (j, k) are 

(a2\~) = lV j+h,k -- 2w {.k + W j-h,k 

ax J,k h 
(6.89) 

and (
a 4w) = lI'j+2h,k - 4Wj+h,k + 6W~,k - 4Wj-h,k + WJ-2h.k 

ax4 j,k h 
(6.90) 

SimiIar1y, the second and fourth differences with respect to y are 

(
a 2W) _ lV j,k+h - 2w J,k + lV j,k-h 

ay2 J,k - h2 
(6.91) 

and (
a 4w) = WJ,k+2h - 4Wj,k+h + 6W~,k - 4WJ,k-h + lVJ,k-2h 

ay 4 J,k Il 
(6.92) 

I 

I 
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The fourth mixed difference with respect to X and y is obtained by applying 
the operator for the second difference in the x direction [Eq. (6.89)] to the 
second difference in the y direction [Eq. (6.9 I)]. Thus 

a::~y! 2 = ::2 ~2y~~ ~ ,;2 [( ~2y\~). - 2 (~2y\~)J,k + (aa2y\~) ] 
•• J+h,k J-h,k 

~ ,;4[(lVj+h,k+h - 2Wj +h,k + \Vj+h.k-h) - 2(WJ,k+h - 2l1'j,k 
(6.93) 

+ w J,k-h) + (w j-h,k+h - 2w j-h,k + w j-h,k-h)] 

Criticai Load of a Biaxially Compressed Plate 

To illustrate the analysis of a plate by means of the finite-difference 
technique, let us calculate the criticai load of the biaxially compressed plate 
shown in Fig. 6- I 4. The plate is assumed to be square and the edges of the 

/------a~/ 
N 

III1I1III 

~ !f/ -- --- -

Fig. 6-14 Simply supported plate 
uniformly compressed in x and y 
directions. 

/ 
y 

III1IIIII 
N 

plate are taken as simply supported. Acting on each edge is a uniformly 
distributed compression force of magnitude N., = N y = N. Taking the 
coordinate axes as indicated in the figure, the differential equation of bending 
IS 

(6.94) 

This equation is obtained from the generai equation of plate bending under 
the action of in-piane forces [Eq. (6.37)] by dropping the nonexistent shear 
forces N xy and changing the sign ofthe axial forces. The boundary conditions 
for a simply supported plate were shown in Article 6.3 to be 

w = a2
\V = O at x = O, a ax2 

a2 w w = - = O at y = O, a 
ay2 

To formulate the governing difference relations, each si de of the plate is 
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divided into n equa1 sections ofsize h = a/n. To obtain the difference equation 
corresponding to Eq. (6.94) at any point of the network of noda1 points thus 
formed, one substitutes the difference ratios in (6.90), (6.92), and (6.93) for 
the derivativ~s in Eq. (6.94). Thus at a point (j, k) the difference equation is 

20Wj,k - 8(Wj+h,k + Wj-h,k + Wj,Hh + Wj,k-h) 

+ 2(Wj+h,k+h + Wj+h,k-h + Wj-h,k+h + Wj-h,k-h) 

+ (Wj+2h,k + Wj,k-2h + Wj-2h,k + Wj,k+21') (6.95) 

Nh 2 + D(Wj+h,k + Wj-h,k + Wj,k+h + Wj,k-h - 4W j ,k) = O 

Using computationa1 mo1ecu1es, this equation can be represented pictorially 
as shown in Fig. 6-15. The first mo1ecu1e corresponds to the biharmonic 

k+2h-

k+h ~-

k -- { + 

k-h-

k-2h-

j -2h j-h j+h j+2h j-h j+h 

Fig. 6-15 Pia te equation in molecule formo 

operator V4 and the second mo1ecu1e to the sum of the second differences in 
the x and y directions. 

The va1ues of w at each of the Il X Il interior noda1 points are the n X 11 

unknowns in the prob1em. However, it is evident from the mo1ecule in Fig. 
6-15 that the difference equation at an interi or point adjacent to a boundary 
invo1ves the va1ue of w at the boundary and the va1ue of w at a fictitious point 
outside the boundary. For examp1e, if x = j - h represents a boundary, then 
the difference equation at (j, k) invo1ves the va1ue of Wj-h,k a10ng the boundary 
and of W j -2h,k outside the boundary. To obtain the va1ues of Wj-h,k and 
W

j
-2h,k' one uses the given boundary conditions. Frorn the condition of zero 

deflection along the edge x = j - h 

(6,96) 

and from the condition of zero curvature in the x direction at the same edge 

W J-2h,k - 2w j-h,k + W j,k - O 
h2 -

(6.96a) 

--~~~~~~~~~~~~~~~--~ 
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Substitution of (6.96) into (6.96a) gives 

W j - 2h ,k = -Wj,k (6.96b) 

Thu~ we see t~at for a simp1y supported edge the deflection at a point im­
medlate1y outslde the boundary is the negative of the deflection at the corre­
sponding point inside the boundary. 

First Approximation 11 = 2 

As ~ firs~ attempt, let.the p1ate be subdivided into four equal squares, as 
shown m FIg. 6-16a, Thls network results in a single interior point whose 
latera1 deflection is denoted by Wl' The deflection is zero a10ng the boundary 
and equa1 to -Wl at the exterior points opposite the centers ofthe four edges. 

Fig. 6-16 Plate subdivided into 
(a) four sections and (b) nine se c­
tions. 
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Writing Eq. (6.95) at the interior point gives 

( 
Na2) 

\VI 16 - D = O 

from which 

This approximation differs from the exact solution 2n2 D/a2
, given by 

Timoshenko and Gere (Ref. 1.2), by about 20 %. 

Secol1d Approximation Il = 3 
If the plate is subdivided into nine equal squares, the nodal deflection 

pattern depicted in Fig. 6-16b results. Due to symmetry, the same deflection 
exists at ali four interior points, and only one independentequation can be 

written. This equation is 

( 
2Na2) 

Wl 4- 9lJ =0 

from which 

N = 18D 
cr a2 

Compari so n of this solution with the exact value of the criticalload 2n
2 
D/é 

indicates that the error is now 10%. A decrease in the mesh size from Il = a/2 
to h = a/3 has thus halved the size of the error. 

6.8 PLATE BUCKLlNG BY FINITE ELEMENTS 

The matrix method, developed in Artic1es 2.14 and 4.5 for determining the 
criticalloading of columns and frames, is equal1y well suited for the solution 
of plate-buckling problems. As was done in the case of columns and frames, 
the plate to be investigated is subdivided into a number of discrete elements, 
and the element stiffness matrix relating element nodal forces to deformations 
is constructed. The stiffness matrix for the entire plate is then formed by 
combining the individuai element stiffness matrices. Final1y, the criticalload 
is calculated by requiring the determinant of the structure stiffness matrix to 

vanish. 

Element Stiffness Matrix 

Let us consider a plate divided into a number of rectangular elements, as 
shown in Fig. 6-17a. The individuaI elements are assumed to be connected to 
one another only at the corners. A typical element, like the one in Fig. 6-17b, 
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/7; i/7

j { ~: ì~: 
4 3 

X 

(a) Rectongulor plote (b) Typicol element 

w 

8w 
Tx 

)--+--y 
8w 
ay 

X 

(c) Nodol displocements 

Fig.6-17 Finite-element analysis of rectangular plate. 

therefo.re has four nodal points at each of which we define three displacements. 
These mc1ude a verti~al deflection W and rotations about the x and y axes 
aw/ay and aw/ax (FIg. 6-17c). Thus the element displacements at the first 
no de are 

(6.97) 

and the element displacements for the 11th element are 

(6.97a) 

Corresponding to these displacements, there exist element forces at node 1 , 

(6.97b) 
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and forces for the entire 11th element, 

(6.97c) 

These forces and deformations are related to each other by 

[qn] = [kn][on] 

in which the 12 X 12 matrix [kn] is the stiffness matrix for the 11th elemento . 
Using the energy method, in a manner similar to that employed in Article 

2.14 for c01umns, the plate element stiffness matrix will now be developed. Let 
the moments and torques acting on a differential element of the plate, dx by 
dy, be denoted by 

[M] = [::] 
M xy 

(6.97d) 

and the corresponding curvatures and twists by 

(6.97e) 

The strain energy of bending for the differential element can then be written 
as 

dU = f[MY[cf>] dx dy 

and the bending strain energy of an entire plate element, of size 2a X 2b, as 

In view of the moment-curvature relations for a plate, given by Eqs. (6.33), 
(6.34), and (6.35), [M] can be expressed as 

[M] = [D][cf>] 
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in which [D], a matrix consisting of material constants, is given by 

p,D 0J 
D ° 
° ~ (1 - p,) 

(6.97f) 

Thus the strain energy becomes 

U = ! fb fa [cf>Y[D][cf>] dx dy 

The external work for the 11th element consists of two parts, one due to 
the nodal forces [qn] and another due to the in-piane forces [N]. The first of 
these is given by 

and the second by 

in which 

and 

[0:] = ax lawJ 
aw 
ay 

Thus the total external work for the 11th element is 

(6.97g) 

(6.97h) 

Equating the strain energy for the 11th element to the external work and 
rearranging terms, one obtains 

(6.98) 

To evaluate [kn] in this expression, we assume that the deflection w at 
any point on the element can be approximated by a 12-term polynomial. 
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Table 6-3 Stiffness coefficients for no de l for [k:,'] for axial compression 
in x direction 

, 
00 M o M M o M M o 00 k ll 276 

I I I I 
k21 k2 2 42 112 

00 o M 00 o M M o M M o 
k31 k32 k33 66 O 24 I I I I 

- M M k41 k 42 k43 102 21 39 - M M - M M - M M 
M M I M I I M I 

k 5 1 k 5 2 k53 21 56 O I I 

Q k 6 1 k 6 2 k63 = -Nx !!.- -39 O -18 
~"@ k 71 k72 k73 630 a -102 -21 -39 
Ig 

k 8 1 k 8 2 k83 21 -14 O -'-' 
+ k 91 k92 k93 39 O 18 , 

kl0. l k 1O• 2 kl0.3 -276 -42 -66 o o o o o o o - o o 
I 

kll.l kll.2 kll.3 42 -28 O 
~" o M -o o o o o o o o 

k12.1 k12.2 k12.3 -66 O -24 ~ I 
'" <8 --- o o o - o -I I I I 

presenting these matrices, use is made of the fact that for both [k~] and [k~'] <!) , 
'O 

QI"@ the stiffness coefficients for nodes 2, 3, and 4 can be obtained from those of o 
~ ::t M 

no de l by the proper permutations and sign changes. TabIe 6-1 gives the .... 
+ <8 

permutations and sign changes for obtaining the coefficients for nodes 2, 3, <J) 

"<t' ~ 00 \D o "<t M o- M M o 
and 4 from those of no de I, and TabIes 6-2 and 6-3 give the values of the 'u I I 

~ o o o o o o o o o o o coefficients for node I for [k~] and [k~'], respectively. The data presented in o 
these tables are taken from Refs. 6.14 and 6.15. TabIe 6-3 gives the coefficients () 

\D o \D \D o \D M o M M o M 
<J) 

I I 
for node l of [k~] when a uniform compression N., is acting. Similar data for 

<J) 
<!) 

!§ 
QI~ Ny and Nxy can be found in Ref. 6.14. ~ <::s'O 

M + 
Calculation of the Criticai Load -h 
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As an ilIustration of the procedure for calculating the criticaI Ioad of a ~ 00 o M "<t o M M o \D "<t o 
E-< I I pIate, let us consider the buckling of a simply supported square pIate under 

\D \D o M M o M M o \D \D o uniform edge compression in the x direction. The plate is subdivided into 16 I I 
elements, with the nodal points numbered as indicated in Fig. 6-18. Due to 

QI~ symmetry, only a quarter of the plate, that is, four elements, need be ..C) \D 

Il considered. , 
To obtain the structure stiffness matrix for the quadrant of the plate '" '" '" 

'" '" '" '" '" '" '" ò oi 
being considered, we combine the corresponding four element stiffness ;; '" '" '" " 

., 
'" ~ ..!:è ..!:è ..!:è ..!:è ..!:è ..!:è ..!:è ..!:è 

'" '" '" matrices in the manner described in Artide 2.14. Accordingly, any influence 

'" '" '" '" '" '" '" '" ò '" coefficient in the structure stiffness matrix is obtained by adding alI the '" '" '" '" '" " 
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influence coefficients from the four eIement stiffness matrices that carry the 

~ 

same subscripts as the desired structure stiffness coefficient. The structure :; ~ ;:: ;;; :;: ò '" ::: ;:; ;; .;;, '" ..!:è, stiffness matrix obtained in this manner is a 27 X 27 matrix. ..!:è ..!:è ..!:è ..!:è ..!:è ..!:è ..!:è ..!:è ..!:è 
I 

The next step is to reduce the size of the stiffness matrix in accordance 
with the boundary conditions 
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Fig. 6-18 Nodal point designations. 

Wl = lV2 = 1V4 = Ws = W6 = O 

aWI _ aWI _ aW2 _ aW4 _ aWs = O 
ax - ay - ay - ax - ay 

aW6 _ aW7 _ aWg _ aW9 _ aW 9 = O 
ax - ay - ax - ax - ay 
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Deleting the rows and columns corresponding to these conditions, the 
stiffness matrix reduces to the form given in Table 6-4 (Ref. 6.16). 

To determine the criticai loading, it is necessary to obtain the nontrivial 

solution of the equations 

[[K'] - Nx[K"]}[Ll] = O (6.101) 

in which [K'] and NxlK"] are the flexural and initial stress stiffness matrices 
given in Table 6-4 and [Ll] consists of the structure nodal deflections. If the 
order of the system of equations in (6.10 l) is relatively small, say three or less, 
the criticaI lo ad can be obtained by setting the determinant of the equations 
equal to zero and solving for the smallest root of the resulting polynomial 
equation. However, when one is dealing with a large number of equations, as 
we are, it is usually best to obtain the criticai load by iteration. Prior to 
carrying out the iteration, it may be desirable to put Eq. (6.101) into the more 
commonly encountered form where the eigenvalue appears only along the 
main diagonal. This is accomplished by premultiplying the equation by 

[K"]-l. Thus Eq. (6.101) becomes 

([K"]-l [K'] - NxlI]}[Ll] = O (6.l01 a) 

in which [I] is the identity matrix. 
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Table 6-4b Initial stress matrix Nx[K"] 

224 

-84 1104 Symmetric 

-56 O 448 

O O O 96 

O 78 O -36 48 

Nx 
56 -21 -14 O O 112 

630 O -39 O 18 -24 O 24 

-21 204 O 78 O -42 O 552 

-14 O 112 O O -28 O O 224 

O -552 -84 O -39 O 39 -102 -21 552 

O O O -48 18 O -18 -39 O O 48 

O -102 -21 -39 O O O -276 -42 102 39 276 

If the eigenvalues of the matrix in (6.101a) are found by iteration, the 
highest eigenvalue is obtained first. However, the criticai load corresponds to 
the lowest eigenvalue. Hence it is convenient to invert the matrix in (6.101 a), 

leading to 
(6.101b) 

Now iteration gives the highest value of l/Nx' or the 10west value of N x ' first. 
An alternative procedure for determining the criticaI load is to assume 

ever-increasing values of N x and to evaluate the determinant at each step. The 
criticalload then corresponds to the value of N x for which the determinant 

reduces to zero. 

6.9 PLATE-BUCKLlNG COEFFICIENTS 
FOR VARIOUS CASES 

Jf the results obtained in the previous articles are compared, it becomes 
evident that for each case studied the criticai stress is of the form 

kn2E ( t )2 
Fcr = 12(1 - f.1,z) b 

(6.102) 

where Fcr is either the criticai normal stress or the criticaI shear stress and k 
is a numerical coefficient that depends on the specific case being considered. 
Furthermore, it can be shown that Eq. (6.102) is valid for other cases not 
studied here as well. In each instance, regardless of the piate geometry, the 
boundary conditions, or the type of loading, the criticaI stress has the same 
formo Only the numerical value of k varies from case to case. 

, 
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The most important loading conditions for which Eq (6 102) . l'd . f' .. IS va l are 
U~I orm comp~esslOn, pure shear, and pure bending. Values of k for plates 
wlth sever~l dl~erent boundary conditions and subjected to these loadings 
are shown I.n. FIg. 6-19. The data presented in the figure are taken from Ref. 
6.5. In addltlOn :0 the ca~e.s contained in Fig. 6-19 numerous combinations 
of edge and loadmg condltlOns have been investigated over the years. For a 

Looding candition Edge conditions 
Buckling stress 

coeff. k 

Both looded edges simply 
supported 

Unlooded edges 

Unioxiol compression 1. Both simply supported 4.0 

§rn~F 
2. One fixed, one simply 5.42 

supported 

[---0-[ 
3. Both fixed 6.97 

4. One simply supported, 0.425 

o/b > 4.0 one free 

5. One fixed, ane free 1.28 

Pure sheor 

, 1. Ali edges simply 5.34+~ 

1[[]lF supported 
(0/b)2 

2. Ali edges fixed 8.98+~ 
l __ o~1 (0/b)2 

o/b > 1.0 

Pure bend ing 1. Ali edges simply 

j[[]~F 
supported 

24 

2. Laoded edges simply 

1--0-----1 supported 40 

o/b > 1.0 
Unlooded edges fixed 

Fig. 6-19 Plate buckling stress coefficient k far various cases. 
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summary of many of these studies the reader is referred to an article by 
Stowell, Heimerl, Libove, and Lundquist (Ref. 6.6). 

6.10 INELASTIC BUCKLlNG OF PLATES 

For plates as well as columns and beams, it is not unusual for the proportional 
limit of the material to be exceeded prior to reaching the criticai stress. If this 
occurs, the elastic theory presented in the preceding articles must be replaced 
by an analysis capable of dealing with the inelastic behavior that exists 
between the proportionallimit and the criticai stress. As would be expected, 
a theory ofthis type is extremely complex and beyond the scope ofthis book. 
However, the conclusions that have been drawn from inelastic plate-buckling 
studies are simple and straightforward and will be briefly considered here. 
The reader interested in the theory itself is advised to consult Refs. 6.1, 6.5, 

6.6, or 6.17. 
Investigations of inelastic plate buckling indicate that Eq. (6.102), the 

elastic buckling relationship, can be extended into the inelastic range, 
provided Young's modulus is replaced by a reduced modulus. Thus the 
inelastic criticai stress for plates is usually given in the form 

(6.103) 

where 11 is a plasticity reduction factor, or I1E a reduced modulus. Since 
inelastic behavior always decreases the stiffness of a plate, 11 < l, and the 
inelastic criticai stress given by (6.103) is always less than the corresponding 
elastic stress given by (6.102). 

The results obtained from inelastic plate studies indicate that the factor 11 
is a function of the shape of the stress-strain curve, the type of loading, the 
length-to-width ratio ofthe plate, and the boundary conditions. No generally 
applicable expression, like the tangent modulus in columns, therefore exists 
for the reduced modulus of a plate. If a long rectangular plate is uniaxially 
compressed and simply supported along both unloaded edges, Gerard (Ref. 
6.1) shows the plasticity reduction factor to be 

in which Es is the secant modulus and Et is the tangent modulus of the 
materia!. For the same plate, if only one edge is simply supported and the 

other is free, 
E 

11 = ---2. 
E 

Values of 11 for several other cases are tabulated in Ref. 6.6. 
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The preceding expressions for 11 were obtained using a fairly rigorous 
theory, and they le ad to criticalloads that agre e well with test results. How­
ever, these expressions are not very suitable for routine calculations. A 
relation for 11 considerably more suited for design purposes than the foregoing 
ones has been derived by Bleich (Ref. 1.12). Using an approximate theory, he 
obtained the simple expression 

The advantage of this relation is that it leads to conservative results for any 
long plate, regardless of the boundary conditions, and that it can be used for 
shear as well as axial compression. 

6.11 FINITE DEFLECTION THEORY OF PLATES 

I ntroduction 

Experience has indicated that plates, unlike columns, do not collapse 
when the criticai load is reached. Instead, plates are usually able to resist 
increasing loads subsequent to the onset of buckling and may not fai! unti I 
the applied load is considerably in excess ofthe criticalload. It is thus obvious 
that the postbuckling behavior should be considered in formulating design 
criteri a for plates. If one is solely interested in determining the criticalload of 
a member, an analysis limited to infinitesimally small deformations suffices. 
However, if one desires to study the behavior of the member subsequent to 
the onset of buckling, as is the case with plates, it is necessary to consider 
deformations of finite magnitude. 

If a plate is bent into a nondevelopable surface or if its edges are restrained 
from approaching one another during bending, membrane strains will be 
induced in the middle surface of the plate. As long as the transverse deflec­
tions of the plate are small compared to the plate thickness, these membrane 
strains may be safely neglected. However, once the transverse deflections 
become of the order of magnitude of the plate thickness, stretching of the 
middle surface is no longer negligible. The main difference between the 
finite-deflection theory to be developed in this artici e and the infinitesimal­
deformation theory considered in the previous articles is that middle-surface 
strains, due to bending, that were neglected previously will now be considered. 

A finite deflection is one that is of the same order of magnitude as the 
thickness of the member. It is, however, small compared to the other dimen­
sions of the member. The assumptions regarding small angles, that is, sin 
rt = tan rt = rt and cos rt = l, usually made in infinitesimal-deformation 
theory are therefore equally valid for finite deformations. Likewise, it is 
permissible to approximate the curvature with the second derivative when 
considering finite deflections. 
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Derivation of Equations 

In deriving the equations governing the finite deformations of plates, aH 
the idealizations made previously in the linear theory, except the one per­
taining to membrane strains, will be assumed to be valido 

Equilibrium 

A differential element of a laterally bent plate is acted on by two sets of 
forces: (1) The in-pIane forces N x' N y, and N xy, and (2) bending moments, 
twisting moments, and transverse shear forces. In going from infinitesimal to 
finite deformations no change occurs in the nature of the bending moments, 
twisting moments, and transverse shears. AH equations pertaining to these 
forces derived in the linear analysis in Article 6.2 apply equal1y well to the 
finite-deflection theory. On the other hand the in-pIane forces are effected 
significantly in going from infinitesimal to finite deformations. Whereas the 
externally applied middle-surface forces are the only in-pIane forces that 
exist when the deflections are small, there are in-pIane forces due to membrane 
action in addition to the forces applied aiong the edges of the piate when 
large deflections are considered. 

The in-pIane forces acting on a differenti al element of a Iaterally bent 
plate are shown in Fig. 6-20. It has been assumed that the deformations are 
small enough so that the cosines of the angles between the deflected surface 
and the horizontal are approximately equai to unity. The projections of the 
in-pIane forces on the horizontai xy pIane are therefore equal to the forces. 
Equating the sum of the forces in the x direction to zero gives 

(6.104) 

Similarly, for the y direction 

(6.105) 

Letting the sine of angies such as awjax in Fig. 6-20 be approximated by 
awjax, one obtains for the z components of the N x forces 

-N aw dy + (N + aNxdx)(aw + a2
w dx)dy 

x ax x ax ax ax2 

which after simplifying and negiecting terms of higher order reduces to 

(6.106) 
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Fig. 6-20 In-pIane forces acting on plate element-large deflections. 
(Adapted from Ref. 6.1.) 

In a similar manner, the z components of the N y forces are found to be 

(6.107) 

and the z components of the shear forces N xy and N yx are 

N a2w d aNxyaw 
xy-a a xdy + -a--a dxdy x y x Y 

(6.108) 

and N yx a
2
w dx dy + aNyx aw dx d 

ax ay ay ax y (6.109) 

By adding the terms in (6.106) through (6.109) and taking cognizance of Eqs. 
(6.104) and (6.105), one obtains for the z components of alI the middle-surface 
forces 

(6.110) 
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To write the equation of equilibrium in the z direction, the z components 
of the in-piane forces must be added to the transverse shear forces caused by 
bending. The latter were obtained in Article 6.2. They are given, according to 
Eqs. (6.4), (6.8), and (6.9), by 

(6.111) 

By using the moment-curvature relations in (6.33), (6.34), and (6.35), this 
expression can be rewritten in the form 

(6.112) 

Combining (6.110) and (6.112), one obtains for the equation of equilibrium 
in the z direction 

At first glance, Eq. (6.113) appears to be identical to Eq. (6.37), the 
equation of equilibrium for small deformations. However, there is one all­
important difference between the two equations. In Eq. (6.37) the terms N x , 

N y , and N xy represent constant applied edge forces. The equation is thus a 
linear differential equation with constant coefficients, and it has only one 
dependent variable, 11'. By comparison, the terms N x , N y , and N xy that appear 
in Eq. (6.113) are unknown functions of x and y. They represent both the 
variable membrane forces and the constant applied edge loads. Equation 
(6. I 13) is therefore nonlinear, and it contaim four dependent variables, 11'and 
the three in-piane forces. 

Compatibility 

The equations of equilibrium, (6.104), (6.105), and (6.113) derived in the 
previous section contain four unknown functions N x , N y , N xy , and 11'. To 
evaluate these functions, a fourth equation is obviously needed. The situation 
is similar to that encountered in an indeterminate structure, where the 
equations of equilibrium must be supplemented by one or more equations 
dealing with the deformation of the system in order to evaluate all the 
unknown forces and displacements. In the case of the plate, the additional 
equation is obtained by considering the middle-surface strain-displacement 
relationships. 

As indicated in Article 6.2, the displacements Il and v of a point (x, y, z) in 
the plate consist of two parts: (I) the displacement u o and Vo of the corre-

----------------------~~ 
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sponding point (X, y, O) in the middle piane and (2) the bending displacements 
Ub and Vb that the point (x, y, z) experiences relative to the point (x, y, O). In 
Article 6.2 we dealt with the relation of bending strains to bending displace­
ments. We shall now concern ourselves with the relation between middle­
surface strains and middle-surface displacements. 

Consider a linear element AB of the middle surface of the plate, as shown 
in Fig. 6-21. Due to bending of the plate, the element assumes the configura-

Fig. 6-21 Axial strain in pIa te­
large deflections. 

z 

tion AlBI. The length of the element is changed due to the in-piane displace­
ment in the x direction and due to the transverse displacement in the z 
direction. As a result of the Uo displacement, the elongation of the element is 

auo dx ax (6.114) 

The change in length of the element due to the w displacement is equal to the 
difference in length between the curved element AlBI and its projection on the 
horizontal piane. According to Eq. (2.2), this is given by 

.l(aw)2 d 2 ax x (6.115) 

Thus the middle-surface strain in the x direction, that is, the total change in 
length per unit length, is 

f = auo + .l ('aW)2 
xo ax 2 ax (6.116) 

Similarly, the middle-surface strain in the y direction is 

(6.117) 

The shear strain is the change in the angle between two perpendicular 
lines, such as DB and DA in Fig. 6-22, that occurs as the plate deforms. Like 
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~ ________ ~X 

y 

(a) Shear slraìn due lo Uo and Vo 

~ _______ ----:-__ X 

/~ dx---------/ 
O A 

---- -t 8w dx 
8x 

y 

(b) Shear slraìn due lo w 

Fig. 6-22 Shear strain in plate-Iarge deflections. 

the normal strains, the shear strain consists of two parts, one due to t~e in­
piane deformations Uo and Vo and the other due to the transverse ~eflectlOn w. 
As is evident from Fig. 6-22a, the shear strain due to Uo and V o lS 

auo + avo 
ay ax (6.118) 

The shear strain due to w (Fig. 6-22b) is equal to the difference ~etween 
angle BOA and angle B'O'A'. Accordingly, angle B'O'A' can be wntten as 

(n/2) - y, and A'B' is given by 

(A'B')2 = (O'A'? + (O'B')2 - 2(O'A')(O'B') cos( ~ - y) (6.119) 
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in which 

(O'A')2 = dX2 + (dx ~:r 

(O'B')2 = dy2 + (dy ~;r 

(A'B')2 = dX2 + dy2 + (aW dy _ aw dX)2 ay ax 
(O'A')(O'B') = dx dy 

(6.120) 

Recognizing that cos[(n/2) - y] = y far small angles y, Eq. (6.119) reduces 
to 

(6.121) 

Thus the total middle-surface shear strain is 

(6.122) 

Equations (6.116), (6.1 17), and (6.122) relate the middle-surface strains to 
the middle-surface displacements and the transverse displacement w. The 
middle-surface strains can aIso be expressed in terms of the corresponding 
middle-surface forces. That is, 

l 
fxo = Eh (Nx - f.,lNy ) (6.123) 

l 
fyO = Eh (Ny - f.,lNx ) (6.124) 

2(1 + f.,l) 
YXYO = Eh N xy (6.125) 

Expressions (6.123), (6.124), and (6.125), the three strain-displacement 
relations (6.116), (6.117), and (6.122), and the equilibrium equations (6.104), 
(6.105), and (6.113) constitute a set of nine equations in nine unknowns. 
These equations completely describe the behavior of the plate and could be 
used to salve for ali the unknown forces and displacemcnts. The equations as 
they stand are, however, cumbersome to deal with. It is therefore desirable 
to uncouple some of the unknowns and thus reduce the number of equations 
that must be solved simultaneously. 

One can eliminate the variables ti and v by differentiating Eq. (6.116) twice 
with respect to y, Eg. (6.117) twice with respect to x, and Eg. (6.122) succes-
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sively with respect to x and y. The resulting expressions are then combined to 

give 

(6.126) 

Equation (6.126) is a deformation compatibility equation. There are many 
solutions far the in-piane forces that satisfy the equilibrium equations. 
Rowever, only the one that satisfies Eq. (6.126) in addition to equilibrium 
leads to continuous displacements that are compatible with the physical 

constraints of the system. 
To further reduce the number of equations that must be solved simul­

taneously, a stress function is introduced. Equations (6.104) and (6.105) will 
be satisfied if the in-piane forces are defined, in terms of a function F(x, y), as 

follows: 
a2F 

N.~ = h ay2 
a2F 

Ny = h-a 2 x 

a2F 
N xy = -h-a a x y 

(6.127) 

(6.128) 

(6.129) 

Making use of these expressions, Eqs. (6.123), (6.124), and (6.125) can be 

rewritten as 

(6.130) 

l (a 2F a2F) 
EyO = E ax2 - f.1, ay2 (6.131) 

2(1 + f.1,) a2F 
Y.'Yo = E ax ay (6.132) 

Finally, by substituting the re1ations in (6.130), (6.131), and (6.132) into 
Eq. (6.126) and those in (6.127), (6.128), and (6.129) into Eq. (6.113), one 

obtains 

and 

a4w a4w a4w h (a2 F a2)11 a2 F a2)11 
ax4 + 2 ax2 ay2 + ay4 - D ay2 ax2 + ax2 ay2 

a2F a2 )11) 
- 2 ax ay ax ay = O 

(6.133) 

(6.134) 

We have thus reduced the number of equations that must be solved 
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simultaneously to two. Equations (6.133) and (6.134) were first derived by 
von K~rman, and th~y are accordingly referred to as the von Karman large­
deflectlOn plate equatlOns. These equations are very useful. They are, however, 
by. no mean~ the only. set of equations that can be used far describing the 
fimte-deflectlOn behavlOr of plates. As long as electronic computers were 
unavailabl; an,d it was. necessary to have equations as compact as possible, 
the von Karman equatlOns were used a1most exclusively. This is, however, no 
longer the case. The availability of the computer makes it possible to deal 
effectively with almost any set of equations, and plate equations other than 
the von Karman equations are now in generai use. Far example, if the 
boundary conditions are specified in terms of displacements, it is advan­
t~geous to use equations in li, v, and w. Starting with the equations of equilib­
num (6.104), (6.105), and (6.113), a set of equations in li, v, and w can be 
obtained by expressing the middle-surface stresses in terms of strains and then 
using relations (6.116), (6.117), and (6.122) to express the strains in terms of 
displacements. 

6.12 POSTBUCKLlNG BEHAVIOR OF 
AXIALLY COMPRESSED PLATES 

I ntroduction 

The finite-deflection plate equations derived in Article 6.11 do not have an 
exact closed-form solution. To study the postbuckling behavior ofplates, one 
must therefore employ approximate methods of analysis. If a high arder of 
accuracy is required, a numerical procedure must be used. The disadvantages 
of this type of solution are that it usually involves lengthy computations, and 
because no explicit relation among the variables is obtained, it is difficult to 
generalize the results. Solutions ofthis sort have been obtained by Levy (Ref. 
6.7), Cheng (Ref. 6.8), and Rsueh (Ref. 6.9). 

Another type of solution, less accurate than the numerical analysis, but 
also without the latter's shortcomings, has been employed by Timoshenko 
and Gere (Ref. 1.2), Marguerre (Ref. 6.10), and Volmir (Ref. 6.11). Timo­
shenko's analysis is based on a straightforward application of the minimum­
energy principle. Re assumes simple functions far li, v, and w, expresses the 
total potential energy of the system in terms of these functions, and then 
evaluates the arbitrary constants in li, v, and w by minimizing the energy with 
respect to them. A somewhat more accurate procedure is employed by 
!'1arguerre. Like Ti~oshenko he assumes a simple expression far w, but 
lllstead of also assumlllg the form of u and v, he solves Eq. (6.133) far Fin 
terms of the assumed w. Having F and )II, he then writes an expression far the 
strain energy, which he minimizes to obtain the arbitrary constant in w. The 
analysis used by Volmir is very similar to that employed by Marguerre. A 
suitable expression is chosen far Hl and Eq. (6.133) is used to express Fin terms 
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of w. However, the arbitrary coefficient in IV is evaluated by using the Galerkin 
method instead of by minimizing the energy of the system. The results 
obtained by Volmir are identical with those of Marguerre. 

The three methods have one important characteristic in common: they all 
lead to a closed-form solution. In other words, each analysis produces an 
explicit expression for the lateral deftection and in-piane stresses of the plate 
in terms of the applied loading. The solutions are not of a very high order of 
accuracy. They do, however, entail a minimum amount of numerical work, 
and they give a fairly good picture of the essenti al characteristics of the 
postbuckling processo 

In this article we shall consider in detail the solution obtained by Volmir. 
As indicated before, the method of approach is to assume a simple function 
for w, solve Eq. (6.133) for Fin terms of IV, and then evaluate the arbitrary 
constant in w by means of the Galerkin method. 

Analysis 

Let us consider the simply supported square plate subjected to a uniaxial 
compression force N., shown in Fig. 6-23. The origin ofthe coordinate system 

x 

z 
Fig. 6-23 Simply supported plate 
compressed in x direction. 

is assumed to be located in the lower left-hand corner of the plate. Since a 
finite-deftection analysis involves the deformations in the piane of the middle 
surface as well as transverse bending deftections, both in-piane and transverse 
boundary conditions must be specified. The transverse boundary conditions 
corresponding to simply supported edges are 

a2 w w = - = O at x = O, a ax2 

a2w 
IV = - = O at y = O, a ay2 

(6.135) 
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With regard to the in-pIane boundary conditions, the folIowing assumptions 
are made: 

l. Ali edges remai n straight and the plate retains its rectangular outline 
during bending, as indicated by the dashed lines in Fig. 6-23. 

2. The shear forces N.<y vanish along the four edges of the plate. 
3. The edges y = O, a are free to move in the y direction. 

The restraint assumed to exist along the edges y = O, a represents an 
intermediary condition between the case of total fixety and the case of zero 
restraint. For total fixety to exist there can be no movement whatsoever, that 
is, v = O, and for zero restraint there cannot be any stress, that is, N

y 
= O. J n 

our case the edges are permitted to move, provided that they remain straight. 
Thus only the average value of N y and not N y itself must be equal to zero. As 
far as the loaded edges, x = O, a, are concerned, nothing is assumed regard­
ing the distribution of the applied load, only that the displacement u remai n 
constant in the y direction. This condition is realized ifthe plate is compressed 
in a controlled deformation type of testing machine. 

For convenience we denote the average value of the applied compression 
stress by a xa' Thus 

1 fa 
a xa = - ah o Nxdy (6.136) 

Since N x has already been defined as positive when tension, the negative sign 
in Eq. (6.136) denotes that a xa is positive when compression. 

The first step in the analysis is the choosing of a suitable function for the 
lateral deftection. Thus we assume that 

IV = f sin nx sin ny 
a a 

(6.137) 

This expression represents the exact deftection at the instant of buckling, and 
should therefore be a fairIy good approximation of the deftection in the 
postbuckling range. Having assumed the fonn of Hl, we next solve Eq. (6.133) 
for the stress function F. Substitution of the expression in (6.137) into Eq. 
(6.133) gives 

which, in view of the identities 

cos2 a = 1(1 + cos 2a), 

J 



290 Buckling of Plates Ch.6 

can be reduced to 

(6.139) 

The solution of this equation consists of a cGmplementary and a particular 
part. That is, 

To obtain the complementary solution ofEq. (6.139), one sets the right-hand 
side of the equation equal to zero. But this is equivalent to letting w = O. 
Thus the complementary solution of (6.139) corresponds to the in-pIane 
stress distribution that exists in the plate just prior to buckling. At that 
instant the in-pIane stresses are known to consist of a uniform stress N x and 
N y = N.w = O. Hence a complementary solution of (6. I 39) is 

(6.140) 

In view of Eq. (6.127) and the fact that N x = -(1xah, Eq. (6.140) can be re­
written as 

2 

F _ _ (1xaY 
c- 2 (6.141) 

Having established that the complementary' solution represents the in­
pIane stress distribution that exists prior to buckling, it is obvious that the 
particular solution corresponds to the changes in the in-pIane stress distribu­
tion that result from buckling. Considering the form of the right-hand side of 
Eq. (6.139), the particular solution can be written as 

2nx 2ny Fp = Bcos- + Ccos-
a a 

(6.142) 

Substituting this expression into (6.139) and equating coefficients of like 
terms, one obtains 

Thus 

B = C=Ej2 
32 

F = Ej2 (cos 2nx + cos 2ny ) 
p 32 a a 

and the complete solution of Eq. (6.139) is 

F=- cos-+cos- -~ E:r2 (2nx 2ny ) (1 )2 
32 a a 2 

(6.143) 

(6.144) 

(6.145) 
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Up to this point, two steps in the analysis have been completed. We have 
assumed an expression for w, and by satisfying Eq. (6.133) we have obtained a 
corresponding expression for F. There remains one final calculation, the 
evaluation of the coefficient f in accordance with Eq. (6.134). A relatively 
simple and direct way of carrying out this last step is to solve Eq. (6. I 34) by 
means ofthe Galerkin method outlined in Article 2.8. For the problem under 
consideration the Galerkin equation takes the form 

S: S: Q(f)g(x, y) dx dy = O (6.146) 

where Q(f) is the left-hand side of Eq. (6. I 34) and g(x, y) is the variable part 
ofw. Substituting (6.137) for w and (6.145) for F, Q(f) can be written as 

Q(f) - [4 f Dn4 Ehf3n4 ( 2nx + 2ny ) - --4- - cos- cos-
a 8a 4 a a 

n 2J . nx . ny 
- (1 hf - S1l1 - S1l1 -

xa a 2 a a 

and the Galerkin equation takes the form 

r"fa

[(4 f Dn
4 

(1 I f n
2
)( 'n2nx " 2 ny) --4- - xa 1 2 SI - S1l1 -

.0 o a a a a 

Ehfln 4 
( 2nx. 2 nx . 2 ny - 8 4 COS - S1l1 - S1l1 -

a a a a 

+ cos 2ny sin 2 nx sin 2 nY)J dx dy = O 
a a a 

Making use of the definite integrai 

we can reduce Eq. (6.148) to 

(4f Dn4 _ (1 11 fn2 ) a2 _ Ehf3n4 !!.... (fa 2nx. 2 nx d . 
4 xa 2 4 8 4 2 cos - S1l1 - X a a a o a a 

+ fa cos 2ny sin2 ny dY ) = O 
O a a 

To further simplify, we note that 

cos - Slll - = - cos - - cos2 -
2nx . 2 nx I (2nx 2nx) 

a a 2 a a 

and fa 2 2nx d . a fa 2nx d O 
O cos a x = 2' o cos a x = 

(6.147) 

(6.148) 
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Thus we obtain 

from which 

4Dn 2 En2 f2 

a xa = ha2 +---saz 

or 
_ En2f2 

a xa - a er +---saz (6.149) 

since 4Dn2 jha2 is the criticai stress of the plate. 
Equation (6.149) gives the relationship between the average applied stress 

a xa and the maximum lateral deftectionf subsequent to the onset of buckling. 
A graphical representation of the relationship is shown in Fig. 6-24. As one 

Fig. 6-24 Load-deflection curve for 
postbuckling region. 

would expect, the plate begins to deftect laterally at the criticalload predicted 
by the linear theory. Beyond that point, as long as the lateral deftection is 
infinitesimally small, the stiffness of the plate is zero; that is, the load­
deftection curve has a zero slope. However, as soon as the lateral deftection 
becomes finite, the stiffness starts to increase and continues to do so as the 
deftection grows. It is thus possible for the plate to resist axialloads in excess 
of the criticaI load subsequent to buckling. This characteristic of the plate, 
known as postbuckling strength, is of extreme importance in thin-walled 
structures. Because of it, thin plates, even though they may buckle at very 
small stresses, are able to resist sizeable loads without collapsing. The post­
buckling behavior of the plate is thus completely different from that of the 
column. Whereas the column collapses as soon as the criticaI lo ad is reached, 
the plate continues to resist load subsequent to the onset of buckling, and 
failure may not occur unti! the applied load is considerably in excess of the 

criticalload. 
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To ~nderstan~ why the plate exhibi-ts postbuckling strength, it is necessary 
to c~nSl~er the mIddle-surface stresses that exist subsequent to buckling. The 
10ngItudmai stress a x is 

From (6.149) 

Thus 

8a 2 

f2 = En 2 (axa - a er) 

a x = a xa + (a.,a - a er) cos 2ny 
a 

Similarly, the transverse stress ay is found to be 

(6.150) 

(6.151) 

(6.152) 

. The stress distributions given in (6.151) and (6.152) are shown plotted in 
FIg. 6-25. If one compares these stresses with the longitudinal and transverse 

Fig. 6-25 Stress distribution in postbuckling range. 

stresses that existed prior to buckling, two essential differences are apparento 
There a:e trans:erse stresses, ay , present subsequent to buckling, whereas 
none eXIsted pnor to buckling; and the longitudinal stress, a x' which was 
constant up to the onset of buckling, varies across the width of the plate after 

t 
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buckling has begun. The transverse stresses that are present in the postbuck­
ling range vary from a maximum compression stress at the edges x = 0, a to 
a maximum tension stress at the center ofthe plate. Ofthese the tension stress 
is by far the more important. Its presence tends to stiffen the plate against 
lateral deflection and to prevent collapse from occurring after the criticallbad 
has been reached. The postbuckling strength exhibited by the plate can thus 
be attributed to the middle-surface tensile stress, 0')', that arises subsequent to 
the onset of buckling. 

Prior to buckling, all longitudinal fibers have the same stiffness, and the 
applied stress is uniformly distributed across the width ofthe plate. However, 
in the deformed configuration subsequent to buckling, the fibers near the sup­
ported edges have a greater resistance to lateral deflection tban do those in 
the center of the plate. The longitudinal stresses in the postbuckling range are 
therefore distributed across the width of the plate, as indicated in Fig. 6-25. 
They vary from a maximum at the edges y = O, a to a minimum at the center 
of the plate. A major portion of the increase in load that takes piace subse­
quent to buckling is thus resisted by the relatively stiff portion of the plate 
adjacent to the longitudinal edges. 

The foregoing results are based on an approximate analysis and therefore 
contain some minor inaccuracies. For example, a precise investigation would 
indicate that in-piane shear stresses exist in addition to transverse tensile 
stresses after buckling has begun. A very accurate analysis would also show 
variations in 0'.< and 0')' that the simplified analysis was unable to detect. 
However, regarding the basic aspects of the postbuckling process, nothing 
new would be learned by carrying out a more refined study than that 
presented here. The mai n conclusions would still be that 

l. Plates can continue to carry increasing load subsequent to reaching the 
criticai stress; that is, they exhibit postbuckling strength. 

2. Transverse tensile stresses that arise subsequent to the start of buckIing 
are primarily responsible for the presence of postbuckling strength in 
plates. 

3. The material near the longitudinal edges of the plate l'esists most of the 
incl'ease in load that occurs in the postbuckling l'ange. 

6.13 ULTIMATE STRENGTH OF 
AXIALLY COMPRESSED PLATES 

In Article 6.12 it was shown that plates do not fail when the cl'iticalload is 
reached. Instead, they are able to suppol't incl'easing axial load well beyond 
the instant at which buckling begins. To make use of this postbuckling 
strength in the design of plates, it is necessary to know at what load collapse 
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actu~lIy occurs. A th~oretical investigation of the ultimate stl'ength of plates is 
?osslb~e. How~ver, It would have to include both the nonlinearities of 
ll1elastlc behavlOr and those resulting from finite deflections, and would be 
extrem~ly complex. As a consequence, the collapse load of plates is usual1y 
determll1ed by a semiempirical method. 

. It has bee? observed, in theoretìcal as well as in experimental investiga­
tlon~, th.at fadure of a plate usually occurs very soon after the maximum 
10nglt~dll1al stres~ at th~ e.dge of the plate reaches the yield strength of the 
matena!. Accordll1gly, It IS customary in determining the failure load to 
assum~ that collap~e coincide~ with the onset of yielding. In the approximate 
analysls presented 111 the prevlOus article the maximum longitudinal stress at 
the edge of the plate was found to be 

(6.153) 

Substitution of 0')', the yield strength of the materl'al f 
relation gives ' or O' x(max) in this 

l 
O' fa = 2" (O'y + O'cr) (6.154) 

where O' fa is the average longitudinal stress at failure 
It is useful to rewrite Eq. (6.154) in the form . 

afa _ l ( l + I) 
O'cr - 2" O'cr/O'y (6.155) 

and plot t.h~ v~riation of O' fa/O'cr with O'cr/O'y. Such a curve is shown in Fig. 
6-26, and It Il1dlcates that the ratio O' fa/O'Cf) which is a measure of the amount 

Fig. 6·26 Val'iation of postbuckling 
strength with l'atio of (Jcr to (Jy. 

4 

3 

<Tla 
<T

er 
2 

o 

\ 
\ 
~ 

1 
"4 

~ 

------
1 
2" 

3 
4 



296 Buek/ing of Plates Ch. 6 

of postbuckling strength present in a plate, increases as the ratio (JçrlO'y 

decreases. In other words, relatively thick plates that buckle at a high stress 
and begin to yield very soon thereafter do not exhibit a significant amount of 
postbuckling strength, whereas relatively thin plates that bucklc at a low 
stress and do not yield unti! much later can be expected to have considerable 

postbuckling strength. 
The approximate relation given in (6.155) is adequate for providing us 

with a generaI picture of postbuckling strength in plates. However, a more 
refined expression is needed for design purposes. To develop such a relation 
from the actual nonuniform stress distribution that exists in a plate, as was 
done above, is usually not practical. Instead, it is customary to employ the 
concept of an effective width introduced by von Karman, Sechler, and Donnell 
(Ref. 6.12) in 1932. As shown in Fig. 6-27, the actual nonuniform stress that 

Actual nonuniform Equivalent uniform 
stress di'stribution stress distribution 

-~~---
I I 
I I 
I I 

Fig.6-27 Effective-width concept for 
determining postbuckling strength. 

acts over the entire width ofthe plate, b, is replaced by an equivalent uniform 
stress distributed over a reduced effective width, be' The magnitude of the 
uniform stress is assumed to be equal to the actual stress existing at the edge 
ofthe plate, and the two rectangles ofwidth bel2 are assumed to have the same 
area as the actual stress distribution. Thus the ultimate load carried by the 

plate is 
(6.156) 

To evaluate P by means of Eq. (6.156), an expression for be is needed. 
Von Karman suggested the following approximate relation for simply 

supported plates: 

(6.157) 

.., 
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eo~paring t~i~ expression with (6.155), the approximate relation obtained in 
ArtIcle 6.12, 1t lS seen tbat in botb instances tbe ultimate load depends on tbe 
pa~ameter O' cri O' y' A slightly different expression bas been proposed by 
Wmter (Ref. 6.13). Based on extensive test results be suggests using tbe 
expression 

(6.158) 

Thi~ ~elation is similar t.o tbe one suggested by von Karman except tbat an 
addltlOnal term accountmg for initial imperfections bas been added. 

If tbe exp.ressi.on in ~6.158) is substituted into Eq. (6.156) and tbe buckling 
stress coeffÌCIent m O'cr lS taken as 4.0, one obtains for the ultimate load 

6.14 DESIGN PROVISIONS FOR 
LOCAL BUCKLlNG 

(6.159) 

!n. designing bot-rolled structural-steel sbapes consisting offlat plate elements, 
1t lS commo.n to proportion. tbe m~mber so tbat overall failure occurs prior to 
Iocal buckI~ng. Beams des1gn~d m acc~rdance with allowable-stress theory 
are prop.or~lOned so tbat tbe YIeld stress lS reacbed prior to the Iocal buckling 
stress: Sl~llarly, columns can be design ed so tbat their resistance to Euler 
buckhng lS less. tban tbei~' locai buckling strengtb. In tbe AISe specifications 
tbe Iocal buckhng stress lS kept above tbe yield stress for columns as well as 
beams, thereby making it possible to bave a single design provision for botb 
types of members. 

If Iocai buckling is not to occur at a stress smaller tban tbe yield stress 

wbere.Fcr is tbe .crit.ical plate buckling stress and Fy is the yield strengtb of tbe 
matena!. SubstltutlOn of Eq. (6.102) into tbis relation gives 

For E = 29 X 103 ksi and f1 = 0.3, one obtains 

(6.160) 
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The Iimit on the width-to-thickness ratio necessary to prevent Iocal buckling 
is thus seen to depend on the plate-buckling coefficient and on the yield 
strength. For a flange of an angle it is customary to assume one edge to be 
simply supported and one free. Thus k = 0.425, and the limiting expression 

for bit becomes 

To ensure that failure of an actual member containing initial imperfections 
and residual stresses is overall and not local, the preceding requirement for 
bit is reduced in the 1969 AISe specifications (Ref. 1.17) to 

~ < ~ (6.161) 
t ~ 

To obtain the corresponding design criteria for the flange of a box 
section, one substitutes the plate-buckling coefficient for simple supports 
along both unloaded edges, k = 4.0, into Eq. (6.160). Thus 

which is reduced in the AISe specifications to 

(6.162) 

The small bit ratios commonly found in hot-rolled sections make it 
feasible to ensure that overall failure occurs prior to Iocal buckling in most 
ofthese shapes. However, thin-walled seetions like those used in cold-formed 
steel construction and aircraft framing are eomposed of elements with rela­
tively large width-to-thiekness ratios. In these shapes it is well nighimpl)ssible 
to prevent local buckling from taking piace prior to overall failure, 3,nd the 
allowable stress is accordingly based on the loeal buekling stress and on the 
postbuckling strength. 

Depending on the manner in which the plate elements of a sedon are 
supported along their longitudinal edges, two types of elements are distin­
guished. Plates supported along both edges are referred to as stiffened 
elements and plates supported along only one edge are called ullstiffened 
elements. A distinction between unstiffened and stiffened elements is made 
because unstiffened elements exhibit eonsiderabIy less postbucklin§, strength 
than stiffened elements. Accordingly, the allowable stress of unstifì'ened ele­
ments is obtained by dividing the local buckling stress by a suitable safety 
factor, whereas the allowable Ioad of a stiffened element is based on the 

.., 
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ultimate load of the element. The ealculation of the allowable load for both 
stiffened and unstiffened elements is illustrated in Ref. 3.8. 

References 

6.1 G. GERARD, Introdllctioll lo Structllral Stability Theory (New York: McGraw­
Hill Book Company, Inc., 1962). 

6.2 G. H. BRYAN, "On the Stability of a Piane Plate Under Thrusts in Hs Own 
Piane with Applications to the Buckling of the Sides of a Ship," Proceedings 
LOl/dol/ Mathematical Society, VoI. 22, 1891. 

6.3 S. LEVY, "Buckling of Rectangular Plates with Built-in Edges." JOl/malol 
Applied Mechanics, ASME, VoI. 9, 1942. 

6.4 M. STEIN and J. NEFF, "Buckling Stresses of Simply Supported Rectangular 
Plates in Shear," NACA Teclll1ical Note, No. 1222, Washington, D.C., 1947. 

6.5 G. GERARD, "Handbook of Structural Stability, Part I-Buckling of Flat 
Plates," NACA, Teclmical Note, No. 3781, Washington, D.C., July 1957. 

6.6 E. Z. STOWELL, G. J. HEIMERL, C. LIBOVE, and E. E. LUNDQUIST, "Buckling 
Stresses for Flat Plates and Sections," Transactiolls, ASCE, VoI. 117, 1952. 

6.7 S. LEVY, "Bending of Rectangular Plates with Large Deflections," NACA, 
Technical Report, No. 737, Washington, D.C., 1942. 

6.8 T. CHENG, "Large Deflection Analysis of Rectangular Plate" (Ph.D. Thesis, 
University of Massachusetts, 1971). 

6.9 P. S. HSUEH, "Large Deflection of Orthotropic Rectangular Panels" (Ph.D. 
Thesis, University of Massachusetts, 1969). 

6.10 K. MARGUERRE, "Effective Width of Plates in Compression," NACA, 
Teclll1ical Note, No. 833, Washington, D.C., 1937. 

6.11 A. S. VOLMIR, "A Translation of Flexible Plates and Shells," Air Force Flight 
Dynamics Laboratory, Teclmical Report No. 66-216 (Ohio: Wright-Patterson 
Air Force Base, 1967). 

6.12 T. VON KARMAN, E. E. SECHLER, and L. H. DONNELL, "The Strength of Thin 
Plates in Compression," Transactions, ASME, VoI. 54, 1932. 

6.13 G. WINTER, "Strength of Thin Steel Compression Flanges," Transactiol/s, 
ASCE, VoI. 112, 1947. 

6.14 K. K. KAPUR and B. J. HARTZ, "Stability of Plates Using the Finite Element 
Method," JOllrnal 01 the Engineering Mechanics Division, ASCE, VoI. 92, 
No. EM2, 1966. 

6.15 J. L. TOCHER and K. K. KAPUR, "Comment on Basis for Derivation of 
Matrices for the Direct Stiffness Method," JOl/mal ollhe A.I.A.A., VoI. 3, 
No.6,1965. 

6.16 W. E. HASKELL, "Geometrie Nonlinear Analysis of Thin Plates by Finite 
Elements" (Ph. D. Thesis, University of Massachusetts, 1970). 



300 Buckling of Plates 
Ch.6 

6.17 E. Z. STOWELL, "A Unified Theory of Plastic Buckling of Columns and 
Plates," NACA Report. No. 898, Washington, D.C., 1948. 

Problems 

6.1 Determine the criticalloading for a simply supported, square plate loaded in 
two perpendicular directions by uniformly distributed loads as shown in Fig. 
P6-1. Obtain an exact solution by solving the governing differential equation 

(Ner = 2n2 D/é). 

l ___ a~1 
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y Fig. P6-1 

Using the energy method, determine the criticalloading of a simply supported, 
square plate loaded in the x direction by a linearly varying distributed load, 

as shown in Fig. P6-2. 
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Fig. P6-2 

6.3 Using the method of finite differences, determine the criticaI loading of a 
square plate, simply supported along two opposite edges and clamped along 
the other two edges. The plate is loaded by a uniformly distributed load Nx 

.., 
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6.4 

a~ong the simpl~ su?ported ~dge~, as shown in Fig. P6-3. Divide the plate into 
nme elements Yleldmg four mtenor points. Compare the result obtained with 
the exact solution Ner = 7.69n2 D/a2 • 

l--a~1 

-- Fixed 

r 

--_·~X -- ---- --a Nx s.s. s.s. Nx 

_l 
---+- ----- ---- --I Fixed 

~ 
Fig. P6-3 Y 

Using the finite-element method, determine the criticaI loading of a square 
plate clamped along aH four edges and uniformly compressed in one direction 
Divid~ the ~late into 16 elements and consider a quarter of the plate, as wa~ 
do~e m Artlcle 6.8. Compare the solution obtained with the result given in 
ArtIcle 6.5. 

6.5 Using the energy method, determine the criticalload for the one-degree-of­
freedom model of a flat plate shown in Fig. P6-4. The model consists of four 
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Fig. P6-4 
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K 

Eccentric 
loading 

rigid bars pin connected to each other and to the supports. At the center of the 
model two linear rotational springs of stiffness C = M/O connect opposite 
bars to each other. Also, each of the two transverse bars contains a linear 
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extensional spring of stiffness K. For smalllateral deflections the energy in the 
extensional springs can be neglected. (Per = 4Cfa) 

6.6 Using the model in Fig. P6-4, obtain and plot relationships for the loadP versus 
the lateral deflection d when 
(a) the lateral deflection is large, ., 
Cb) the Iaterai deflection is Iarge and the Ioads are apphed eccentncally to the 
pIane of the undeformed mode!. 
Which fundamental buckling characteristics of an actuai piate are demon­
strated by these models? (Note: For Iarge deflections the energy in the exten­
sional springs must be considered.) 

"i 

7 
BUCKLING OF 

AXIALLY COMPRESSED 
CYLINDRICAL SHELLS 

7.1 INTRODUCTION 

A thorough treatment of shell stability shouId include a study of sphericaI 
shells under externaI pressure as well as cyIindricaI shells subject to axiaI 
compression, externaI pressure, and torsion. However, due to the introduc­
tory nature of this book, onIy axially compressed cyIindrical shells wiIl be 
considered. AxiaIIy compressed c,yIindrical shells have been singled out for 
study because their buckIing characteristics differ radically from those of the 
columns and plates studied heretofore. Whereas real, sIightIy imperfect 
columns and plates do buckIe at the criticaI stress predicted by the linear 
theory, real imperfect axially compressed cyIindrical sheIls buckle at a stress 
significantly below that given by the linear theory. It is this aspect of the 
behavior ofaxially compressed cyIinders that makes them especiaIly worthy 
of our attention. 

Before considering the stability ofaxially compressed thin cylindricaI 
shells, a few words regarding the behavior of thin shells in generaI are in 
order. The primary difference between a shell and a piate is that the former 
has a curvature in the unstressed state, whereas the latter is assumed to be 
initiaIIy flat. As far as flexure is concerned, the presence of initial curvature 
is of Iittle consequence. However, the curvature does affect the membrane 
behavior of the surface significantIy. 

303 
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Membrane action in a surface is caused by in-piane forces. These forces 
may be primary forces caused by applied edge loads or edge deformations, or 
they may be secondary forces resulting from flexural deformations. In a 
stability analysis, primary middle-surface forces must be considered regardless 
of whether initial curvature exists or noto However, the same cannot be said 
regarding secondary middle-surface forces. lf the surface is initially flat, 
secondary in-piane forces do not give rise to appreciable membrane action 
unless the bending deformations are fairly large. It was for this reason that 
membrane action due to secondary forces was neglected in the small­
deflection plate theory, but not in the large-deflection plate analysis. On the 
other hand, ifthe surface has an initial curvature, membrane action caused by 
secondary in-piane forces will be significant regardless of the magnitude of 
the bending deformations. Membrane action resulting from secondary 
middle-surface forces is therefore accounted for in both small- and large­
deflection studies of shells. 

7.2 LlNEAR THEORY OF CYLlNDRICAL 
SHELLS-DONNELL EQUATIONS 

In the derivation of the shell equations, one encounters several terms of rela­
tively small magnitude. If these terms are ali retained, the solution of the 
equations becomes so involved that the equations are of little practical use. 
M ost investigators have therefore decided to omit some of these terms. There 
is, however, no firm agreement as to which terms one should neglect. The 
result of the situation is that there have been developed various shell equations 
each based on a different set of simplifications. 

In our investigation of the behavior of shells, we shall make use of the 
Donnell equations (Ref. 7.1). These equations are relatively uncomplicated, 
and they have been shown to give satisfactory results when used to deal with 
buckling problems. It has been demonstrated by Donnell that a simple way 
of developing the theory of thin shells is to start with relationships already 
obtained for thin plates and to revise these wherever necessary. We shall make 
use of this approach here. Both small- and large-deflection plate relationships 
will be referred to in developing the shell equations. It is necessary to do this 
because secondary membrane forces must be considered in a Iinear shell 
theory, and these are included only in the large-deformation plate theory. 

In deriving the shell equations we shall make the following assumptions: 

l. The thickness of the shell is small compared to the other dimensions of 
the shell; that is, the shell is thin. 

2. Lateral deflections are small compared to the thickness of the shell. 
3. The material from which the shell is constructed is homogeneous, 

isotropic, and obeys Hooke's law. 

-

Art. 7.2 
Linear Theory of Cy/indrical Shells 305 

4. Lines normal to the middle surface before bending remain straight and 
normal during bending. 

5. The shell is initially a perfect cylinder, and it is loaded concentrically 
at evèry cross section. 

~et us consider a differential shell element of thickness h and having a 
radms of curv.a~ur~ ~, as shown in Fig. 7-1 a. The coordinate system is chosen 
so tha~ the onglll .IS III the midd~e ~urface of the shell, the x axis is parallel to 
the aXIs of the cyhnder, the y aXIs IS tangent to a circular arc, and the z axis is 

Fig. 7-1 Cylindrical shell displace­
ments and forces. 

Y, v 

x,u 

z,w 

(a) 

(b) 

(c) 

IIll EL. 



306 Buckling ofAxially Compressed Cy/indrica/ Shells Ch. 7 

normal to the median surface. Use of the circumferential coordinate y 

instead of an angular coordinate facilitates comparisons between the shell and 
the plate. Displacements of the shell are described by their components li, v, 
and w in the x, v, and z directions as indicated in the figure. The forces acting 
on the shell ele'ment consist of the in-pIane forces depicted in Fig. 7-1b and 
the transverse shears, bending moments, and twisting moments shown in Fig. 

7-1c. 

Equilibrium 
The equations of equilibrium in the x and y directions are considerably 

simplified if the curvature of the surface in these two directions, both initial 
and due to bending, is neglected. In other words, we assume that the trans­
verse shear forces have negligible components in the x and y directions and 
that the components of the in-pIane forces in these directions are equal to the 
forces themselves. Thus the equilibrium equations in the x and y directions 
for the shell are identical to those obtained for the plate [Eqs. (6.104) and 
(6.105)]. For convenience these equations are repeated here: 

(7.1) 

(7.2) 

To obtain the equation of equilibrium in the z direction, it is necessary to 
take the curvature of the element into account. Both the initial curvature and 
the curvature due to bending must be considered. Due to the initial curvature 
of the shell, the Ny forces, as indicated in Fig. 7-2, have a component in the z 

-~-_.~y 

""--~ N dy 
N ........... r y R 

y 

! __ dy 

I R~ 

~ 
z 

direction equal to 

Fig. 7-2 Radiai component of in­
piane forces due to initial curvature. 

(7.3) 
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~??e ofthe other in-pIane forces has components in the z direction due to the 
1l11tIal curvature. However, all the in-pIane forces have z components due to 
the curvature that results from bending. These components are identical to 
the on~s that exist for a bent plate element [Eq. (6.3)]. Thus the z components 
of the 1l1-pl~ne ~orces for a cylindrical sheII element are obtained by adding 
the terms glven 111 (6.3) to the term in (7.3). This leads to 

(7.4) 

To the z components of the in-pIane forces must be added the transverse 
shear forces given by 

(aa~x + aa~Y) dx dy (7.5) 

Since the equations of moment equilibrium about the x and y axes do not 
ch~nge in going from the plate to the sheII element, Eqs. (6.6) and (6.7) are 
valIdo for ~he sheII as weII as the plate, and the shear forces in (7.5) can be 
rewntten 111 the form 

(7.6) 

Co~?in.ing ~he terms in (7.4) and (7.6), one obtains for the equation of 
equ1hbnum 111 the z direction 

Force-Deformation Relations 

As was done when anaIyzing a piate, the dispiacements and strains are 
separated into middle-surface and bending terms. Thus 

U = Uo + Ub 

V = Vo + Vb 

Ex = Exo + Ex, 

Ey = EyO + Ey, 

'ì'xy = 'ì'XYO + 'ì'xy, 

where t~e subscript ? denot.es middIe-surface terms and the subscript b refers 
to bend1l1g terms. S111ce Ez lS assumed to be negligibIe, w = wo. 



308 Buckling o, Axial/y Compressed Cy/indrica/ Shel/s Ch. 7 

Moment-Curvature Relations 

The relationships between bending moments and curvatures in the shell 
can be assumed to be the same as those existing between these quafltities in a 
plate. Thus 

(7.8) 

(7.9) 

(7.10) 

These expressions were derived in Article 6.2, where they appear as Eqs. 
(6.33), (6.34), and (6.35). 

Middle-Surface Force-Deformation Relations 

The middle-surface force-deformation relations for a shell differ somewhat 
from those in the plate, and we shall therefore need to revise the plate 
expressions wherever necessary in order to obtain the desired shell expressions. 
A shell fiber oriented in the x direction is initially straight. Its behavior is 
therefore similar to that of a corresponding plate fiber. The middle-surface 
strain E x, for a plate is given by Eq. (6.116). For 1arge deflections, both of the 
terms in this expression must be considered. However, when the deflections 
and consequently the slopes are very small, as in our case, the second term is 
negligible compared to the first. Thus we conclude that for shells with small 
deformations 

E - auo 
Xo - ax (7.11) 

In the y direction the shell has an initial curvature not present in the plate. 
To obtain the stra in EyO for the shell, we must therefore add to the first term 
of the plate strain, given by (6.117), the strain due to transverse bending when 
initial curvature is present. As shown in Fig. 7-3, element AB is displaced to 

Fig. 7-3 Tangential strain due to 
radiai displacement. 
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A'B' due to the radiai deformation w. The resulting strain in the element is 

E = _ AB - A'B' __ R dO - (R - w) dO 
AB - RdO 

(7.12) 

in which the negative sign denotes that positive displacements w lead to 
?egative strains. The total strain in the y direction is the sum of the first term 
m (6.117) and the expression in (7.12). Thus 

Ey = avo _ ~ 
o ay R (7.13) 

The initial curvature of the shell has no influence on the middle-surface 
shear strain. Hen~e YxyO is ?btained from the corresponding plate strain [Eq. 
(6.122)] by droppmg the higher-order term. That is, 

(7.14) 

Since the two-dimensionaI stress-strain relations used for thin plates 
[Eqs. (6.17), (6.18), and (6.19)] apply equally well to thin shells, the middle­
surface shell forces are given by 

N - h - Eh ( x - (ix, - l _ fl,2 Ex, + fl,Ey,) (7.15) 

(7.16) 

(7.17) 

Substitution of (7.11), (7.13), and (7.14) into these relations gives 

(7.18) 

(7.19) 

(7.20) 

The middle-surface forces in the shell consist of two parts: (1) primary 
forces caused by the applied loads, which are present prior to buckling, and 
(2) secondary forces, which arise as a result of buckling, Since the latter are 



310 Buck/ing ofAxial/y Compressed Cy/indrical Shel/s Ch. 7 

much smaller in magnitude than the former, it is essential that we distinguish 
between the two. The simplest way of accomplishing this is to assume that the 
middle-surface displacements appearing in the foregoing calculations are 
solely the secondary deformations resulting from buckling. Accordingly, the 
forces in (7.18), (7.19), and (7.20) are the secondary middle-surfac~ forces 
caused by buckling and not the total middle-surface forc~s. Lett~ng the 
primary middle-surface forces that are present prior to bucklmg be glven by 

N x =Px 

Ny =Py 

N xy = SXy 

the total middle-surface forces are 

Differential Equations 

(7.21) 

(7.22) 

(7.23) 

(7.24) 

(7.25) 

(7.26) 

The equilibrium equations will now be expressed in terms of displace­
ments. Substitution of the appropriate derivatives of (7.8) through (7.10) and 
(7.24) through (7.26) into Eqs. (7.1), (7.2), and (7.7) gives 

(7.27) 

(7.28) 

(7.29) 

where N~, N~, and N~y stand for the secondary middle-s~rface forces. 
In Eq. (7.29) the initial curvature and the primary mlddle-surface forces 

are quantities of finite magnitude. By comparison, .the ~ur:atures due to 
bending and the secondary middle-surface forces are mfimteslmally small. ~t 
is therefore possible to neglect some of the terms in Eq. (7.29) and reduce lt 
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to the form 

(7.30) 

Equation (7.30) together with Eqs. (7.27) and (7.28) constitutes a set of 
three equations in three unknowns that can be used to obtain the criticalload 
of a cylindrical shell. Because secondary membrane forces are not negligible 
in linear shell theory as they are in linear plate theory, the in-piane equilib­
rium equations are coupled to the equation of transverse equilibrium for the 
shell, and all three must be solved simultaneously. By comparison, the 
equation of equilibrium in the z direction is independent of the in-pIane 
equilibrium equations for the plate, and the criticaI load can be obtained 
simply by considering the z-direction equation. 

For certain types of solutions it is easier to deal with one than three 
equations. Accordingly, Donnell (Ref. 7.1) has reduced Eqs. (7.27), (7.28), 
and (7.30) to a single equation in w. The transformation is carried out as 
follows. Operating with a2/ax ay on (7.28), and with a2/ax2 and a2/ay2 on 
(7.27), one obtains three equations, which can be reduced to 

(7.31) 

where V4 denotes two successive applications of Laplace's operator in two 
dimensions. Similarly, operations with a2/ax ay on (7.27) and with a2/ax2 
and a2/ay2 on (7.28) gives three equations that lead to 

(7.32) 

The operator V4 is now applied to (7.30), which gives 

_ 8 4( a2w a2w a2w ) 
DV IV + V Px ax2 + Py ay2 + 2Sxy ax ay 

+.l ~(V4 av + pV4 au _ .lv4w) = O 
R l - p2 ay ax R 

(7.33) 

If (7.31) is operated on with a/ax and (7.32) with a/ay and the resulting 
expressions are substituted into (7.33), one finally obtains 

(7.34) 

d 
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This linear eight-order equation in w is known as the Donnell equation. By 
letting Py = SXy = O, it can be used to obtain the criticalload of a cylinder 
subjected to axial compression. Similar1y, by letting SXy equal tM applied 
shear force or by letting Py equal the hoop force caused by pressure, olle can 
use the equation to obtain the criticalload for cylinders subjected to torsion 
or external pressure. 

7.3 CRITICAL LOAD OF AN AXIALLY 
LOADED CYLlNDER 

Classical Solution 

Let us consider an axially loaded cylinder of length / and radius R whose 
ends are simply supported, and determine its criticai load by solving the 
Donnell equation in the manner outlined by Batdorf (Ref. 7.2). When axial 
compression is the only primary middle-surface stress present, Donnell's 
equation, Eq. (7.34), reduces to 

Eh a4w a2w 
DV 8w + R2 ax4 + (J'.,hV4 ax2 = O (7.35) 

The boundary conditions corresponding to simply supported ends are 

a2w w = ax2 = O at x = O, / (7.36) 

These conditions are satisfied if the lateral displacement is of the form 

. mnx . nny w = Wo SIn--SIn-
/ nR 

(7.37) 

where m is the number of half-waves in the longitudinal direction and n the 
number of half-waves in the circumferential direction. To simplify the calcu­
lations, we let 

and rewrite (7.37) as 

p = !li 
nR 

. mnx . pny 
w = Wo SIn -/- SIn -/-

Substitution of (7.39) into (7.35) gives 

(7.38) 

(7.39) 

D( 7 ) 8 (m 2 + P2)4 + ~~ m4( 7) 4 - (J' xh ( 7 ) 6 m2(m 2 + P2)2 = O 

(7.40) 

l 
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If we divide Eq. (7.40) by D(n/l)8 and introduce two new parameters we 
obtain ' 

where 

(m 2 + P2)4 + 12~:Z2 _ kxm2(m2 + P2)2 = O 

12 

Z = Rh (l - f.l2)1/2 

k = (J'xhl2 
x Dn 2 

(7.41) 

(7.42) 

(7.43) 

The nondimensional parameter Z is a shape factor. It is a measure ofthe ratio 
of ~ength to radius and is useful for distinguishing between short and long 
cyhnders. The other parameter, k x' is a buckling stress coefficient similar to 
the one that appears in the plate-buckIing equation, [Eq. (6.49)]. 

Solving Eq. (7.41) for k" one obtains 

(7.44) 

Differentiating this expression with respect to (m 2 + p2)2/m2 and setting the 
result equal to zero shows that kx has a minimum value when 

(7.45) 

Substitution of (7.45) into (7.44) gives 

(7.46) 

from which 

(J' _ 1 Eh 
er - ,J3(1 - f.l2) Ii (7.47) 

or, if f.l is taken equal to 0.3, 

(7.48) 

Since Eq. (7.46) is not valid for all values of Z, the criticaI stress given by 
(7.48) does not apply to alI cylinders. Solving (7.45) for p gives 

(7.49) 

which indicates that Z can be smaller than 2.85 only if either m < 1 or p is 
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imaginary. Since neither of these conditions can be satisfied, we conclude 
that (7.46) and (7.48) apply only to cylinders for which Z > 2.85. 

If Z < 2.85, the criticaI stress coefficient is determined by setting m = 1 
and p = O in Eq. (7.44). This Ieads to 

The criticaI stress for cylinders with Z < 2.85 is thus given by 

k Dn 2 

(Ter = 1112 

(7.50) 

(7.51) 

where kx is defined by Eq. (7.50). The expression in (7.51) indicates that the 
criticaI stress of a short cylinder approaches that of a wlde Iaterally unsup­
ported plate as Z approaches zero. 

In the foregoing analysis it was tacitly assumed that failure would occur 
as a result of Iocai surface buckling. This assumption is valid only as long as 
the cyJinder is not extremely slender. Long narrow cylinders may become ~n­
stable as a result of Euler column buckling before the Iocai surface buckhng 
stress is reached and must therefore be checked for both modes of failure. 

It has thus been shown that the buckling mode of an axially Ioaded 
cylinder depends on the ratio of its Iength to its radius. Short and wide 
cylinders behave like plates that are supported along their Ioaded edges. Th~y 
buckle into a single half-wave in the Iongitudinai direction and no waves m 
the circumferential direction. By comparison, the buckling of very long 
cylinders does not involve surface distortion at alI. Instead the member 
simply behaves Iike an Euler column. In between these two extremes fall the 
cylinders that are of intermediate length. Since this category includ~s the 
majority of actuai cylinders, it is the most important of the three. C~Im~ers 
of this type buckle by developing surface distortion in both the Iongltudmai 
and circumferential direction, and their criticaI stress is given by Eq. (7.48). 
By far the most important observation that one can make regarding cylinders 
of moderate Iength is that actuai tests do not verify the results obtained from 
the linear theory. Experimentally observed buckling Ioads are usually much 
smaller than the criticai Ioad given by Eq. (7.48). It will be demonstrated in 
Article 7.4 that the Iinear theory is inadequate for describing the behavior of 
axially compressed cylinders and that a nonlinear Iarge-deflection analysis is 
required instead. 

New Solutions of Small-Deflection Equations 

Recent investigations of simply supported, axially Ioaded cylindrical shells 
of moderate Iength have shown that there exist solutions to the Iinear, small-
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deflection equations other than the classical solution given by Eq. (7.48). It 
has been demonstrated that the in-pIane edge conditions have a significant 
effect on the criticaI Ioad, and that the conditions on li and v assumed to exist 
in the classicai solution constitute only one of severai possible alternatives for 
simple supports. 

In the classicai solution, boundary conditions appeal' to be stipulated only 
for the transverse deformations, that is, it is explicitly stated that w = a2wjax2 
= O along the edges, but nothing is mentioned regarding the in-pIane dis­
placements. However, in the linear theory of shells, in-pIane displacements 
are coupled to transverse displacements, and hence in-pIane edge conditions 
are implicit in the assumption that the Iaterai displacement, w, is a double sine 
function. The conditions that this approximation implies are (1) no tangenti al 
motion along the edges, that is, v = O, and (2) a constant axiai stress (T x along 
the Ioaded edges during buckIing. The solution given by (7.48) thus corre­
sponds to a definite set of in-pIane boundary conditions as well as simple 
supports in the transverse direction. Once the foregoing conclusion is reached, 
it becomes obvious that the in-pIane edge conditions assumed in the classicai 
solution are not the only possibilities for a simpIy supported edge, and that 
the criticaI Ioad given by Eq. (7.48) is therefore not the onIy possible soIution 
to the linear equations for simpIy supported moderately long sheIIs. For 
example, the edges of the cylinder instead of being prevented from moving 
tangentiaIIy may be free to move in this direction, and instead of stipuIating 
that the axiai stress remain constant along the edges, the in-pIane dispIace­
ment li may be required to remai n uniform. 

Severai extensive investigations into the effect of in-pIane boundary con­
ditions on the criticaI Ioad of simply supported sheIIs have been carried out 
(Refs. 7.3 and 7.4), and it has been concluded that criticaI stress is reduced 
drastically ifthe edges are permitted to move freely in the tangentiaI direction. 
The criticaI stress obtained for simply supported edges that are free to move 
tangentiaIIy is roughly one haIf the criticaI stress given by the classical 
solution for edges that are restrained from moving tangentially. However, 
freeing the edges in the tangential direction is the only change in the in-pIane 
conditions of the classicai solution that produces a significant change in the 
criticaI Ioad. For alI other variations in the in-pIane edge conditions from 
those assumed in the classical solution there is no significant change in the 
criticaI Ioad. 

In most experimentaI investigations of cyIinders the edges are not free to 
move tangentiaIIy. The aforementioned findings concerning the effects of 
boundary conditions, although extremely interesting, are therefore not 
believed to explain the discrepancy that exists between the classicai theory and 
test results. 



316 Buckling ofAxial/y Compressed Cy/indrical Shel/s 

7.4 FAILURE OFAXIALLY COMPRESSED 
CYLlNDRICAL SHELLS 

Historical Survey of the Problem* 

Ch. 7 

The c1assical solution to the linear small-deflection equations for axially 
loaded cylinders was first obtained by Lorenz in 1908 (Ref. 7.6). It was later 
independently arrived at by Timoshenko in 1910 (Ref. 7.7), Southwell in 1913 
(Ref. 7.8), and Flilgge in 1932 (Ref. 7.9). The criticaI stress given by this 
solution couId, however, not be substantiated by tests. Experiments made to 
verify the theoreticai results inevitably indicated that actual cyIinders buckIe 
at loads considerabIy below that given by the c1assical theory. Buckling Ioads 
as small as 30 % of the load given by the c1assical solution were not unusual. 
Furthermore, the test results exhibited an unusually Iarge degree of scatter. 

The first progress toward an understanding of the problem and toward an 
expIanation of the discrepancy between the theoretical and experimental 
results was achieved by Donnell in 1934 (Ref. 7.10) when he proposed that a 
nonlinear finite-deflection theory was required. In other words, Donnell 
realized that it was not sufficient to determine the Ioad at bifurcation, but 
that an investigation of the postbuckIing behavior of the shell was required 
as well. 

To his now well-known small-deflection equations, Donnell added the 
same nonlinear terms that von Kàrmàn had aiready used in formulating the 
noniinear plate equations, and thus arrived at the von Karman-Donnell 
large-displacement shell equations. In addition to sensing the need for a 
large-displacement theory, Donnell was aware of the fact that the buckling 
pattern observed to exist during tests differed radically from the one assumed 
to exist in the c1assical theory. The latter consists of sinusoidai waves in both 
the axial and circumferential direction. By comparison, the actual buckle 
pattern consists of deep diamond-shaped bulges directed primarily toward 
the center of curvature. Using the large-displacement equations and 
attempting to take into account the actual buckled shape of the cylinder, 
Donnell proceeded to obtain a solution. However, his analysis was over­
simplified and did not lead to satisfactory results. 

It was not until1941 that the first meaningful solution to the problem was 
obtained by von Karman and Tsien (Ref. 7.11). Using essentially the same 
large-deflection equations as were used by Donnell and approximating the 
lateral deflection with a function that adequately represented the actual 
buckle pattern of the shell, von Karman and Tsien obtained the first accurate 
picture of the postbuckIing behavior of an axially compressed cyIinder. Their 

*The brief summary of the development of cylindrical shell stability theory presented 
here is taken from a more detailed account of the subject by Hoff (Ref. 7.5). 
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Fig. 7-4 Postbuckling ofaxial1y 
compressed cylinder. 

o 

(o) (Adopted from Ref. 7.11) 

1.0 2.0 

(b) (Adopted fram Ref. 7.16) 

3.0 

3.0 

results ar.e best ~um~ariz.ed by the curve ofaxiai shortening versus axial 
compresslO~ deplcted In ~Ig. 7-4a. The most significant aspect of this curve is 
th~t the aXlalload reqUlred to maintain equilibrium drops sharply as the 
cyhnder. bends. ~ub~equent to reaching the criticalload. As a consequence, 
th~re eXIst eqUlbbnum configurations at finite deflections that can be main­
tame~ by loads considerably below the criticaI load. Based on these results 
and .In an .a~tempt to explain the .discrepancy between the theoretically 
obtamedcntJcal load and the expenmentally observed buckling load 
K' , d T' , von 
. arman an. slen put forth the following hypothesis. They conjectured that 
It :vas posslble for the cylinder to jump from the unbuckled state to the 
adJace.nt bu~kled configuration at a load far below the criticalload, and that 
any shght ~Isturbance, ~uch as the vibration of the testing machine, would 
suffice to tngger such a Jump. The maximum load that areaI cylinder could 
support would thus be much smaller than the criticalload. 
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Although the work of von Karman and Tsien was far from complete, it 
proved to be the cornerstone of the large-displacement theory ofaxially 
loaded cylindrical shells. In the years that followed several investigators, 
including Legget and J ones (Ref. 7.12), Michielsen (Ref. 7.13), Kempner 
(Ref.7.14), and Hoff, Madsen, and Mayers (Ref.7.I5), enlarged and 
improved von Karman's theory. By including more terms in both the non­
linear equations and in the assumed deflection function, they obtained more 
and more accurate postbuckling curves. 

The next step forward in the study ofaxially Ioaded cyIindrical shells was 
made when Donnell and Wan (Ref. 7.16) in 1950 introduced initial imperfec­
tions into the analysis. The results ofthis investigation are summarized by the 
curves ofaxial shortening versus applied stress given in Fig. 7-4b. The solid 
curve corresponds to an initially perfect shell and the dashed one to a shell 
with a very small initiai imperfection. It is evident from these curves that the 
maximum Ioad reached by a sIightly imperfect cylinder, point B, is much 
lower than the classically obtained criticalload of the perfect cylinder, point 
A. While the possibility of ajump occurring before point B is reached cannot 
be ruled out, the incentive for adopting the jump theory is greatly lessened in 
the light of what initial imperfections do to the load-deformation curve. 
However, regardless of whether a jump does or does not occur, it can be 
concluded that initial imperfections can appreciably reduce the maximum 
load that an axially compressed cylinder can support. 

As a consequence of the work of Donnell and Wan, initial imperfections 
are now generally believed to be the principai reason for the discrepancy 
between the classical buckling stress and the experimentally observed failure 
stress. Unti! recently this conclusion was based soIely on theoretical investi­
gations. However, in the last decade experimentai verification of the imper­
fection theory has been obtained as well. Tennyson (Ref. 7.17), as well as 
several other investigators (7.18), by exercising extreme care, have for the 
first time been ab le to manufacture near-perfect shell specimens and thus 
minimize the effects of initiai imperfections. For these near-perfect specimens 
the observed buckling load was very close to the theoretically obtained 
criticaI load. The test results aiso indicated that any small departures from 
the straightness in the perfect specimens resuIted in a significant lowering of 
the buckling load. The belief that initial imperfections are the major reason 
for the discrepancy between the classical theory and test resuIts thus appears 
at present to be more well founded than ever. 

Large- Deflection Equations 

All the idealizations previously made in the linear theory are assumed 
to remain valid, except that transverse deflections are no longer required to 
remain infinitesimally smali. As a consequence of allowing deflections to 
become finite, terms that are quadratic functions of the deformations and 
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their derivatives are no longer negligible when formulating the governing 
differenti al equations. Since no such terms were omitted in the derivation of 
the equilibrium equations, these equations are valid for the large-deflection 
theory as well as the small-deformation theory. They are 

(7.52) 

(7.53) 

Transverse deflections are no longer small compared to the thickness of 
the surface. They are, however, stilI assumed to be small in comparison with 
the other shell dimensions. Hence no change takes pIace in the moment­
curvature equations in going from small to large deformations. These relations 
are stilI given by Eqs. (7.8), (7.9), and (7.10), and Eq. (7.54) can therefore be 
rewritten in the form 

(7.55) 

The middle-surface strain-displacement relations do, however, change as 
deformations become finite. As in large-deflection plate theory, the terms 

1 (alV)2 
Ex. = T ax ' l (alV)2 

Ey. = T ay , alV alV 
r.<y. = ax ay 

neglected in the linear equations, must now be included. Thus the strain­
displacement equations become 

(7.56) 

(7.57) 

(7.58) 

The relations between middle-surface forces and strains do not change in 
going from small to large displacements. However, the secondary as well as 
the primary forces are now finite, and no distinction similar to the one drawn 
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in the linear theory can now be made between these two quantities. These 

relations are 

l 
Exo = Eh(Nx - flNy ) 

(7.59) 

l 
Eyo = Eh (Ny - flNJ (7.60) 

2 
YXYo = Eh(1 + fl)Nxy (7.61) 

Equations (7.52), (7.53), (7.55), and (7.56) through (7.61) are sufficient for 
investigating the postbuckling behavior of cylindrical shells. They ca~ also !,e 
transformed into a more compact formo Differentiating (7.56) tWlce wlth 
respect to y, (7.57) twice with respect to x, and (7.58) successively with respect 
to x and y, one obtains the compatibility relation 

a'2Exo a2Eyo _ a2yXYO = ( a2w )2 _ a2w a2w _ .l a2
w 

ay2 + ax2 ax ay ax ay ax2 ay2 R ax2 
(7.62) 

A further simplification is obtained by introducing a stress function that 

satisfies (7.52) and (7.53). Thus we let 

(7.63) 

and rewrite (7.59), (7.60), and (7.61) in the form 

(7.64) 

l (a 2F a2F) 
Eyo = E ax2 - fl ay2 

(7.65) 

2(1 + fl) a2F 
Ym = - E axay 

(7.66) 

Making use ofthese relations and ofthe expressions in (7.63), Eqs. (7.55) and 

(7.62) become 

(7.67) 

(7.68) 
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These equations were first derived by Donnell in 1934 when he combined 
the strain-displacement relations contained in the von Karman large­
deflection plate theory with his own linear shell theory. The equations are 
accordingly called the von Karman-Donnell Iarge-displacement shell 
equations. 

Equations (7.67) and (7.68) are applicable onIy to an initially perfect 
cylinder. To make the equations valid for a shell. with initial imperfections 
of shape as well, several minor modifications must be made. First, we assume 
that the lateral deflection consists of an initial distortion W o in addition to the 
deflection w produced by the applied Ioads. Next we consider the changes 
brought about by the initiai distortion in Eq. (7.67). This is an equation of 
equilibrium in the radiaI direction. The first three terms are shear forces that 
depend only on the curvature caused by bending. The initiai distortion does 
not affect them. The remaining terms are components of middle-surface 
forces obtained by multipIying the forces by the surface curvature. Since the 
total curvature applies here, w must be repiaced with w + !l'o in these terms. 
The equation of equilibrium for the initially imperfect shell thus takes the 
form 

(7.69) 

To obtain the compatibiIity equation for an initially distorted shell, we 
must first rewrite the strain-dispIaèement reiations to include the effects of an 
initial imperfection. If in the derivation of these expressions in Article 6.11 the 
lateral deflection w is replaced with w + W o it can be shown that 

(7.70) 

Differentiating, as in the case of the initially perfect shell, we obtain 

(7.71) 
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which, after the stress function F is introduced, leads to 

a4F a4F 2 a4F _ E[( a
2
w )2 + 2 a

2
wo a

2
w 

ay 4 + ax4 + ax2 ay2 - ax ay ax ay ax ay 
a2wa2w a2wo a2w _ a2wo a2w _ .l a2w] 

- ax2 ay2 - ax2 ay2 ay2 ax2 R ax2 

(7.72) 

Equations (7.69) and (7.72) are the governing differenti al equations for an 
initially imperfect cylindrical shel!. 

Postbuckling Behavior of Cylindrical Panel 

The postbuckling behavior of a rectangular cylindrical panel is very 
similar to that of an enti re cylinder. We shall therefore limit our considera­
tions to such a panel and thus avoid the lengthy and complex calculations 
that an investigation of the enti re cylinder entails. The analysis presented 
here follows the generaI outline of that given by Volmir (Ref. 6.11). It consists 
of solving the compatibility equation for Fin terms of w and then using the 
Galerkin method to solve the equilibrium equation for the coefficient of w. 

A cylindrical pane1 is essentially a section of an enti re cylinder bounded by 
two generators and two circular arcs. Let us consider such a panel subjected 
to a uniform axial compression stress Px as shown in Fig. 7-5. The radius of 

I Fig. 7-5 Axial1y compressed cyJin­
drical pane!. 

curvature of the pane1 is R, its thickness is II, and the length of each edge is a. 
The x and y coordinate axes are taken along the generator and arc, as shown 
in the figure. 

As far as the boundary conditions are concerned, it is assumed that (I) the 
edges are simply supported, (2) the shear force N xy vanishes along each edge, 
(3) the edges y = O, a are free to move in the y direction, and (4) the panel 
retains its rectangu1ar shape during buckling. These conditions are satisfied 
if we 1et 

I . nx . ny 
IV = SIn- SIn-

a a 
(7.73) 

222&& 

Art. 7.4 Failure ofAxial/y Compressed Cy/indrical Shel/s 323 

The panel is also assumed to have an initial distortion given by 

IV O = lo sin nx sin ny 
a a (7.74) 

The first step in the anlaysis consists of evaluating Fin Eq. (7.72) in terms 
of the assumed deformation functions. Substitution of the expressions in 
(7.73) and (7.74) into (7.72) leads to 

a
4
F 2a

4
F a

4
F [2 n4 (2nx 2n ) 

ax4 + ax2 ay2 + ay 4 = E (J + 2110)2a4 cos a + cos-!-

+ Rln: sin nx sin ny] 
a a a 

(7.75) 

A particular solution to this equation, obtained by using the method of 
undetermined coefficients, is 

F - E(f2 + 2110) (cos 2nx cos2ny) + Eia 2 
( • nx . ny ) 

p - 32 - - 4R 2 SIn - SIn -a a n a a (7.76) 

The complementary solution is any function that satisfies both the homoge­
neous equation V 4F = O and the boundary conditions on F. It also corre­
sponds to the primary middle-surface stress that exists prior to buckling that 
is, a. uniform compression stress, P." in the x direction and N

xy 
= N

y
' = O. 

NotIng that N x = -p)l and taking cognizance of Eq. (7.63), one obtains for 
the complementary function 

(7.77) 

Thus the entire solution of (7.75) is 

F = E(f2 + 2110) (cos 2nx + 2ny) 
32 a cosa 

+ Eia 2 
(. nx . ny ) Pxy2 

4Rn2 SIn a SIn a - -2-
(7.78) 

By means ofthe Galerkin method a relation betweenf,lo, andpx will now 
be obtained from Eq. (7.69). For the problem being considered th~ Galerkin 
equation is of the form 

J: J: Q(J)g(x, y) dx dy = O (7.79) 

w~ere Q(J) is the left-hand side of Eq. (7.69) and g(x, y) = sin (nx/a) 
. sm (ny/a). Substituting the expressions in (7.73), (7.74), and (7.78) for w, 
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wo, and F, Eq. (7.79) becomes 

J: J: {[ 4Df:: - p/~2 (f + fo) + :ZJ sin2 n; sin2 n: 

- ~ha~4 (f + fo) (f2 + 2f fo) ( cos 2:x sin 2 n~'( sin2 n: 

+ cos 2ny sin2 nx sin2 ny ) _ Ehfn22 (f + fo) (sin3 nx sin3 n:) 
a a a ~a a 

(7.80) 

+ Ehn
2 
(f2 + 2f/' ) (cos 2nx sin nx sin ny ) 

8a2R o a a a 

+ Eh
f 1n

2
(f + /, ) (cos2 nx sin nx cos2 ny sin ny )} dx dy = O 

2RaZ o a a a a 

Making use of the identities 

cos- sm2 - = - cos- - cos -2nx. nx 1 (2nx 2 2nX) 
a a 2 a a 

2nx . nx . nx 2' 3 nx cos- sm- = sm- - sm-
a a a a 

nx . nx . nx . 3 nx cos2- sm- = sm- - sm -
a a a a 

and carrying out the indicated integrations, Eq. (7.80) reduces to 

Dfn
4 

PX hn2(f + l') + Ehfa 2 
(i2 - -4- Jo 16R2 

- ~h( ~ j2 + fof) + ~~:: (f3 + 3f2fo + 2fÈ!) = O 

(7.81) 

from which 

= [4Dn
2 + Ea

2 + En
2 
(j2 + 3ffo + 2fn Px ha2 4R2n2 8a2 

- :~ ( ~ f + fo ) J f ~ fo 

(7.82) 

To slmphfy thIS expreSSlOn an ma e It more mea , . '. . d k' ningfui we introduce the 
following nondimensionai parameters: 

- Px a2 
Px = Eh 2 

a2 

k= Rh 

0= { 

00 = {o 

(7.83) 
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These parameters are measures of the Ioading of the curvature and the 
deflection. Substituting them in (7.82) Ieads to 

or, if fJ, = 0.3, 

Px = [3.6 + 3~~5 + 1.23(02 + 3000 + 20~) 
- 0.405k(0.830 + 00) Jo : 00 

(7.84) 

(7.85) 

The Ioad-deflection reiationship given by (7.85) is shown plotted in Figs. 
7-6 and 7-7. Figure 7-6 pertains to a panei with k = O, that is, a flat piate, and 

8.0.-------, ___ ---, ___ -. ___ --, 

6.0f-----1--__ ---j'--_~~~ __ --I 

Px 4.0f-----:::....~>""_--T1~ __ --t ___ -i 

2.0f-+---+-I-----t ___ -+ ___ -l 

o 
2.0 

8 + 80 

Fig. 7-6 Postbuckling CUI'ves for f1at plates. 

Fig. 7-7 to a cyIindricai panei with k = 24. The curves in each figure depict 
the variation of the Ioad parameter p., with the "totallateral deflection para­
meter o + 00' CUI'ves for severai different values of the initiai imperfection 
00 are presented. Let us consider first the effect that initiai imperfections have 
on the behavior of flat piates. As shown in Fig. 7-6, bending of an initially 
deformed piate begins as soon as the Ioad is applied. The deflections increase 
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20~------r-------r-------~-----' 

o 0.5 1.0 1.5 2.0 

13 +8 0 

Fig.7-7 postbuckling curves for cylindrical shells. 

slowly at first and then more rapidly in the neighborhood of the criticalload. 
As in the case of the perfect plate, the criticai load does not represent the 
maximum carrying capacity of the imperfect plate. Instead, as the deflections 
continue to grow, the imperfect plate is able to resist ever-increasing loads. 
Furthermore, as the deflections increase in magnitude, the curve of the 
initially imperfect plate approaches that of the perfect plate. Thus one can 
conclude that small initial deformations do not materially affect the buckling 
behavior of flat plates, and that the results obtained for the perfect plate are 
valid for actual plates with their unavoidable minor imperfections. In this 
respect the behavior of the flat plate is similar to that of the column. It will, 
however, immediately become apparent that the same is not true for cylin-

drical panels. 
With regard to curved panels, whose behavior is described in Fig. 7-7, the 

following observations can be made. As long as the axialloadis smalI, bending 
increases very gradually with an increase in the load. Then, suddenly, at a 
certain load whose magnitude appears to depend on the size of the initial 
imperfections, bending deflections begin to grow rapidly and the lo ad drops. 
As the deflection continues to increase, the curve of the imperfect panel 
approaches that of the perfect panel. The all-important conclusion that can 
be drawn from these results is that the maximum load that an initially imper­
fect panel can support is considerably less than the criticalload given by the 
classical theory. Even for a very small initial deformation, such as 00 = 0.05, 
the maximum load is only 75 % ofthe criticalload. Contrary to what has been 
observed for columns and flat plates, small initial imperfections thus haye a 
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very significant effect on the buckling characteristics of cylindrical panels. 
If the curves obtained here for a cyIindrical panel are compared with 

those for an entire cylinder obtained by Donnell and Wan (Ref. 7.16), it will 
be seen that the conclusions reached for the panel are equally valid for the 
enti re cylinder. 

Interesti.ngly enough.' the. postbuckling characteristics ofaxially com­
presse~ cylm~ers, des~nbed m the previous pages, are not typical of the 
beh~vlOr of elther cylmders under external pressure or cylinders loaded in 
torslOn. F or both of these latter cases small initial imperfections do not affect 
the buc~li.ng characteris:ics appreciably, and the failure stress is fairly close 
to the cntlcal stress predlcted by the Iinear theory. One can thus surmise that 
the behavior of circular cylinders loaded in torsion or subject to external 
pressure is similar to that ofaxially loaded columns. 

Design ofAxially Compressed Cylindrical Shells 

The design ofaxially compressed cylindrical shells can be based on the 
classical buckling stress, (ler = 0.6EhjR, provided one accounts for the 
reduction in strength resulting from initial imperfections and inelastic 
behavior. Regarding the effect of initial imperfections, it has been shown, 
both t?eoretically and experimentally, that the reduction in the buckling 
stress mcreases as the ratio of radius to shell thickness increases. In other 
~~~ds, . the thin~er the shell, the greater the reduction in strength due to 
1 l11tl al lmperfectlOns. The aforementioned investigations indicate that the 
classical buckling stress can be used to predict the strength of initially imper­
fect cylindrical shells, provided it is written in the form 

(7.86) 

in which C is a parameter that varies with Rjh, as indicated in Fig. 7-8. 

c o. 

---r---.. 
~ r-.... I ....... 
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0.3 

Theory of Donne" ond Won 

0.0 I 

R"I:-16 

IO 

R/h 

Fig.7-8 Buckling stress coefficient for initially imperfect circular cyIinder. 



328 Buck/ing o, Axial/y Compressed Cy/indrical Shel/s Ch.7 

For aluminum-alloy cylinders the reduction in strength caused by inelastic 
behavior can be accounted for by a plasticity reduction factor. Thus Gerard 
(Ref. 6.1) recommends that the buckling stress be given by 

(7.87) 

in which t'/ = -V'Et Esi E, Et and Es being the tangent and secant modulii of the 

materia!. 
For structural-steel cylinders inelastic buckling cannot be readily dealt 

with using a plasticity reduction factor. Instead, it is customary to use 
empirical formulas such as those listed in the CRC Guide (Ref. 1.20). 
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Problems 

7.1 Using the energy method, investigate the behavior of the one-degree-of­
freedom modeI of a curved plate shown in Fig. P7-1. The model consists of 
four rigid bars pin connected to each other and to the supports. At the center 
of t?e modeI two linear rotationaI springs of stiffness C = M/() connect op­
poslte bars to each other. AIso, each of the two transverse bars contains a 
linear extensional spring of stiffness K. Determine the load-defiection relation 
for finite defiections when the load P is applied 
Ca) concentric with the axis of the longitudinal bars, 
Cb) eccentric to the axis of the longitudinal bars. 
Which buckling characteristics of a curved plate do these models demonstrate? 
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Fig. P7-1 

APPENDIX 
STABILITY FUNCTIONS 

(From Ref. 3.2) 

kl IX" IX! 

0.00 4.0000 2.0000 

0.20 3.9946 2.0024 

0.40 3.9786 2.0057 

0.60 3.9524 2.0119 

0.80 3.9136 2.0201 

1.00 3.8650 2.0345 

1.20 3.8042 2.0502 

1.40 3.7317 2.0696 

1.60 3.6466 2.0927 

1.80 3.5483 2.1199 

2.00 3.4364 2.1523 

2.04 3.4119 2.1589 

2.08 3.3872 2.1662 

2.12 3.3617 2.1737 

2.16 3.3358 2.1814 

2.20 3.3090 2.1893 

2.24 3.2814 2.1975 

2.28 3.2538 2.2059 

2.32 3.2252 2.2146 

2.36 3.1959 2.2236 

2.40 3.1659 2.2328 

2.44 3.1352 2.2424 
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kl (tn 

2.48 3.1039 
2.52 3.0717 
2.56 3.0389 

2.60 3.0052 

2.64 2.9710 
2.68 2.9357 

2.72 2.8997 
2.76 2.8631 
2.80 2.8255 

2.84 2.7870 

2.88 2.7476 

2.92 2.7073 
2.96 2.6662 

3.00 2.6243 
3.10 2.5144 
3.15 2.4549 
3.20 2.3987 
3.25 2.3385 
3.30 2.2763 
3.40 2.1463 
3.50 2.0084 
3.60 1.8619 
3.70 1.7060 

3.80 1.5400 

3.90 1.3627 

4.00 1.1731 
4.20 0.7510 
4.40 0.2592 

4.60 -0.3234 

4.80 -1.0289 

5.00 -1.9087 

5.25 -3.3951 

5.50 -5.6726 

5.75 -9.8097 

6.00 -20.6370 
6.25 -188.3751 
2n 
6.50 29.4999 
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(tf 

2.2522 
2.2623 
2.2728 
2.2834 
2.2946 
2.3060 
2.3177 
2.3300 
2.3425 
2.3555 
2.3688 
2.3825 
2.3967 
2.4115 
2.4499 
2.4681 
2.4922 
2.5148 
2.5382 
2.5881 
2.6424 
2.7017 
2.7668 
2.8382 
2.9168 
3.0037 
3.2074 
3.4619 
3.7866 
4.2111 
4.7845 
5.8469 
7.6472 

11.2438 
21.4534 

188.4783 

-30.2318 

A 

AISC specification, 69, 70, 235, 297-298 
AISI specification, 236 
Aluminum columns, 59-61 
Amplification factor: 
deflections, 148-149, 152-153 
moment, 149-150, 153-154 

Approximate methods: 
energy method, 76-80, 80-82 82-88 
finite differences, 106-110, 1io-115, 115-

119,119-122 
Galerkin method, 103-106 
matrix method, 122-133, 133-142 
R~yleigh-Ritz method, 94-99 

AXlal shortening due to bending, 77-78 

B 

Beam-columns: 
co~centrated lateralload, 146-150 
deSIgn formula, 168-171 
distributed lateralload, 150-154 
energy method, 150-154 

INDEX 

failure, 161-168 
inelastic behavior, 161-168 
interaction equation, 168-171 
Jezek's method, 161-168 
slope-deflection equation, 154-159 

Beams, lateral buckling: 
cantilever, 228-233 
concentrated load, 224-228 
design formulas, 233-236 
energy method, 217-228 
finite differences, 228-233 
fixed ends, 222-224 
I-beam, 217-228 
rectangular beam, 212-217 
simple supports, 212-217,217-222 224-

228 ' 

uniform bending, 212-217,217-224 
Boundary conditions: 
beams, 212-213, 234 
columns, 8-14, 20-22 
plates, 249-250, 288-289 
shells, 314-315 

Buckling load (see Criticalload) 
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c 
Calculus of variations, 88-94 
Columns: 

aluminum, 59-61 
boundary conditions: 

fixed -fixed, 8-1l 
fixed-free, 11-12,21-22 
hinged-fixed,12-14 
hinged-hinged, 3-7, 20-21 

deflected shape, 6, lO, 12, 14 
design formulas, 69-71 
double modulus theory, 37-42 
eccentrically loaded, 32-35, 50-58 
effective length concept, 17-18 
elastically restrained, 14-17 
energy method, 76-80, 80-82 
euler load, 3-7 
failure, 56-59 
finite differences, 1l0-1l5, 115-1l9, 119-

122 
Galerkin method, 103-106 
inelastic buckling, 35-59 
initial curvature, 29-32 
large deflections, 22-28, 44-50, 50-58 
linear theory, 3-22 
matrix method, 133-142 
multiple column curves, 70-71 
Rayleigh-Ritz method, 94-99 
reduced modulus theory, 37-42 
residual stresses, 62-65 
Shanley model, 44-50 
steel,61-69 
tangent modulus theory, 42-44 
torsional-flexural buckling, 201-21l 
varying moment of inertia, 99-103, 119-

122 
Compatibility equations: 

plates, 286 
shells, 320 

Conservation of energy, 76-80 
CRC column formula, 69, 70 
Cri ticalload: 

beams, 212-217, 217-222, 222-224, 224-
228,228-233 

columns, 3-7,8-14,14-17, 18-22,99-103 
energy method, 76-80, 80-82 
finite differences, 110-115, 115-119, 1l9-

122,263-266 
finite elements, 273-276 
frames, 177-180, 180-182, 182-184 
Galerkin method, 103-106 

matrix method, 137-142, 184-188,273-
276 

plates, 249-254, 256-259, 259-261, 263-
266 

Rayleigh-Ritz method, 94-99 
shells, 312-314 

Cylindrical shells in compression: 
boundary conditions, 314-315 
criticalload,312-314 
design formula, 327-328 
differential equations, 310-312, 318-321, 

321-322 
Donnell equations, 304-312 
inelastic buckling, 328 
initial imperfections, 318, 321-322, 322-

327 
large deflection theory, 318-322 
linear theory, 304-312, 314-315 
post-buckling behavior, 322-327 

D 

Difference ratios, 107-110,262-263 
Differential equations: 
beam-column, 146-148 
beams, 212-216, 228-231 
columns, 3-5, 18-20,22-24 
frames, 177-182 
plates, 249, 286-287 
shells, 310-312, 318-321, 321-322 
torsion, 200 

Donnell equations, 304-312 
Double-modulus theory, 37-42 

E 

Effective length of columns, 17-18 
Effective width of plates, 296-297 
Eigenvalue problems, 7-8 
Elastically restrained column, 14-17 
Elastic theory (see Linear theory) 
Elliptic integrals, 26 
End conditions (see Boundary conditions) 
Energy method: 

beam-column, 150-154 
beams, 217-228 
columns, 76-80,80-82 
plates, 256-259 

Euler column, 3-4 
Euler load, 6-7 

F 

Failure: 
beam-columns, 161-168 

Failure (cont.) 
columns, 56-59 
frames, 188-190 
plates, 294-297 
shells, 3115-318, 322-327 

Finite deflections (see Large deflections) 
Finite difference method: 

beams, 228-233 
columns, 1l0-1l5, 1l5-119, 119-122 
plates, 262-266 

Finite elements, 266-276,(seealso Matrix 
methods) 

Frames: 
design procedure, 190-193 
failure, 188-190 
inelastic behavior, 188-190 
matrix method, 184-188 
neutral equilibrium method, 177-182 
primary bending, 188 
sidesway mode, 177-180 
slope-deflection equations, 182-184 
symmetric mode, 180-182 

G 

Galerkin method: 
columns, 103-106 
plates, 259-261, 291 
shells, 323-324 

Imperfections (see Initial imperfections) 
Inelastic behavior: 
beam-columns, 161-168 
beams, 236 
columns, 35-59 
frames, 188-190 
plates, 278-279 
shells, 328 

Infinitesmal deflections (see Linear theory) 
Initial curvature (see Initial imperfections) 
Initial imperfections: 

columns, 28-35 
plates, 325-326 
shells, 318, 321-322, 322-327 

Interaction eq uation, 168-171 

L 

Large deflections: 
columns, 22-28 
plates, 279-287,287-294 
shells, 318-322 
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Lateral buckling (see Beams, lateral buck­
ling) 

Linear theory: 
columns, 3-22 
plates, 240-249 
shells, 304-312, 314-315 

Local buckling, 239, 297-298 

M 

Matrix method: 
columns, 133-142 
frames, 184-188 
plates, 266-276 

Minimum energy theorem, 82-88 
Multiple column curves, 70-71 

N 

Neutral equilibrium method, 2-3 
Non-linear Theory (see Large deflections) 
Non-uniform torsion, 197-200 
Numerical methods (see Approximate 

methods) 

p 

Parabolic formula, 70 
Plastic buckling (see Inelastic buckling) 
Plasticity reduction factors: 

plates, 278-279 
shells, 328 

Plates: 
buckling coefficients, 276-278 
compression, 249-254, 256-259, 263-266, 

273-276 
design formulas, 297-299 
effective width, 296-297 
energy method, 256-259 
finite difference method, 262-266 
finite element method, 266-276 
fixed edges, 256-259 
Galerkin method, 259-261, 291 
inelastic buckling, 278-279 
initial imperfections, 325-326 
large deflection theory, 279-287 
linear theory, 240-249 
local buckling, 239, 297-298 
post-buckling behavior, 287-294 
shear, 259-261 
simply supported, 249-254, 273-276 
stiffened elements, 298 
strain energy, 254-256 
ultimate strength, 294-297 
unstiffened elements, 298 
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Post-buckling behavior,(seealso Large deflec-
tions) 

columns, 22-28, 44-50,50-58 
plates, 287 -294 
shells, 322-327 

Potential energy theorem, 82-88 

R 

Rankine eq uation, 189 
Rayleigh-Ritz method, 94-99 
Reduced modulus theory, 37-42 
Residual stresses, 62-65 

s 
Shanley model, 44-50 
Shear buckling, 259-261 
Shells (see Cylindrical shells) 
Sidesway buckling of frames, 177 -180 
Siope deflection equation, 154-159 
Small-deflection theory (see Linear theory) 
Snap-thru buckling, 316-318 
Specifications for design: 

beams, 235-236 
columns,69-71 
plates,297-298 

Stationary energy theorem, 82-88 
Steel columns, 61-69 
Stiffness matrix: 

beam-column element, 133-137 
beam element, 122-126 
plate element, 266-273 

Straight-line formula, 70 
Strain energy: 

beams,217-228 

columns,76-80 
plates,254-256 
torsion, 200-201 

Stub-column test, 62-65, 66 
St. Venant torsion, 196-197 
St. Venant torsion constant, 197 
Symmetric buckling of frames, 180-182 

T 

Tangent modulus theory, 42-44 
Thln-walled members, 195,211 
Torsion: 

strain energy, 200-201 
Sto Venant, 196-197 
warping, 197-200 

Torsional buckling (see Beams, lateral buck­
ling) 

Torsional-flexural buckling, columns, 201-
211 

U 

Uniform torsion, 196-197 

v 
Varying moment of inertia, column, 99-102, 

119-122 
Virtual displacements principle, 82-84 
Virtual work theorem, 82-84 
Von Karman plate equations, 286-287 

w 
Warping constant, 199 
Warping torsion, 197-200 
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